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PREFACE 


Tho predecessor of this book is a text with the same 

title whi(di was written for studcmts as an introdiudion to tlie 
transh'T of heat and mass. I was advisc^d that tlu^re was no 
book of similar s(H>pe in American literature. There are good 
elementary introdu(;tions on the one hand, and on the other, 
the excellent and widely used extensive treatment by W. IT. 
McAdams, as vncII as the recently published })ook l)y M. Jakob. 
In addition to these, however, a short, systematic introdiKition, 
such as this book, which stresses the basic laws and at the same 
time presents all the fundamental knowledge existing today on 
this subject, should be useful on a level corresponding approxi- 
matety to a coui'se for graduates students. Since tlie Clerman 
text was completed more than seven years ago, this book had 
to be written anew in many parts. 

The book endeavors to arouse and widen the understanding of 
the physical processes and laws connected with heat and mass 
transfer. This, however, is not possible without anal^^sis; 
therefore, formulas derived from analysis and pro\ en b}- experi¬ 
ments are always pref(n*red to relationships found by (experiment 
alone. It is the opinicjn (;f the author that a physical prex^ess is 
understood thoroughly only wheere it is possible to calculate the 
(Recurrences from basic knowledge and when these calculated 
J esuits are checked by experiments. 

The foundation of all analysis and proper understanding of heat 
transfer is (in addition to the dimensional analysis introduced 
into this field by W. Nusselt) the boundary-layer theory by 
Jj. Prandtl. This theory is \ised widely in the book. For laminar 
flow, exa(;t solutions of the boundary-layer equati(ms are known. 
They are, however, difficult and tedious to derive; therefore, 
approximate solutions made possible by the use of the momentum 
equation as introduced V)y T. von Kfirmdn and of the analogous 
heat- and mass-flow equations are preferred here. These solu- 
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tions, when used with physical understanding, gave good results 
in all cases where they could be compared with experimental 
results or with exact solutions. The calculations following this 
method are much simpler than those for the exact solutions, and 
such calculations are possible in many cases Avhere exact solu¬ 
tions are not as yet known. Laminar heat transfer is covered 
more extensively than usual in this book because recently interest 
has increased in the laminar range. For instance, heat-transfer 
processes in airplanes and missiles at high altitudes are very often 
in this region. 

The analysis of turbulent heat exchange is based on Reynolds’ 
analogy and its extension by L. Prandtl, G. I. Taylor, and T. 
von Kdrmiln. This theory is now developed to such a degree that 
it allows the prediction of heat-transfer data from experimental 
friction data with fairly good accuracy. Generally, the accuracy 
with Avhich heat-transfer values can be predicted should not be 
overestimated. An accuracy of 10 per cent is very satisfactory 
in heat-transfer cakailations for industrial heat exchangers. 
Therefore, the numerical calculations in the examples have been 
done with a slide rule. 

In the presentation of the material on heat transfer by forced 
convection, the usual path which first considers the flow in tubes 
was abandoned and was replaced by the treatment of the heat 
transfer from a flat plate. It is felt that in this way the student 
will remember more easily the fact that flow becomes fully devel¬ 
oped only in long tubes. In short tubes the flow is more related 
to that over a plate. 

There are so many relationships between the transfer of heat 
and the exchange of mass that both should be treated together. 
This introduction presents the laws of mass transfer only for the 
example of exchange of water vapor between air and surfaces. 
To cover the whole field of mass exchange would exceed the space 
available. It is hoped, however, that the knowledge of the 
basic laws will enable the student to read more easily the litera¬ 
ture on special topics in this field. 

The nomenclature in this book follows the recommendations as 
shown in ASA Z10.4—1943 ^‘Letter Symbols for Heat and 
Thermodynamics Including Heat Flow.^' Only in a few places 
were deviations necessitated by the wide field covered in the 
book. The dimensionless moduli such as Reynolds number^ 
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had to take indices which would indicate the special way in Avhich 
they were formed. To avoid congestion of indices, these moduli 
are designated by the first two letters of the scientist after whom 
they are named instead of an N Avith the letters as indices as 
recommended in the above rules. 

I dedicate this book to my colleagues in the field of heat 
transfer in this country. The reception which I found in their 
circle was so broadminded and cordial that it belongs among my 
finest reminiscences. This book would not have become a 
reality without the help of Robert M. Drake, Jr., and I wish to 
thank him especially for it. He not only prepared the Appendix 
on property values, the knowledge of which is nec^essary for heat- 
and mass-transfer calculations, but also read the text, corrected 
its ]<]nglish, made many suggestions A\'hi(*h improved the under- 
standability, and helped in many other ways. I am indebted to 
Dr. T. W. Jackson for his help in reading the proof. 


Dayton, Ohio 
February^ 1950 


E. R. G. Eckekt 
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CHAPTER 1 

FUNDAMENTAL PRINCIPLES OF HEAT TRANSFER 


1. The different methods of heat transfer 

In the (X)urse of time, temperature dilfcrences in a body arc 
equalized by heat flowing from regions of higher temperatures to 
those of lower temperature. This process takes place in all sub¬ 
stances which are found in nature, in solid bodies as well as in 
liquids and in gases. Knowledge of the laws and procedure 
governing this process is of great importance in the entire field of 
engineering, since by virtue of this knowledge means are available 
for channeling the flow of heat in a desirable manner. 

For instance, one may be given the task of improving upon the 
flow of heat by any possible means. This, for instance, is 
applicable to the case of heat exchangers for heating and cooling 
in the chemical industry. Applied to heat engines we are con¬ 
fronted with this task again and again. According to the theory 
of thermodynamics, such a heat engine consists in principle of 
two heat accumulators at different temperatures, with the engine 
that performs the work placed in between. In such applications, 
the heat vehicle frequently changes in the course of the working 
process. The heat must then be exchanged between the indi¬ 
vidual heat vehicles using the smallest possible temperature drop. 
In steam power plants the heat is contained initially in the com¬ 
bustion gases. In the steam boiler the heat is transferred to the 
steam. In the condenser the steam gives off its heat to the cool¬ 
ing water, and the cooling water while passing through the cooling 
tower transfers this heat to the air. In the case of combustion 
engines this type of heat exchange does not exist, since the heat 
is produced by combustion directly in the air, performing work, 
and the waste heat as well as the waste gases are jointly exhausted. 
In spite of all this, a complete understanding of heat transmission 
is also of great importance for the design of combustion engines 
since here, by using air or water coolants, the cylinder walls must 
be kept at temperatures which can be safely withstood by the 

1 
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material. Therefore the admissible output of a cylinder of a 
hip:h-p(‘rforman(*-e engine is determined essentially by solution of 
cooling problems. For gas turbines, now entering, at an increas¬ 
ing rate, a stage of economical and reliable industrial application, 
the mastery of heat-transmission problems is likewise of funda¬ 
mental significance. 

On the other hand, we often face the task of preventing an 
undesirable amount of heat transfer in so far as is possible. 
This can be done by application of a heat-retaining layer of a 
material (insulator) with a low coefficient of thermal conductivity. 
The prevention of heat losses is also of far-reaching influence on 
the efficiency of heat engines. According to the second law of 
thermodynamics, a (piantity of heat generally is the more val¬ 
uable for use the higher its temperature. Any decrease of the 
temperature without performance of work increases the entropy, 
which means that there occurs an undesirable loss of mechanical 
energy. 

In a solid body the flow of heat is the result of the transfer of 
thermal energy from one molecule to another. This process is 
called conduction. The same process takes place within licjuids 
and gases. In these substances, however, the molecules are no 
longer confined to a certain point, but constantly change their 
places, even if the substance is in a state of rest. In this manner 
thermal energy is transferred. The heat transfer by this process 
is also included in heat transfer by conduction. 

In addition there is still another mode of heat transfer in liquids 
and gases. Here the transfer of heat from one point to another 
may be effected by carrying along the heat with the flowing sub¬ 
stance (by macroscopic motions). This process is called heat 
transmission by convection. 

A third mode of heat transfer is the result of radiation. Solid 
bodies, as well as liquids and gases, are capable of radiating ther¬ 
mal energy in form of electromagnetic waves, and of picking up 
radiant energy by absorption. In industrial processes all three 
mechanisms often participate in the mutually superimposed 
transmission of heat. For a study of these phenomena, however, 
it is necessary to discriminate clearly between the various mech¬ 
anisms since they are subject to different laws. First we con¬ 
sider the processes of heat conduction and convection. Heat 
radiation will be dealt with separately in a later section. 
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2. Thermal conductivity, film and over-all heat-transfer coeffi¬ 
cients 

In technical computations we are, above all, interested in the 
quantity of heat being exchanged per unit of time between two 
liquids or two gases at different temperatures, if the substances 
are separated by a wall. According to the statements made in 
the introduction it has already become clear that in this case a 
superposition of diverse processes occurs. First, the heat of one 
gas (or one licpiid) has to be brought to 
the separating wall. Subsequently the 
heat must pass through the separating 
wall and, finally, from the other wall 
surface it flows into the cooler gas (or 
the cooler liquid). This section is to 
deal with the computation of heat flow 
for the simplest case, namely, a plane 
wall with temperatures constant with 
respect to time, in order thus to intro¬ 
duce the fundamental laws of heat 
transmission. The individual processes f 

^ auction through a plane 

will be thoroughly investigated in the wall, 
following sections. 

Thus, we consider at first a plane wall with the thickness 6, 
both surfaces of which are kept at different, but constant, tem¬ 
peratures Ui and in steady state (Fig. 1). The quantity of 
heat which by this temperature difference is caused to flow 
through the area A of the wall per unit of time is called the rate 
of heat floWy and will be designated by Q ,' For this quantity of 
heat, Fourier’s law is valid: 

Q = I A(t„„ - U) (1) 

where /c, the thermal conductivityy is a property of the substance of 
which the wall consists. From Eq. (1) its dimension^ can easily 

‘ Differing from thermodynamics, where Q means any amount of heat 
without reference to time. 

* In the formulas of dimensions in this book the symbol ® for degree is 
omitted when temperatures in degrees Fahrenheit (°F), or degrees Rankine 
(®R), when counted from the absolute zero point, are given, since it may 
easily lead to confusions with power marks. 
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be derived: 

^ = 4 ,, , Btu/(hr)(ft)(F) 

"" ^w2) 

The amount of heat penetrating a unit area of the surface per 
unit of time is called the specific rate of heat flow. For this, there¬ 
fore, the following equation is valid: 

9 = I = f - <«.2) (2) 

As illustrated in Fig. 1 the temperature within the wall decreases 
linearly from the value tw\ to tw 2 , if the thermal conductivity is 
independent of the temperature. The thermal conductivities of 
a number of substances are indicated in the Appendix of this 
book. There it appears that, among solid bodies, metals have 
t he highest values for thermal conductivities. For instance, iron 
has a thermal conductivity of approximately 30 Btu/(hr)(ft)(F); 
copper of approximately 200 Btu/(hr) (ft) (F). Metal alloys have 
substantially lower thermal conductivity values than those of the 
pure substances. Stainless steel, for instance, has a value for 
thermal conductivity of about 9 Btu/(hr)(ft)(F). Nonmetallic 
substances have thermal conductivity values of approximately 
0.03 to 2 Btu/(hr)(ft)(F). The quantity of heat flowing through 
such bodies therefore is only 1/1,000 to J^oo of the quantity 
flowing through metals at the same temperatures and with the 
same dimensions. The thermal conductivity of liquids is 
approximately 0.06 to 0.3 Btu/(hr)(ft)(F). That of gases is 
only one-tenth as large. Gases, therefore, have the lowest ther¬ 
mal conductivity values of all substances. The low thermal 
conductivity of heat-insulating materials (diatomaceous earth, 
slag wool, peat, cork) are accounted for by their porosity. The 
flow of heat in these materials, therefore, is essentially a process 
of heat conduction through the air contained in the pores. The 
solid substance has only the task of preventing the air from 
getting into motion as a result of the temperature differences and 
thereby precluding deliverance of additional heat by convection. 
Fourier’s law^ for the heat-conduction process very much resem¬ 
bles Ohm’s law for electric currents. This can readily be seen 

‘ Jean Baptiste Jos. Fourier (1768-1830). 
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if Eq. (1) is stated in the following form: 





(3) 


and compared with Ohm's law: 

E = RI (4) 

The heat flow Q corresponds here to the electric current I, The 
driving force for the heat flow is the temperature difference 
{twi — tio 2 )i this corresponds to the driving force for the electric 
current, or the impressed voltage E. The expression b/kA is 
(tailed the thermal resistance of the heat-conducting process and is 
designated by Rc (it corresponds here 
to Ohm's resistance R), or 




(5) 


The inverse value of thermal conduc¬ 
tivity, f.c., the specific resistance to 
heat conduction, corresponds to speci¬ 
fic resistance in electrical engineering, 

A 
h 





Fia. 2. Steady heat conduc¬ 
tion through a composite 
plane wall. 


Assuming a plane wall to be com¬ 
posed of several layers, e,g., three, of 
different materials with thermal conductivities k^j k^j and 
designating the temperatures at the adjoining faces by tu ,2 and 
tv ,3 (Fig. 2), we can put down Eq. (3) for each layer: 

twl ^w2 ~ Jq~~A ^ 


tw2 






By adding all the equations we obtain the expression 

With this equation the heat flow Q can be calculated from the 
temperatures of the two surfaces tv,i and The resistance to 
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heat eenduction of the eomposite wall eciuals the sum of the ther¬ 
mal resistances of the single layers. In this case, therefore, the 
same law can be applied as for resistors connected in series as 
used in e^lectrical engineering. 

As for heat exchangers in engineering practice, we are mostly 
concerned with walls separating liquids or gases from each other. 
In these cases we do not know the temperatures of both surfaces 
of the separating walls, but only the temperatures of the liquids 
on both sides of the wall. In Fig. 3 these temperatures are 
indicated as U and ^ 2 . By measuring the temperature field in 
the liquids one obtains the curA'es shown. The temperature 



Fig. 3, Steady film heat transfer and heat conduction in a plane wall. 

gradient is confined to a relatively narrow layer of thickness 5 
quite close to the wall, whereas at a greater distance from the 
wall in most cases only small temperature differences exist. 
Simplified, this temperature curve can be replaced by the dashed 
broken line. This can be explained by assuming that a thin film 
of liquid (of the thickness 5') adheres to the wall, whereas out¬ 
side this film all temperature differences vanish as a result of 
mixing motions of the liquid. This picture oversimplifies the 
actual process considerably as we shall see later, but it comprises 
the salient features and has the advantage of being explicitly 
clear. Within the film the heat transfer takes place by conduc¬ 
tion, as in a solid wall. The temperature curve in the film, 
therefore, is again linear, and the flow of heat follows from Eq. (1), 
whereby the thermal conductivity k of the liquid or of the gas, 
and the thickness of the film 5', are to be inserted. 
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Thus, for the heat flow to the wall the equation 

Q = j,A{t-U) (7) 

is obtained. From this equation the rate of heat flow Q can be 
calculated as soon as the film thickness 5' is known. The latter, 
however, depends to a very great extent upon the external flow 
conditions, for instance, upon the velocity with which the liquid 
flows along the wall, upon the shape of the wall, upon the nature 
of the wall surface, and similar factors. In engineering practice 
it is the usual procedure to calculate with the expression k/b\ 
rather than directly with the film thickness b'. This value is 
called film heat-transfer coefficient and is designated by the letter 
h. Thus the mathematical expression 

Q = hA(t - t.) (8) 

already established by Isaac Newton (1043-1727) is obtained. 
For some time in the beginning the heat-transfer coefficient h was 
(considered a property of the flowing liquid or gas. It was not 
until the more recent developments of the theory of heat trans¬ 
mission that the intricate relations became apparent which hold 
for this value. In this book a chapter of greater length is devoted 
to the evaluation of the heat-transfer coefficients. The orders of 
magnitude of the heat-transfer coefficients as they occur under 
engineering conditions have been compiled in Table 1. This 
indicates approximately the relative sizes of these values. Since 
the heat-transfer coefficient is the quotient of thermal conduc¬ 
tivity and film thickness, it is to be expected that gases, because 
of their smaller thermal conductivity, have smaller heat-transfer 
coefficients than liquids. Table 1 confirms this conclusion. 

Table 1. Order of Magnitiide of Fii.m Hea'p-transfer Coefficients 

Btu/(hr)(ft2)(F) 


Flowing air. 2- 50 

Flowing water. 100-1000 

Boiling water. 50Q-1000 

Condensing water vapor. 1000-5000 


Applying Eq. (8) to the two surfaces in Fig. 3 produces 

Q = hiA{ti — Uoi) 

Q = h2A{tw2 I 2 ) 
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Both these heat quantities must be of the same magnitude in 
steady state. These equations, too, can be put into the form 
corresponding to Ohm’s law: 


ti - 
tw2 




(9) 


The value \/hA is called thermal resistance Rt of the film heat- 
transfer process 


Rt = 


1 

hA 


( 10 ) 


By adding Eq. (3) to Eqs. (9) and summing all the equations a 
relation is obtained between the heat flow through the separating 
wall and the two temperatures h and <2 (Fig. 3): 





— (Rt\ + + Rn) Q = RoQ 


( 11 ) 


The sum of the individual resistances is the thermal resistance Ro 
of the over-all heat-transfer process. In this case also, for the 
total process, the same law applies as for electric resistances con¬ 
nected in series. Instead of the resistances, technical calcula¬ 
tion in most cases employ the thermal conductivities and heat- 
transfer coefficients. For these, the following relations are valid, 
which result readily from equation (11): 


Q = UA(ti ~ t2) 

U h, k ^ h* 


(11a) 

(116) 


The value U is called the over-all heat-transfer coefficient: it has 
the dimension Btu/(hr)(ft*)(F). Considering a wall, consisting 
of several layers with different thermal conductivities A:< and the 



FUNDAMENTAL PRINCIPLES OF HEAT TRANSFER 


9 


thicknesses the middle term in Eq. (116) is replaced by the 
sum ^bi/ki. 

^Example 1. A plane iron wall, 0.5 in. thick, is washed by air on both 
sides, the heat-transfer coefficients /ii = being 2 Btu/(hr)(ft2)(F) 
(Table 1). The values of the over-all thermal resistance and of the 
over-all heat-transfer coefficient are to be calculated. The heat con¬ 
ductivity of the wall is A; = 30 Btu/(hr)(ft)(F). According to Eq. (11), 


Ro 


(hr) (F)/Btu 


1 


24 X 30 


721 1 
720 A 



The over-all heat-transfer coefficient is U = \/AR = 1 Btu/(hr) 
(ft‘'^)(F). The thermal resistance to heat conduction of the iron wall 
therefore is absolutely negligible for the heat passage. If it is intended 
to increase the heat flow, it is useless to decrease this resistance. The 
heat-transfer coefficients, however, must be enlarged. 

Example 2. An iron wall, 0.5 in. thick, and an aluminum wall, 1.0 in. 
thick, are laid one upon another, leaving an air space of 0.0005 in. 
between them. The thermal resistance of this composite wall is to be 
(calculated. According to Eq. (6) and Table 13 (Appendix), 


„ 1/bv b2 . b,\ 1 / 1 0.0005 1 \ 

A \ki A;? k j “ A V24 X 30 12 X 0.014 12 X 132y 

“ 1 m 1,5^) (hr)(F)/Btu 


The thermal resistance of the composite wall above is therefore influ¬ 
enced essentially by the air space, which, however small, cannot be 
avoided even by the most careful construction. The resistance without 
an air space would be 

i(7-k + r,k) 

which is less than one-half the above. 


3. Parallel flow, counterflow, crossflow 

The preceding section treated heat exchange between two gases 
or liquids on the assumption that the temperatures on both sides 
of the heating surface would be constant over the surface A. As 
a matter of fact, the temperatures of the two liquids mostly 
change while passing along the heating surface, as a result of the 
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heat exchange. Hence, a mean temperature difference is to be 
inserted into the formulas of the previous section. This mean 

temperature difference will now be 
calculated. The first case to be 
considered shows both liquids flow¬ 
ing past the heating surface in the 
same direction (Fig. 4); this is 
called parallel flow. Plotted also in 
f/e Fig. 4 are the temperature trends 
^ of both liquids as they flow along 
the heating surface A. Now con¬ 
sider a surface element of the size 
dA. The temperatures of the liq¬ 
uids at this point are U and U. 
The temperature difference between 
Fig. 4. Over-all heat transfer in the twO liquids is tO 1)0 denoted by 
parallel flow. Hence, for the point consid¬ 

ered, the etiuation 

At = ^2 (12) 

is valid. The heat flow dQ through the area dA is given by 
Eq. (11a), i.e.y with the symbols applied here, 

dQ = I' dA At (13j 

The over-all heat-transfer coefficient U is assumed constant along 
the heating surface. Because of the heat exchange, the hotter 
liquid cools by the amount dh. For this the relation 

dQ = -WiCidti (14) 

is valid, if Wi is the weight of liquid flowing along the heating sur¬ 
face per unit of time (the weight rate of flow), and Ci is its specific 
heat. The factor w\Ci represents the water equivalent or heat 
capacity of the weight rate of liquid flow. According to the 
equation 

dQ = W 2 C 2 dti (15) 

the colder fluid in the same manner is heated by the amount dt 2 \ 
W 2 and C 2 are the weight rate of flow and the specific heat of the 
second fluid respectively. By differentiating Eq. (12), 




d{At) = dti — dt2 


( 16 ) 



FUNDAMENTAL PRINCIPLES OF HEAT TRANSFER J 1 


ff the temperature differentials from Eqs. (14) and (15) are sub¬ 
stituted herein, 

rf(A<) = - (-^ + ~ ) <>Q = -M <iQ (17) 

\WiCi W2C2/ 

if the symbol is chosen instead of the expression in parenthesis. 
Equation (17) can be integrated immediately. Expressing the 
temperature difference at the beginning (intake) of the heating 
surface A by and at the end by Ate, 

At, - Ate = mQ (18) 

Inserting the heat flow RQ from Eq. (13) into Eq. (17), the 
relation 

^ = -^UdA (19) 


is obtained, and integration across the entire heating surface Aj 
with consideration of the boundary condition (A = 0; At = AU), 
gives 

ln^=-MJ7A (20) 

The temperature difference at the end of the heating surface, 
therefore, can be calculated with the aid of the ecpiation 


Ate = ’ 


( 21 ) 


By replacing the value m in Eq. (18) from Eq. (20) there is 
obtained for the heat flow through the entire heating surface A 
the relation. 


Q - 


UA 


Ati - Ate 
In Ati/Ate 


( 22 ) 


The fraction on the right-hand side of the equation represents 
nothing more than the mean temperature difference Atm looked 
for. The rate of heat flow, therefore, can be calculated with the 
aid of the following formulas 


Q = UA At. 

_ At. - At 
^ In At,/At 


(23) 

(24) 


Another group of heat exchangers is built in such a way that 
the two liquids flow in opposite directions, as shown in Fig. 5. 
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^29 


Jit 

^2i 


I'liis arrangement is called counterflow. In this case, calculation 
of the mean temperature difference is accomplished in the same 

manner as in the case of parallel 
flow, except that in Eq. (15) there 
appears a minus sign, since the 
cooler liquid likewise cools off when 
proceeding along the heating sur¬ 
face in a positive direction. The 
value M thereby is shown as follows: 

^ _1__1_ 

^ W\Ci W2C2 

Formulas (21), (22), (23), and (24) 
of the preceding paragraph remain 
unchanged and apply also to 
counterfiow. 

The mean temperature differ¬ 
ence calculated according to Eq. 
(24) is always smaller than the arithmetic mean value AIm of 
the initial and final temperature differences: 





(25) 


Fig. 5. Over-all heat transfer in 
oounterflow. 


AIm — 


Ati + Ate 


( 26 ) 


The ratio a of the logarithmic mean of Eq. (24) to the arithmetic 
mean is dependent on the ratio AU/Ate of the temperature dif¬ 
ferences as shown in Table 2. This table may be employed for 


Table 2. Ratio a of the Logarithmic Mean Temperature Difference 
A im TO the Arithmetic Mean AIm for Parallel Flow and 
Counterflow* 


Atm ~~ Or AIm 


Ati 

AU 

a 

Ati 

AU 

a 

Ati 

AU 

a 

Ati 

AU 

a 




0.962 

3.0 


6.0 

0.798 

1.2 


2.2 

0.952 

3.5 

0.889 

7.0 

0.770 

1.4 


2.4 

0.942 

4.0 

0.867 

8.0 

0.748 

1.6 


2.6 


4.5 

0.846 


0.729 

1.8 


2.8 

0.918 

5.0 

0.829 


0.710 


* The values in the table are valid also for the reciprocal values 
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a simpler determination of the logarithmic mean value by cal¬ 
culating the arithmetic mean and then multiplying this value by 
the factor a indicated in the table. 

A third method of guiding liquids in a heat exchanger is to cause 
the two liquids to flow at right angles to each other. This is 
(jailed crossflow and is illustrated 
in Fig. 6, As shown there, one 
liquid flows in front of the heat¬ 
ing surface, the other one behind 
it. The calculation of the mean 
temperature difference is consider¬ 
ably more difficult in this case 
than in the case of parallel flow or 
counterfiow; such a calculation 
was carried out by W. Nusselt.^ 

As shown in Fig. 6, the temper¬ 
atures of the two liquids, when 
leaving the heating surface, are 
not uniform across the cross sec¬ 
tion of the outlet. The mean outlet temperatures are now 
expressed by the symbol The value 

Mi = tu - ki (27) 

is to be understood as the initial temperature difference. In this 
equation tu represents the inlet temperature of the hot fluid, and 
Ui represents the inlet temperature of the cold fluid. Accord¬ 
ingly, the final temperature difference is given by the expression 

M, - iu ~ ke (28) 

with iu the mean outlet temperature of the substance giving off 
heat, and ke the mean outlet temperature of the substance 
absorbing heat. The mean temperature difference in this case 
depends not only on the ratio Mi/Me, but also on the ratio, 
W 1 C 1 /W 2 C 2 , of the heat capacities of the two liquids. From 
Table 3, calculated on the basis of the results of Nusselt’s investi¬ 
gation, the ratio of the logarithmic mean temperature difference 
Mm to the arithmetic mean Ma can be found, and therewith the 

^ W. Nusselt, Z, Ver. deut. Ing., 65, 2091 (1911); and Forach, Gehiete Inge-^ 
nieurw., 1, 417 (1930). 



Fig. 6. Over-all heat transfer in 
crossflow. 
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Tabi.e 3. Ratio a of the True Mean Temperature Difference Atm to 
THE Arithmetic Mean AIm for Crossflow (from Values Calcu¬ 
lated BY W. Nusselt)* 

Aim = a Atxf 



0.9 

0.8 

0.7 

0.6 

0.5 

0.4 

0.3 

0.2 

0.1 











0 

0.998 

0.993 

0.986 

0.978 

0.962 

0.939 

0.902 

0.836 

0.707 

0.2 

0.998 

0.993 

0.987 

0.981 

0.971 

0.958 

0.936 

0.902 

0.848 

0.5 

0.998 

0.993 

0.988 

0.982 

0.977 

0.968 

0.945 

0.935 

0.913 

1 

0.998 

0.993 

0.989 

0.983 

0.978 

0.974 

0.961 

0.948 

0.933 


! 

0 

-O.J 

1 

* -0.2 

-0.3 

-0.4 

-0.5 

-0.6 

-0.7 

-0.8 

W2C2 ^ 










0 

0 









0.2 

0.762 

0.630 








0.5 

0.874 

0.819 

0.750 

0.632 

0.519 





1 

0.912 

0.876 

0.835 

0.766 

0.710 

0.618 

0.500 

0.380 

0.220 


* The values in this table are valid also for the reciprocal vahies to'icz/wici. 


mean temperature difference can be determined as was done 
earlier in the case of parallel flow and counterflow. 

The smallest heating surface for a given rate of heat flow and at 
given initial and final temperature differences is obtained with 
the liquids flowing in counterflow. Parallel flow requires the 
largest heating surface. Moreover, counterflow is more favor¬ 
able than parallel flow, in so far as with it, the outlet temperature 
t 2 e of the heated liquid can be raised to a temperature higher than 
the outlet temperature tu of the heating liquid (Fig. 5). The 
same result can be attained with crossflow (in the region of the 
negative values of Ate/AU in Table 3). With respect to the size 
of the heating surface, crossflow lies between the two other 
possibilities. The difference in the heating surface is greatest 
when the heat capacities of both liquids have the same magnitude. 
When the heat capacity of one liquid is greater, the difference in 
the heating surfaces becomes smaller. If the heat capacity of 
one liquid becomes infinite, there exists no longer any difference 
in the size of the heating surface. This case is illustrated in 
Fig. 7. Here the temperature of the one liquid remains constant 
along the heating surface and, really, in this case one cannot 
speak of parallel flow, counterflow, or crossflow any more. Prac- 
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tically, the temperature curve shown in F’g. 7, for instance, 
r)ccurs with the evaporation or condensation of a liquid. 

If the heat capacity is the same for both liquids, the initial 
temperature difference AU becomes, according to Ecj. (18), equal 
to the final temperature difference At,, in case of counterfiow, as 
Eq. (25) in this case gives /x = 0. The logarithmic and the 
arithmetic mean likewise have the same magnitude 

AUn = AtM = Ati (29) 

In this case, the temperatures change linearly along the heating 
surface. Hence, temperature curves result, as shown in Fig. 8. 







Fig. 7. Heat transfer with infinite 
heat capacity of one fluid. 





Fio. 8. Counterflow heat transfer 
with equal heat capacity of both 
fluids. 


The heating surface need not have the shape of a plane wall as 
shown in Figs. 4 to 8. The cooling of liquids and gases while 
passing through a bundle of tubes can likewise be calculated with 
the previously derived formulas (Fig. 9). These relations, how¬ 
ever, are strictly valid only when the number of tube rows is very 
large, though practically the same formulas are applied even if 
there is a small number of tube rows. 

With the preceding calculations, the over-all heat-transfer 
coefficient U was assumed constant along the heating surface. 
As this frequently is not the case, it is necessary to divide the 
entire heating surface into single sections, the over-all heat- 
transfer coefficient of each of which varies but so slightly that it 
can be assumed to be constant. Thus, these single sections can 
be calculated with the given formulas. 
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Heat exchange in parallel flow and counterflow has also been 
treated for the case in which the over-all heat-transfer coefficient 
varies linearly with the temperature.^ The formula 

_ , Ue Mi - Vi Me 
^ In UeMi/UiMe 

now takes the place of the Eqs. (23) and (24). Alternatively, we 
may also calculate with an average over-all heat-transfer coeffi¬ 
cient. The reference temperature for this can be taken from 
diagrams. 2 



Fig. 9. Counterflow, parallel flow, and crossflow on tube bundles. 

Besides the combinations dealt with in this chapter and repre¬ 
sented in Fig. 9, others are encountered in practice, as for 
instance, mixed parallel flow and counterflow. The temperature 
differences to be inserted into Eq. (23) for a large number of these 
combinations were treated in an extensive investigation and 
plotted in diagrams by Bowman, Mueller, and Nagle.® 

Example. Wi = 100 lb per hr of water is to be heated from 50 to 
170 F with flue gases having an initial temperature of 330 F. The 
quantity of the flue gases is W 2 = 400 Ib/hr; their specific heat Cp = 0.25 
Btu/(lb)(F); the over-all heat transfer coefficient 17 = 20 Btu/(hr) 
(ft2)(F). The size of the heating surface A is to be calculated for 
parallel flow, counterflow, and crossflow. 

First, the cooling of the flue gases can be found for each case with the 
aid of a heat balance. The heat absorption of the water is 

^J. Nikuradse, Proc, Intern, Congr, Appl, Mech,, 3d Congr., 1, 239, 
Stockholm, 1930. 

* A. P. Colburn, Ind, Eng, Chem,, 25, 873-877 (1933). 

* R. A. Bowman, A. C. Mueller, and W. M. Nagle, Trans, A8ME, 62, 
283-294 (1940). 
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100(170 - 50) = 12,000 Btu/hr 

When there are no heat losses, the heat delivery of the flue ^^ases 
must be equal to the heat absorbed by the water. From this relation we 
can calculate the final temperature of the gases: 


12,000 = 400 X 0.25(330 - Q; L = 210 F 


With parallel flow the following scheme is valid for the temperatures 
along the heating surface: 


280 F 


/330F-^ 210F\ 
V 50 F 170 F J 


40 F 


The initial temperature difference therefore is AU = 280 F and the 
final temperature difference Ate = 40 F. The arithmetic mean becomes 
AtM = (280 -f 40)/2 = IGO F and the ratio AU/AL = 280/40 = 7. 
The value a = 0.77 is taken from Table 2. Thus we obtain the loga¬ 
rithmic mean temperature difference Atm — 0.77 X 160 = 123 F. 
From Eq. (23) it follows that 


A 


12,000 

(20 X 123) 


4.88 ft2 


For counterflow we obtain from the scheme, 160 


/330F~>210F\ 
V 170 F 4-50 F/ 


160 F, 


where A^t = Ate = 160 F. Thus AL/AL = 1; therefore a = ]. Hence, 
the logarithmic mean is Atm = 160 F and 


12,000 

“ (20 X 160) 


3.75 ft^ 


According to the following scheme, there is for crossflow: 


Ati = 280 F 


Ati 


At. = 40 F Ahf 
= 0.143 and 


= = ,60 

WjCi ^ ^ 

W2Pi 


F 


JJO* 
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It follows by interpolation from Table 3 that a = 0.940 and therewitli 
= 0.940 X 160 150 F. The size of the heating surface thereby 

becomes 


12,000 
20 X 150 


4ft^ 


The results show that counterflow requires the smallest and parallel 
flow the largest heating surface. The size of the heating surface foi’ 
parallel flow increases to a very considerable extent with greater heating 
of the water. At a water outlet temperature of 190 F, the final tempera¬ 
ture difference Avill be AU = 0 and therefore the heating surface will be 
infinite. Hence, it follows that an increase above this temperatuie 
cannot be obtained by parallel flow, but only by counterflow or crossflow. 



CHAPTER 2 
HEAT CONDUCTION 


4. The basic equation of heat conduction 

In this section the process of heat conduction is discussed in 
detail. As mentioned in the introduction, flow of heat in solid 
bodies takes place exclusively by this process. In liquids and 
gases, however, the processes of heat conduction, convection, 
and radiation occur simultaneously. The problems dealt with 
in this section may first of all be applied to solid bodies; in par¬ 
ticular cases, however, where heat exchange by convection is 
prevented and heat transfer by radiation is low, they may be 
applied as well to gases and liquids. The basic equation for the 
steady-state process of heat conduction in a plane wall was given 
in the preceding chapter [Eq. (1)]. In steady state, a linear 
temperature gradient occurs in such a wall, as illustrated in 
Fig. 1. Strictly, however, this holds only if the thermal con¬ 
ductivity of the wall is independent of temperature. This linear 
temperature curve likewise does not exist in unsteady heating 
or cooling processes, so that in these cases, Eq. (1) cannot be 
employed. The linear course of the temperature gradient in a 
plane wall in steady state is due to the fact that a constant flow 
of heat on its way through the material has always the same 
cross-sectional area at its disposal or in other words that the 
specific rate of heat flow is constant. Generally the specific rate of 
heat flow varies locally and in time. Equation (1) may then be 
applied only to parts of the body of infinitely small dimensions. 
We assume a plane located in any direction within the body, and 
on this plane we consider the surface element dA, The rate of 
heat flow through this surface element is to be calculated. The 
normal to this element will be called n. Figure 10 shows the sur¬ 
face element dA in a manner that makes the normal n to the 
surface appear in the plane of the drawing. The temperature 
curve along this normal has likewise been shown. The tempera¬ 
ture varies by the amount dt within the infinitely small range dri, 

19 
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Tlie temperature curve can be considered linear within this range 
so that Eq. (1) may be employed again. The temperature dif¬ 
ference {iwi — tw 2 ) in Ecj. (1) is to be replaced by the differential 
dt \ the place of the wall thickness 6 is taken by 
the differential dn, where n is the line normal 
to the plane of the surface element dA . In this 
way, for the rate of heat flow dQ through the 
surface dAy the ecpiation 

dQ = -kdA^ (30) 



Fig. 10. General 
heat conduction. 


is obtained. The minus sign in this equation 
indicates that the heat flow proceeds in the 
direction of a temperature drop, that is, 
in the direction of a negative rise of temperature bi/bn} For 
the specific rate of heat flow through the differential element, 
the equation 


is obtained. Equation (30) is the mathematical expression for 
the physical fact that the rate of heat flow through an area dAy 
taken at random in the body, is proportional to the thermal 
conductivity ky to the size of the differential element dAy and to 
the temperature gradient in the direction of the normal to the 
plane of the differential element. In giving the specific rate of 
heat flow for any place within a body, one must also specify the 
location of the differential area by specifying the direction of the 
normal n to that area. The subscript n in Eq. (31) is retained to 
emphasize this. Equations (30) and (31) are the general equa¬ 
tions for the process of heat conduction. The general equation 
for heat conduction also has its analogy in the range of electricity. 
Ohm’s law for a conductor of any shape has the form 

dl = -y<dA^ (32) 


In this equation the electric current I corresponds to the heat 
flow Q in Eq. (30), the electric potential E corresponds to the 

^ The partial differential signs d merely express that within the body the 
temperature curve is taken into consideration on the normal to the plane 
only. 
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temperaturo Ij and the electric conductivity X (X = 1/p where p 
is the resistivity) corresponds to the thermal conductivity k. 
As Eqs. (30) and (32) have the same form, the temperature field 
within a heated body and the field of the electric potential in a 
body of the same shape correspond to one another, provided the 
temperature distribution on the surface is similar to the distribu¬ 
tion of the electric, potential. This analogy enables one to study 
heat-flow problems from electrical models. For example, let us 
consider the task of determining the heat loss of an insulated 
tube. In Fig. 11, the tube is represented by the circle a, the outer 
surface of the insulation by line b. It may be assumed that the 
outer surface cannot })e circular for any reasons, but must have 
two grooves c. The temperatures along the inner and along the 



11 . Electrical model for iiivostigating heat conduction through insulation. 


outer surface may be constant. It is difficult to calculate the 
heat loss through such an insulation. For a model test, a cross 
section of the insulation is cut from a thin metal sheet. The 
tube a and the outer surface b of the insulation are represented 
by two copper strips which must be intimately connected with 
the metal sheet. Then the two copper strips are connected with 
the two poles of an electric battery and the current I is measured, 
which flows through this electric circuit when the potential dif¬ 
ference of the battery is AiE. The heat Q flowing through the 
length L of the tube insulation, is derived from the equation 




jk At L 
^ \AE's 


where k is the thermal conductivity of the insulation, X is the 
electric conductivity of the metal sheet of thickness s, and At is 
the temperature difference between the tube a and the outer 
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suiface of the insulation. The electric potential at any point 
within the insulation is proportional to the temperature at the 
same spot. The metal sheet may be replaced by a liquid. Such 
a device is called an electrolytic trough. 


6. The tube 

Except for the plane wall, the tube is the most common shape 
in industrial installations in which heat transfer occurs. The 
heat flow through a tube will now be calculated when the inner 
and outer surface have constant but different temperatures. In 
Fig. 12, the cross secjtion is depicted through such a tube with an 
inner radius and an outer radius 
For the heat flow through an element of 
the tube wall limited by the two cylin¬ 
drical surfaces with radii r and (r -|- dr) 
we may use Eq. (30). As we know 
beforehand that the temperature is con¬ 
stant on cylindrical surfaces, we may 
insert dA == 2TrZ, when I is the length of 
the tube. 

Q=-k2irrl^ (32a) 

Since the temperature depends only on 
the radius, we may replace the sign d for 
the partial differential by the sign d for 
the total differential. The tables in the Appendix show that the 
thermal conductivity A; is a function of the temperature for all 
materials. In steady state, the same amount of heat flows 
through every cylindrical section of the tube. Therefore, the 
heat flow Q is independent of radius r. For integration of Eq. 
(32a) the variables are separated: 



Fig. 12. Steady heat con¬ 
duction in a thick-walled 
tube. 


r 


- ^k{t)dt 


Integration between the limits r,- and Va gives 

k(t) dt 

/t ^ Jt^n^ 

If a mean value 


In-= ^7' 

Q J U,, 

. = > r 

Uoi t^ufa Jtwi 


k(t) dt 


h 
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is inserted^ we find 

In ^ {U,< - U (326) 

The same expression is obtained when the thermal conductivity 
is assumed independent of temperature in Eq. (32a). It is there¬ 
fore possible to calculate with A: as a constant magnitude, when 
the value of k at mean temperature is inserted in the equation. 
The exact value of this mean temperature cannot be derived for 
^.11 problems. As the temperature dependency of k is not great, 
however, it is sufficient in most cases to use the arithmetic mean 
of the limiting temperatures. 

The heat flow is found by solving Eq. (326) for Q: 

Q = itu,i - U) (33) 

We can give this equation a shape, which corresponds exactly to 
Eq. (1) for a plane wall, by introducing a mean radius r„,: 


Q = ^ (t-- - 

* t 

_ 

~ In r,/r. 


(34) 

(35) 


The area A in Eq. (1) is replaced here by the area 27 rr^i, and the 
plane wall thickness h is replaced by the thickness (r^ — Vi) of 
the tube wall. The mean radius Vm is established by the same 
expression as the mean logarithmic temperature difference for 
parallel flow and counterflow [Eq. (24)]. It can be found, there¬ 
fore, with the help of Table 2. The term AU has been replaced 
here by r® and Ate by r^. 

We now take into consideration the heat transfer on the outer 
and inner surface of the tube. For the heat transfer on the outer 
surface, the equation 

Q = ha2irrJ(U ~ ta) (36) 

holds, in which ha is the heat-transfer coefficient and ta the tem¬ 
perature of the liquid or gas surrounding the tube. In the same 
way, 

Q = hi2Tril(ti - U.i) (37) 

with hi as heat-transfer coefficient on the inner surface and U as 
temperature of the liquid or gas in the tube. By solving Eqs. 
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(34), (30), and (37) for the temperature differences and adding 
them we get 


- ia 


J_ + _1 ~ ^ 

haTa kn, hiVi) 2 tI 


The heat flow Q therefore is 


Q = 


27rr„4 


r,rt 4 I 

Xa ha 


£t , 

r, h, 


(ti - ta) 


(38) 


This equation corresponds to Eq. (11) for the plane wall and 
differs only inasmuch as each heat-transfer coefficient is multi¬ 
plied by a corresponding ratio of radii. 

For a thin wall, the radii ra, r^y and Vi have practically the same 
magnitude. In this case the formula for the plane wall holds 
true. If the tube is composed of several layers with different 
thermal conductivities, the mean summand in the denominator 

of Eq. (38) must be replaced by the sum / — where 

kj, Vajy ra, and are, respectively, the conductivity, the outer, 
inner, and mean radius of a single layer; and is the mean 
radius of the composite tube. The eejuations derived in this 
paragraph are of special importance for calculating the heat losses 
of insulated tubes. 


Example. In a tube with 3.6 in. inside diameter there flows super¬ 
heated steam at 400 F. The tube is insulated with slag wool 1.8 in. 
thick. The temperature of the surrounding air is 40 F. The heat loss 
per foot length of the tube is to be calculated. The heat-transfer coeffi¬ 
cient from the steam to the tube wall is 10 Btu/(hr)(ft2)(F) (approxi¬ 
mately, as shown for air, Table 1); the heat-transfer coefficient on the 
outer surface to the surrounding air is 1 Btu/(hr)(ff‘*)(F). The arith¬ 
metic mean between the inner radius r< = 1.8 in. and the outer radius 
Ta = 3.6 in. is Tm = 2.7 in. = 0.225 ft, and the ratio Va/ri = 2. From 
Table 2, a = 0.962 and, therefore, the logarithmic mean 

= qtm = 0.962 X 0.225 = 0.216 ft. 

The thermal conductivity of slag wool is A; = 0.027 Btu/(hr)(ft)(F) at 
200 F. Equation (38) gives 

Q _2^X0216_ 

0.216/0.3 X 1 + 0.15/0.027 + 0.216/0.15 X 10 

= 76.2 Btu/(hr)(ft) 



HEAT CONDUCTION 


25 


As can be seen, the heat loss is influenced only slightly by the heat- 
transfer coefticients. It is not necessary, therefore, to know these values 
accurately. The thermal resistance of the iron tube wall could be 
neglected as being very small. 

6. The sphere 

The heat flow through the wall of a spherical vessel with an 
inner radius r* and an outer radius Va can be calculated in the same 
way as that through a tube. We use Eq. (30) for a thin layer 
between two spherical surfaces with radii r and (r + dr), respec¬ 
tively. The surface dA is then and the thickness of the layer 
is dr. The solution of the differential equation, which is found 
very easily, is 

^ ~ 

The heat transfer on both surfaces of the vessel can be included 
in the same way as in the previous paragraph. 

7. The rod 

The heat flow is to be considered through a rod which is cooled 
on its surface by any gas or li(|uid, and which is connected at its 
base to a heated wall. The 
temperature of this wall is h 
(Fig. 13). The cross-sectional 
area of the rod may be A, its 
circumference C, its length L 
The heat-transfer coefficient h 
may have a constant value over 
the whole surface. Also, the 
area A and the circumference 
C are constant along the rod 
length. We consider a volume 
element of the rod with the 
length dx at a distance x from the wall. The heat flow through 
this element is given by the equation 

0 - E W 

in which t denotes the temperature at the distance x. If the sur¬ 
rounding gas has a temperature ^ heat flow 
dQ = hC dx{t - to) 



Fig. 13. Steady heat conduction in a 
rod. 


( 41 ) 
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leaves the volume element through the convex surface (7 dx. As 
a consequence of this the heat flowing along the rod becomes less 
with increasing distance x. Through the cross section contained 
in the distance {x + dx) the heat flow is 

Q.. « + (42) 

In steady state the difference between the heat expressed by 
Eqs. (40) and (42) must equal that given by Eq. (41). Thus the 
differential equation 

hC{t - t„) = kA 'fjK (43) 


is derived. If the symbol d = t — ig is used for the temperature 
difference, Eq. (43) becomes 


dx^ kA 


(44) 


A particular solution can be gained by the expression t? = 
By introducing it into the equation we get 


hr. 

~ TFA 

(45) 

IbC 

(4fi) 

" yjkA 


The general solution of the differential equation must have two 
constants. We get, therefore, 

^ = Cie^ + (47) 

The constants Ci and C 2 must be derived from the boundary con¬ 
ditions. The end of the rod, a: = 0, which is fastened to the wall 
assumes the wall temperature tv The other end transmits heat 
to the surrounding gas. This process is described by the equation 

To simplify the calculation, this heat flow can be disregarded, 
however, if the length I of the rod is great compared with its 
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thickness. The second boundary condition is then 

(i).. -« <«> 

The two boundary conditions introduced into the solution (47) 
of the differential e(iuati<jn gi\ e 


- k - + c., 

= 0 = — C^mer^ 

x—l 



(50) 

(51) 



ml —► 

Fia. 14. Functions determining heat flow and temperature profile in a rod. 


Solving these two equations for and (U and introducing these 
into (47) gives 


1 f,-ml 1 (jQgJj jYll 


(52) 


The excess temperature of the end of the rod {x = 1) is 


^ cosh ml 


(53) 


and the heat flow through the base of the rod {x = 0) is 

= mkAi^i tanh ml (54) 

The two functions 1/cosh ml and tanh ml are given in Fig. 14 and 
Table 4. In Fig. 14, it can be seen that when the length I is 



28 INTRODUCTION TO THE TRANSFER OF HEAT AND MASS 


TaBLK 4. CaL(U LATION OF HeAT (^ONDITCTION IN A Roi> 


ml 

0 

1 

0.5 

1 

1.5 

2 

3 

4 

5 

6 

cosh ml 

1 

1.1276 

1.543 

2.352 

3.762 

10.07 

27.31 

74.21 

201.7 

tanh ml 

0 

0.4621 

0.7616 

I 

d 

0.0640 

0.!H).51 

0.0003 

0.9999 

1 


increased beginning at zero, the heat flow Q increases rapidly at 
tirst, but this increment of increase becomes smaller and smaller, 
and finally the heat flow approaches an asymptotic value. The 
excess temperature decreases to zero at the end of a very long rod. 



Fiq. 16. Temperature measurement in flow through a tube. 

The lengthy calculation with the boundary condition (48) gives 
the result^ 

p — + tanh ml 

Qi = mkA^i —- (55) 

1 + 1 — tanh ml 
k m 

From this it can be seen under which condition the simplified 
J^q. (54) holds true. Equation (55) transforms into Eq. (54), 
when {h/k){l/m) is small compared with 1, or h is small com¬ 
pared with kC/A and ml is not too small. 

The following calculated example has an important technical 
application. The temperature of a gas flowing in a tube is 
measured usually by a thermometer put into a well which is 
welded into the tube wall as shown in Fig. 15. If the gas tem- 

* See, for instance, M. ten Bosch, *‘Die Warmeiibertragung,” 3d ed., 
p. 68, Springer-Verlag, Berlin, 1936. 
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perature differs greatly from the outside temperature, the tube 
wall has a lower temperature than the gas, and heat flows by 
conduction from the well to the tube wall. The end of the well 
where the bulb of the thermometer is placed may become colder 
than the gas, and the thermometer will not indicate the true gas 
temperature. This error can be calculated by Eq. (53). Figure 
14 or Table 4 gives the necessary length of the tube when the 
error must be confined within a certain limit. Another applica¬ 
tion of the equations derived here is the calculation of finned 
heating surfaces. These are dealt with in the next section. 

Example. In a tube of 3.6 in. diameter for superheated steam there is 
placed an iron well (Fig. 15) with a diameter d — 0.6 in., for a ther¬ 
mometer. The steam has a pressure of 14.26 Ib/in.^, and a temperature 
of 600 F. It flows with a velocity of 65 fps. The length of the well, 
which gives an error in temperature measurement less than 0.5 per cent 
of the difference between the gas temperature and the tube-wall tem¬ 
perature, is to be determined. The film heat-transfer coefficient 
between the steam and the tube wall is h = 18.5 Btu/(hr)(ft2)(F) as 
calculated according to Sec. 28. If the wall thickness of the well is 

= 0.036 in., the (!ross section for the heat flow in the well is ^ = cItts, 
and the circumference is C = dx. Therefore 


m 



IJ I 18.5 
ylFs “ \32 X 0.003 


13.7/ft 


With the signs used in this paragraph, the error is t? 2 / 1^1 = 0.005. For 
this value, the product ml must be 6 as is found in Table 4. Therefore, 
the length of the well I = 6/m = 6/13.7 = 0.44 ft = 5.28 in. As this 
length is greater than the tube diameter, it is necessary to locate the well 
obliquely in the tube (Fig. 15). 

Heat radiation between the end of the well and the tube wall may 
originate in an additional error in temperature measurement. This will 
be dealt with in a later chapter. 

8. Finned heating surfaces 

It was shown in Sec. 2 that the over-all heat-transfer resistance 
of a plane wall is determined by the greatest partial resistance. 
If this is one of the convection resistances, the heat flow through 
the wall may be increased by placing fins on the surface where 
the great resistance occurs. Such finned heating surfaces are 
widely used, for example, as economizers in steam boilers, as 
radiators for steam and hot-water heating systems, on electric 
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transformers, for the cylinders of air-cooled combustion engines, 
etc. 

In the following, calculations are made for the plane, finned 

surface, since this is the simplest 
case. As long as the height of 
the fins on a tube is compara¬ 
tively small, the formulas de¬ 
rived for the plane wall can also 
be used for the cylinder. For 
fins of constant thickness with 
the height Z, the formulas derived 
in Sec. 7 hold true (Fig. 16). 
Using the symbols in Fig. 16, the 
cross-sectional area A of the fin 
is hL and the circumference C is 
2L, when h is small compared 
with L. The value m therefore 
is derived by introducing the above values into Eq. (46): 



The heat loss of the fin is given by Eq. (54) or (55). 

It is of primary interest to know the conditions for which the 
finned surface has advantages over the plane wall. The answer 
to this question is somewhat different, depending on whether the 
price, the weight, or the space needed is of primary importance. 
First, we shall answer the question, under what circumstances 
can the heat flow through a wall be increased at all by fins. 
Obviously, fins are advantageous for the case where the heat flow 
through a fin increases with increased fin height. If the heat 
flow decreases with increasing fin height, it is advantageous to 
make the fins as low as possible or, finally, to omit them. The 
limit of the conditions, for which fins are advantageous, is given 
therefore by the equation 

- 0 

This equation gives a result only when Eq. (65) for Qi is used. 
As the factors k, A, m, and must be regarded as constant for 
the problem under consideration, it suffices to differentiate the 
fraction only in Eq. (56). The resulting expression becomes zero 



Kig. 16. Heating surface with rec¬ 
tangular fins. 
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wh(^n its niimorator is zero or its denominator infinite. The last 
possibility results in a trivial statement only, for when k = 0 , 
Eq. (57) is fulfilled. We, therefore, consider only the numerator. 
Differentiating Eq. (55) gives for the numerator 


+ T tanh ml \ m ^ 5 —^ 

km / cosh^ ml 


+ tanh ml 


h/k 

cosh-^ ml 


0 (58) 


'fhis equation may he simplified to the expression 


1 

m — 7-, — = 0 

k- m 


Introducing Eq. (56) gives 


'J'he e(|uation may be written in the form 


The left-hand expression is the film heat-transfer resistance; 
t.he right-hand expression is the thermal-conduction resistance 
of a plane wall of thickness equal to one- 
half the fin thickness. When both resist- 1 ( 

ances have the same magnitude, the limit ^ 1 

is reached at which fins are useless. We — 

must bear in mind, of course, that real 
conditions in short fins differ from those I I | | j 

assumed in the calculations. The heat- 
flow lines and the isotherms in such an ( 

actual fin must have the shape sketched in / ; 

Fig. 17. For the above calculations, it j j 

was assumed that the temperature varies ' 

only in the direction of the height, and ^'ort rectangulafZ.‘“ * 

is therefore constant on normals to the 

height. The numerical value of Eq. (59) is influenced by this. 

We may be sure, however, that it is advantageous to use finned 

surfaces, as soon as the condition 


is fulfilled. 


( 60 ) 
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Example 1. It is to be determined when iron fins of 0.12-in. thickness 
on a heating surface are advantageous. The thermal conductivity of 
iron is found in the Api)endix. We take the mean value, A: = 33 Btu/ 
(hr)(ft)(F). If the heat is transferred to air, the heat-transfer coeffi¬ 
cient is 2 to 20 Btu/(hr)(ft2)(F) (Table 1). We insert the higher value 
and find 

For heat transfer to air (or other gases), fins are advantageous, 
therefore. If the heat is transferred to water, the heat-transfer coeffi¬ 
cients lie between the limits 100 and 1000 Btu/(hr)(ft2)(F). If we take 
again the higher value, the characteristic becomes 


As this value is very low, fins bring practically no increase in heat trans¬ 
fer. The effectiveness of fins for liquids can be increased by using 
thinner fins of a metal with better thermal conductivity. But prac¬ 
tically, the thickness cannot be reduced appreciably below 0.12 in., 
and the conductivity of copper, the best conduction metal, is only 5 
times that of iron; therefore fins bring no great improvement to heat 
transfer to liquids. 

When fins are advantageous, the heat transfer is increased by 
placing them as near each other as possible. But there is a limit 
for the distance between two fins, for the heat-transfer coefficients 
decrease when the boundary layers which occur on the surfaces 
of the fins mutually influence each other. The distance between 
two fins must not be much smaller, therefore, than twice the 
boundary-layer thickness. The thickness of boundary layers 
will be calculated later. Air flowing along a plate 1 ft long with 
50 fps velocity creates a boundary layer, which is approximately 
0.1 in. thick. The low velocities which occur in free convection, 
for instance on a radiator, result in bigger boundary layers about 
0.5 in. thick. 

For the design of cooling devices on vehicles, especially for 
airplanes, the problem of exchanging the greatest amount of heat 
with the least amount of weight of the heat exchanger is of pri¬ 
mary importance. This question will now be answered for finned 
surfaces. The weight of one fin (Fig. 16) is 


W = yLhl = yLAx 


( 61 ) 
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when y is the specific weight of the material for the fin, and A i is 
the area of the fin cross section normal to L. The length L has 
a given value, whereas the two dimensions h and I are to 
changed so as to give maxi mum h eat flow for a given area Ai. 
In Eq. (54) we insert m = \/2hlkh and A = hL, (Note the dif¬ 
ference between A and Ai. ^ is measured normal to the heat 
flow, Ai in the plane of the drawing, Fig. 17.) If we express the 
height I of the fin by the area Ai/{1 = Ay/h) we get 


Qi - L \/2hkb tJi tanh (02) 

This becomes a maximum for dQi/dh = 0. By differentiating 
Eq. (62) and making the differential quotient equal zero, we get 


2 \/h 


tanh 


(4 


2h A 
kh h 


Vi 4 


2h 3 

k- '2b^VT> 


Introducing the abbreviation 


l2iiA\ 
\\lkb h ) 


= 0 (63) 


cosh 


gives 


j'2hAi 

(64) 

yl'kb 6 “ “ 

, , 3m 

tanh u = —r-^ 
coslr u 

(65) 


This equation must be solved numerically or graphically, for 
example, by plotting both sides against u and determining the 
point where the two curves intersect. Thus, the value u = 1.419, 
can be obtained. The maximum heat flow through a fin of given 
weight is obtained, therefore, when the equation 


I B- 
^ykb ~ 


1.419 


is fulfilled. It can be written in the form 

Here it can be seen that the ratio of the height to half the fin 
thickness depends on the same characteristic value found in 
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pjq. (59). The tempeniture excess of the end of the fin over the 
surrounding gas is 

= 0.457»?i (67) 

cosli u 

This allows us to test whether or not the optimum height of the 
fin is obtained by measuring the temperatures and t? 2 . 

When the heating surface has no fins, the area ecjual to the fin 
base transmits the heat flow — hhL§i. The ratio of the heat 
flow through the fins to the heat flow without fin is therefore 
for the best fin according to Eq. (62) 

^hb 

This equation determines how mucli the heat flow through the 
wall can be increased by the addition of fins. 

Example 2. For an iron fin 0.12 in. thick, the characteristic value 
2k/hb was determined on p. 32. Introducing it into Eq. (66), the 
optimum ratio l/{b/2) becomes 25.8 for the heat transfer to air, and 
3.64 for the heat transfer to water. An aluminum fin 0.04-in. thick, 
with a thermal conductivity value of A; = 120, has an optimum ratio 
h/{h/2) = 85.1 for air, and 12.0 for water. It can be seen that the fin 
must be thicker when the ratio of the film resistance to the conduction 
resistance becomes smaller. Iron fins for heat transfer to water are of 
little use. 

The iron fins of air-cooled cylinder barrels for reciprocating aero¬ 
engines are approximately 0.04 in. thick and 0.8 in. high with 0.16-in. 
spacing. The cylinder head is mostly equipped with aluminum fins 
about 0.06 in. thick and 1.4 in. high with 0.2-in. spacing. These dimen¬ 
sions are very close to the optimum values according to Eq. (66). The 
radiators of liquid-cooled aeroengines also have very thin fins (approxi¬ 
mately 0.004 to 0.008 in. thick, 0.2 in. high). Stationary heat-transfer 
equipment has fins which are generally thicker than the optimum value, 
as the saving of weight is not so important here. Finned tubes of 
economizers for steam boilers have fins 0.16 to 0.25 in. thick, 0.6 to 1 in. 
high, with 0.6 to 0.8 in. spacing; finned tubes for warm-water heating 
have fins 0.04 to 0.1 in. thick, 1 to 1.6 in. high, 0.4 to 1-in. spacing. 

In determining the optimum fin, there arises the question as 
to whether weight may or may not be gained by using other 
shapes for the fin cross section than the rectangular, as has been 
considered until now. The calculation for other forms is much 
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more troublesome. Therefore, the results only are given here.^ 
The ratio of the height I to the thi(;kness b at the base for a opti¬ 
mum triangular fin (Fig. 18) is 

5^.1.309\/i (68) 

The temperature excess on the peak of tlie fin is 

= 0.277i^i (69) 

The ratio of the thickness h of the triangular fin to the thickness 
of the rectangular fin with ec^ual heat flow is 1.31; the ratio of the 
cross-sectional areas is 1/1.44. 

Therefore, using the triangular 
fin, 44 per cent of material can 
be saved. 

Now it is of interest to deter¬ 
mine what is the optimum shape 
of a fin having the smallest wcnght 
for a given heat flow. It is evi¬ 
dent that in such a fin every part 
should be utilized to the same de¬ 
gree, or that the specific rate of 
heat flow should be constant 
throughout the fin. The proof of this fact was presented by 
E. Schmidt.^ The heat-flow lines in such a fin must have the 
shape indicated in Fig. 19. They are equally spaced straight 
lines parallel to the fin axis. With a constant specific rate of heat 
flow the temperature decreases linearly along any flow line from 
the value U at the root of the fin. We shall try to approach the 
value tg of the surrounding gas on the fin edge. The temperatures 
within the fin are indicated in the upper part of Fig. 19. At the 
distance x from the edge the temperature is L Because of the 
linearity of the temperature field the difference between the 

^ E. Schmidt, Z. Ver, deut, Ing,, 70, 885 (1926). Calculations were made 
for needles on a heating surface, by R. Focke, Forsch. Gehiete Ingenieurw.^ 13 : 
34-42 (1942). Experimental investigation on different fin arrangements, 
by R. H. Norris and W. A. Spofford, High Performance Fins for Heat 
Transfer, Trans, ASME, 64 , 489-496 (1942). 

* E. Schmidt, Z, Ver. deut. Jng., 70, 885 (1926). 
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temperature t and the gas temperature tg may be expressed as 


t- tg^jiil- tg) 


The constant rate of heat flow in the direction of the fin axis may 
be q. Now consider a surface element of the fin at the distance x. 

It may be inclined toward the fin axis 
by the angle a. The specific rate of heat 
flow through this element is q sin a, and 
since the heat flowing through this sur¬ 
face element has to be transferred to the 
surrounding gas, the ecjuation 



X 

O' sin a = h(t — tg) = hj (h — tg) 

is valid. This equation determines the 
angle a of the surface element as a func¬ 
tion of the distance x: 


sm a = 


h{U - tg) 

ql 


The fraction on the right-hand side of 
the equation has a constant value. The 
contour of the fin defined in this way is 
Fin with smallest a circle, for a circle is described by the 
equation sin a = x/r (Fig. 19), which 
corresponds exactly to the above equation. The radius r of the 
ql 


Fig. 19. 
weight. 


circle has the value 


The fact that the contour lines 


Kh - tg) 

of the fin with minimum weight are circles was first pointed out 
by F. Weinig. It is not necessary to give the fin an infinitely 
thin edge as shown in Fig. 19. Any part out of the circle can be 
used to build up a contour for a fin with constant heat-flow 
density. This is shown by the dashed line in Fig. 19. The 
difference in weight between a fin of circular shape and one of 
triangular shape is very small. As the triangular shape is easier 
to manufacture, it may practically be regarded as the best form. 

The cross-sectional area Ai necessary for a certain heat flow in 
the rectangular fin is derived from Eq. (62) by introducing 
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Eq. (64) and solving for Ai: 

, _ (QN 1 u 1 _ 2.109 /QiV 

' \dx} TJ tanh^ u y/\(Sh^k‘^ 4W/c Vt>i/ 


(70) 


This equation shows that it is advantageous to make the fins 
as small as possible. For, to double the heat flow, the area of one 
fin must be increased eightfold, whereas it is sufficient to use two 
fins of the original size. 

Equation (70) also allows comparison of different materials for 
fins. Accordingly, the cross-sectional area A i is inversely propor¬ 
tional to the thermal conductivity k. The weight, therefore, is pro¬ 
portional to y/k. In Table 5, the quotient of the specific weight 


Table 5. Efficiency Values for Fins 


Matorial 

Heat eoiuluc- 
tivity A*, 
Btu/(hr)(ft)(F) 

Specifie 
weiglit 7 , 
lb/ft=^ 

ylky 

(hr)ah)(F) 
Bill/(ft 2) 

y/k 

(7/A*)ai 

( Copper. 

220 

560 

2.65 

1.96 

Aluminum, pure. 

130 

170 

1.30 

1 

Aluminum alloy. 

90 

166 

1.85 

1.42 

Magnesium, pure. 

100 

no 

1.31 

1.01 

Steel. 

32 

400 

15.3 

11.8 

Steel, stainless. 

8 

490 

61.2 

47.1 


7 to the thermal conductivity k is listed for different materials. 
It is to be seen that by the use of aluminum 50 per cent of the 
weight can be saved as compared with the use of copper. Iron 
fins have a tenfold weight, and alloyed iron fins a fiftyfold weight. 
It is of no use, therefore, to make the fins for air-cooled cylinders 
of aeroengines of copper instead of aluminum, whereas the change 
from iron to aluminum promises great advantages. 

9. The wall with heat sources 

Our previous considerations must be extended, when in the 
body in which the heat flows, heat is generated in any manner, or 
if, as we call it, heat sources prevail in the body. This is explicitly 
the case in an electric conductor in which, due to the resistance, 
electric energy is transformed into heat. The mathematical cal¬ 
culations of the temperatures which originate by this generation 
of heat are of interest for electric machines and apparatus. The 
greatest difficulty in the design and construction of fast-running 
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motors and generators is diversion of the heat generated by i-lui 
electrical losses. Even the construction business has to deal with 
similar occurrences. For instance, special means must be applicid 
on thick concrete walls in order to prevent production of inadmis- 
sibly high temperatures by the generation of heat during the 
setting of the concrete. For this reason, cooling tubes had to be 
installed in various dams made of concrete. Tlui flow losses in 
gases and liquids are also transformed into heat. The tc^mpera- 
ture increases thus caused rea(di rather high values in gases 
flowing with high velocities. A projectile with 2,000 fps muzzle 
velocity reaches a tempe^rature of up to 250° F from the friction 
of the air. Considerable temperature differences also occur in 
the oil films of fast-running bearings from the intrinsic frictional 
heat. We shall discuss the latter occurrences in a subsequent 
section. Tn this section, we shall treat only the heat flow in 
solid bodies, and especially the case 
/ A which can })e handled conveniently by 

^simple mathematical calculations, ^.c., 
/ y the plane wall. We consider an infi- 

'Z \ / ^, nitely thin layer of thickness dxj which is 

^ T"* cut out from the wall by two parallel 

/ I / ^ planes (Fig. 20). Uniformly distributed 

^ \ ^ ^ heat sources exist in the wall, and thus 

^ / I jV ^ a heat quantity r per unit of space and 

* , , time is generated. Hence r is independ- 

Fig. 20. Wall with heat i r i <• n 

sources. cnt of X. On each surface, the wall may 

be bounded by a gas with the tempera¬ 
ture ig. The film heat-transfer coefficient for each surface is h. 
The temperature of the wall at the point x is and the excess 
temperature above the gas temperature is The heat flow per 
unit area through the plane at point x is given by the equation 


At point (x -f- dx) it has the value 




The difference (^' — g) must in the steady state be equal to the 
heat quantity, which is generated in the wall layer of thickness dx : 
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q' — q ^ r dx (73) 

From the relations (71) to (73j we o])lain t he differential equation 


r — 



By double integration its solution 


(74) 


+ Cix + (75) 


is obtained. The i)oundary conditions for the determination of 
the constants C\ and C 2 are the following, because of the sym¬ 
metry of the problem, the highest, temperature must occur in the 
center of the plate {x = 0), and hence the temperature curve 
must have a horizontal tangent at this point. On the plate sur¬ 
face (x = Z), the heat transported to the surface by conduction 
must be transmitted to the gas. The boundary conditions are 
then 



If we define the constants with these aids, we obtain for the excess 
temperature in the plate the equation 

Hence, the isof.herms in a plate with 
uniform heat generation are parabolas, 
as shown in Fig. 21. The maximum 
excess temperature is obtained from 
Eq. (78) when a; = 0, thus / 



Fia. 21. Temperature pro- 
The temperature gradient on the sur- fif© fii a wall with heat 

face can be easily found by the method 

given in Fig. 21. We plot the distance k/h from the surface, 
add the temperature tg as ordinate, and connect point 1, which 
is obtained in this manner, with point 2 as defined by the surface 
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temperature. The direction of the straight line connecting both 
points yields the temperature gradient on the wall. We realize 
this immediately if we solve Eq. (77) for dd^/dx: 



Example. A cylindrical ti ansformer coil made of insulated copper 
wire has an inside diameter of (i.h in. = 0.55 ft and an outside diameter 
of 9.6 in. == 0.8 ft. The fraction <p = 0.6 of the total cross section of the 
coil is copper and the rest insulation. The density of the current in the 
conductors is j = 1,300 amp/in.^; the specific resistance of copper is 
p = 9.5 X (ohms)(in.2)/(ft). Whence the generation of heat per 
unit of space in the coil is r = (ppp — 0.6 X 1.69 X 10®ampVin.^ 
X 9.5 X 10“<^ ohms in.Vft X 144 in.Vft*^ X 3.412 Btu/watt-hr = 4730 
Btu/(hr)(ft^). The heat-transfer coefficient on both surfaces of the coil, 
which are cooled by air at 70 F, is A = 4 Btu/(hr)(ft2)(F); the thermal 
conductivity of the coil is A; = 0.2 Btu/(hr)(ft)(F) (mica, glue). If we 
consider the coil in a first approximation as a plane wall with the thick¬ 
ness 2/ = 1.5 in. = 0.125 ft, we obtain the highest temperature pre¬ 
vailing in it, according to I]q. (79), 

„ 4730 X 0.0039 . 4730 X 0.0625 .. 

= .2 X 0.2 ~~ +-4“-- ^20-^ ^ 

Thus the temperature U at the center of the spool is 120.1 + 70 = 190 F. 
Accurate calculation of the thermal field in the coil when considered 
as a hollow cylinder yields the value 191 F. Consequently, it can be 
seen that the calculation as for a plane wall yields useful results even on 
rather thick-walled coils. 

10. The general heat-conduction equation 

We shall now include unsteady heat-flow processes in our con¬ 
siderations. For the time we shall use the symbol t. At first 
we shall derive the equation for heat conduction in its most gen¬ 
eral form for a system of rectangular coordinates. We consider, 
in the body, a small parallelepiped with the dimensions dx^ dyy 
and dz (Fig. 22). According to Eq. (30) the heat 

dQ,== -k^dydz (81) 

enters through the area 1 this parallelepiped. With progressing 
dx this heat flow has generally changed so that the heat flow 
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dQx = dQx + —dx = —k dy dz (82) 

leaves the parallelepiped through the area 2. The excess heat 
flow through area 2 over the heat flow through area 1 is 

dQ'. - dQ, - -k dx dy dz (83) 

In the same manner, the excess of the heat flow leaving the ele¬ 
ment through area 4 over the heat flow entering the parallelepiped 
through area 3 is 

dC/y - dQy = 

-k-^dxdydz (84) 

and the surplus of the heat flow 
through area 6 as compared to 
that through area 5 is 

dQ'^ - dQz = 

—k^^dxdydz (85) 

n^v r A. n • 22. Determining the general 

Ihe sum of the heat flow given heat-flow equation. 

by Eqs. (83), (84), and (85) 

specifies the heat quantity which leaves the parallelepiped in unit 
time: 

If per unit of space and time, the heat quantity r is generated, 
the heat generation in the parallelepiped considered is 

r dx dy dz (86) 

The difference between the heat generated in the parallelepiped 
and the heat leaving the parallelepiped by conduction is used for 
the purpose of heating up the parallelepiped. The temperature 
of the parallelepiped is t, hence its temperature change per unit 
of time is dt/dr. If we denote the specific weight of the paral¬ 
lelepiped by 7 and its specific heat per unit of weight by c, then 
the heat quantity necessary to increase the temperature is given 
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by 


cy ^ dx dy dz 

OT 


(87) 


According to the discussion above, this heat must be equal to the 
difference of the generated heat [Eq. (8())] and the heat losses 
[Eq. (85a)]. Thus we obtain the differential equation 

cy ^dxdydz = r dx dy dz + k + ^ + dx dy dz (88) 

If we divide the equation by yc and introduce the abbreviation 
k/cy = a we obtain the general Fourier heat-conduction equation 


The value 


/l!! 4-^ 4-il 

dr ^ \dx^ dy^ dz^J cy 

k 

a = — 
cy 


89) 

(90) 


is called the thermal diffusivity. It is a property of the material 
and is compiled for a series of solids, liquids, and gases in the 
Appendix of this book. If the heat generation is r = 0, the ther¬ 
mal diffusivity represents the only property value which enters 
the heat-conduction equation. How fast temperature equaliza¬ 
tion takes place in a body without internal heat generation 
depends therefore only on the value of the thermal diffusivity. 
From the tables in the Appendix it can be seen that of the solids, 
the metals have the highest thermal diffusivity. Liquids have 
thermal diffusivities of approximately the same order of magni¬ 
tude as nonmetals. The thermal diffusivities for gases, however, 
lie in the order of magnitude of those for the metals. In a stag¬ 
nant gas, the temperature differences equalize about as fast as in 
metal. On the other hand, more time is required in a stagnant 
liquid for temperature equalization, namely, time of the same 
order of magnitude as in nonmetals. 

All special cases of heat conduction can be derived from the 
general heat-conduction equation. For example, the stationary 
heat flow through a plane wall without heat sources, which is 
given by Eq. (1), can be obtained in the following manner. In 
the plane wall, the temperature depends only on the direction 
perpendicular to the wall surface. If we arrange the x axis of 
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our coordinate system in this direction, the derivatives with 
respect to y and z in Eq. (89) become zero. For a steady-state 
process, the derivative with respect to time must also become 
zero and, because of the absence of heat sources, r is also zero. 
Therefore from Eq. (89) only the following expression remains: 


dH 

dx- 


= 0 


(91) 


By double integration we obtain from this the temperature field 

t = C\x + C .2 (92) 

and if we define both surface temperatures of the wall, Ui and 
tw 2 j as boundary conditions for the determination of both con¬ 
stants, Eq. (92) becomes 

t = {U.2 - <»i) I + Ui (93) 


We find that the linear temperature gradient shown in Fig. 1 
actually exists. The temperature gradient di/dx in the wall is 
equal to 

dt' tu''2 
dx h 

and from this results the specific heat flow 

in accordance with Eq. (2). 


(94) 

(95) 


11. Unsteady heat flow 

The exact solution of the heat-conduction equation (89) pre¬ 
sents considerable mathematical difficulties. Fourier occupied 
himself with solving this equation and thereby developed the 
method of the Fourier series.^ However, in most cases a quicker 
solution can be obtained by an approximate graphical process, 
which was developed by E. Schmidt. ^ We shall study this 

^ Fourier, J. B., ‘^Th^orie analitique de la chaleur, oeuvres de Fourier, 
Gauthier-Villars & Cie, Paris, 1822; English translation by Freeman, Cam¬ 
bridge, 1878. 

*E. Schmidt in ^^Beitrage zur tcchnischen Mechanik and technischen 
Physik'' (Foeppl-Festschrift), Springer-Verlag, Berlin, 1924; see also E. 
Schmidt, '‘Einftihrung in die technische Thermodynamik,” p. 262, 
Springer-Vferlag, Berlin, 1936. 
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process only for a plane wall. In the wall the heat-conduction 
equation changes into the following form in the absence of heat 
sources: 


di dH 
dr "" dx^ 


(96) 


This equation can be changed into an equation of finite differences 
by splitting the time into finite intervals Ar, and by splitting the 

plate thickness into intervals Ax 
and considering the temperature 
in these intervals (Fig. 23). Equa¬ 
tion (96), as a difference equation, 
is written 

^ = (97) 





Fia. 23. Unsteady heat flow in a 
plane wall determined by a 
Schmidt plot. 


The indices indicate that the time 
T or the location x is variable with 
the differential formation AL The 
length intervals and the time inter¬ 
vals may be numbered continu¬ 
ously. Thus the number n (Fig. 
23) may refer to any arbitrary place 
in the plate, and the number k may 
indicate any arbitrary moment in the time scale. Hence, we can 
write the value Art in the form 

Art = tn,k-^l ”■ tn^k (98) 

and also the value 

Axt = tn+l,k tn,k 

The expression A^H is the difference of two successive differences; 
hence we obtain 

Ag^t = (^n+lfib ^iiiA;) itn,k ^n—1 ,a) 

= tn+l,k ““ ^tn,k + tn-l,k (99) 
Therewith, the differential equation (97) is changed into 

tn^k^l ““ tntk ~ ^ AX^ (^n+l,fc “ ^tn,k ^n—1,*) (100) 


From this, the temperature throughout the wall at the time 
{k + 1) can be computed if the temperatures in the wall are 
known at the time k. By continued application of the equation, 
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the development of the temperature field with time can gradually 
be determined from a known initial temperature distribution. 
In lieu of the calculations, the graphical solution illustrated in 
Fig. 23 can be used. The temperature field tk for the time k is 
plotted in this figure. Now we connect the temperature points, 
which are two x intervals apart, by a straight line; for example, 
in Fig. 23 the point tn-~i,k on the vertical line (n — 1) with the 
point tn+i,k on the ordinate (n + 1). In this manner we arrive 
at the point of intersection a. The distance designated I has the 
value 

I = n l.fc + ^ ^ _ 2t^ j^ + tn^l,k) (101) 

This agrees closely with the temperature difference defined by 
Eq. (100), the only difference being that in place of the factor 3^ 
in Eq. (101), there occurs the expression a(Ar/Ax2) in Eq. (100). 
However, since there is still at our free disposal the time interval 
Ar, it can always be arranged with a freely chosen interval Ax 
so that the condition a(Ar/Ax^) = is fulfilled. By the pro¬ 
cedure shown in Fig. 23 we have therefore gained in point a a 
point of the temperature field for the time {k + 1), which is 
given by the value 

Ar = ^ (102) 


later than the time k. In the same manner, by plotting addi¬ 
tional straight lines (Fig. 23), other points of the temperature 


field for the time (A; + 1) can be 
obtained, and thus is determined 
the entire temperature field solely 
by the use of a ruler. In order 
to use this graphical solution, the 
temperature field in the wall must 
be known for a specific moment. 
If, in addition, the change of the 
surface temperature with time is 
known, the temperature field in 
the wall can be plotted as shown 
in Fig. 24. Here the temperature 



to for the time r = 0 and the temperatures of the surface (point 


0, 1, 2, etc.) for successive time intervals Ar are given. Fre- 
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quently, however, only the temperature tg of the medium outside 
the wall and the heat-transfer coefficient on the surface of the 
wall is known. Hence, subdivision into layers is more suitably 
accomplished in the way shown in Fig. 25. In this case, the 
gradient of the temperature-distribution curve on the surface for 
each instant is defined by the surface condition 

= (103) 

Graphically this condition means that the tangent to the tem¬ 
perature curve at the surface must pass through a reference point 
whose distance from the wall is k/h and whose ordinate is the 



Fig. 25. Unsteady heat flow in a plane wall including film heat transfer deter¬ 
mined by a Schmidt plot. 

surrounding temperature tg. This relationship has already been 
pointed out, in Fig. 21. It can be used here in the following 
manner. We extend the given temperature distribution 1, 2, 3 
at the beginning of the equalization process (Fig. 25) through the 
straight line (r -- a) past the surface of the wall and now start 
our design connecting point 0 with 2, 1 with 3, etc., by straight 
lines. Thus is obtained a new temperature line 1', 2', 3'. This 
line can be extended again by connection with the guide point r, 
and it yields in this manner the point O'. In this manner the 
design is repeated, etc. If during the course of time the sur¬ 
rounding temperature tg or the heat-transfer coefficient changes, 
it can be easily compensated by a displacement of the guide 
point r in vertical or horizontal direction, respectively. This is 
an advantage of the graphical procedure as compared to a mathe- 
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matical treatment of the differential equation, where a variable 
heat-transfer coefficient leads to considerable mathematical 
difficulties. Lately this method has been extended^ by A. Nessi 
and L. Nisolle to other body forms, e.g., the cylinder or the sphere. 

Example 1. A living room with brick walls, which has initially an 
outside temperature of 30 F, is heated by some unit. It is to be deter¬ 
mined how long it takes to establish a steady-state temperature dis¬ 
tribution in the walls and in the room. The final temperature in the 
room is to be 70 F. The heat-transfer coefficient on the inside of the 
wall is hi = 1.2 Btu/(hr)(ft‘'^)(F), the heat-transfer coefficient on the 
outside ha = 3.0 Btu/(hr)(ft‘'^)(F), the thermal conductivity of the wall, 
k = 0.25 Btu/(hr)(ft)(F), the thermal diffusivity a — 0.012 ftVhr, and 
the thickness of the w^all is 1.3 ft. The steady-state temperature in the 
wall is given by a straight line connecting the two points a and 6, which 
are separated from the two wall surfaces by k/hi and k/hay respectively, 
and have respective temperatures 30 F and 70 F. If we assume the 
rate of heat transfer to the inside of the wall to be constant, all tem¬ 
perature gradients in the w^all during the heating process must have the 
same inclination to the inner surface. To start now with the graphical 
method, the wall is divided into six layers, each with the thickness 
Ax = 0.217 ft. Then the time interval is given liy 

~ 2a ~ TX 0:012 “ 

The construction of the temperature curves can be easily followed in 
Fig. 26. It can be seen that more than SO hr or 4 days are needed 
before steady-state conditions are reached. After the time 9.85 hr the 
length interval w'as made 2Aa'; a(;cordingly the time interval now 
becomes 4 X 1.97 = 7.89 hr. 

Exact solutions of the differential ecpiation (89) without heat 
sources are known for two cases. First is for the equalization 
process where the body had initially a constant temperature and 
whereupon the surrounding temperature suddenly is changed to 
a different value which is thereafter kept constant. The second 
process is a quasi-stationary process. The body is in a surround¬ 
ing whose temperature executes periodic oscillations. The cal¬ 
culations for both cases are discussed in detail in the textbook of 

^ E. Schmidt, Forsch, Gebiete Ingenieurw,^ 13, 166-185 (1942). Some 
complementary information is given by H. Pfriem, Z. Ver. dent. Ing,, 86, 
703-709 (1942), and Kdltetechnik, 46 , 33-38 (1943). 
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H. S. Carslaw and T. C. Jaeger.^ Diagrams of the solutions for 
various body forms can be found in the book of McAdams.^ 



Figure 27 shows a compilation for bodies of various forms, 
which at first have a uniform temperature to and whose surfaces 
are suddenly cooled to a temperature ^ = 0.* 

The ratio of the highest temperature t within the body during 
the cooling process to its temperature to at the time r = 0 is 

^ H. S. Carslaw and J. C. Jaeger, “Conduction of Heat in Solids,” Oxford 
University Press, New York, 1947. 

*W. H. McAdams, “Heat Transmission,” 2d ed., McGraw-Hill Book 
Company, Inc., New York, 1942. 

•H. Groeber and S. Erk, “Die Grundgesetze der W&rmellbertragung,” 
Springer-Verlag, Berlin, 1933. 
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plotted against the dimensionless characteristic group in 

this diagram. This dimensionless group is sometimes called 
Fourier number. The length A" indicates half the thickness of 
the body, which on the cylinder and on the sphere therefore means 
the radius. The surrounding temperature is set equal to zero. 
The heat-transfer coefficient h is taken as infinitely large, so that 
the surface of the body immediately assumes the surrounding 
temperature 0 F at the beginning of the process, at the time 
T = 0. We can see from the diagram that the plate cools most 
slowly and the sphere most rapidly. The time required for 
other bodies lies in between the two. If a heat-transfer coefficient 



Fig. 27. Temperature at the axis of different shapes during the process of cool- 
ing. {From H. Groeber and S. Erk^ '* Die Grundgeeetze der WUrmeilhertragung,** 
p. 59, Fig. 28, Springer-Verlag, Berlin, 1933.) 


of finite value exists, the cooling process is slowed. This is 
illustrated in Fig. 28 for the plane plate, which is cooled on both 
sides. The ratio t/to of the temperature in the center plane to 
the initial temperature depends only on the two characteristic 
dimensionless groups ar/X^ and value hX/k. The first has 
already been employed in Fig. 27. The line hX/k = oo agrees 
with the corresponding line in Fig. 27. If the thermal conductiv¬ 
ity is high as compared to the heat-transfer coefficient, in other 
words, if the characteristic value hX/k (sometimes called Biot 
number) is small, the temperature differences which occur in the 
body during the cooling process are very low and can be dis¬ 
regarded. Thus, we obtain for the distribution of the excess 
temperature t the simple relation 

1 = Cr-^h/Xcy)r ( 104 ) 

^0 
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or with the characteristic vahies which were employed in Fig. 28, 
y (104a) 

to 

This relation is given in Fig. 28 by the line with the parameter 
hX/k = 0. The temperature distribution during the cooling of 
a cylinder or a sphere with radius X, for small values of the char¬ 
acteristic value hX/kj is given by Eq. (104) or (104a) if the 
exponent is multiplied by 2 and 3, respectively. 



Fig. 28 . Temperature in the center plane of a wall cooled on both sides during 
the process of cooling. {According to H. Groeber.) 


Example 2. If it is intended to measure an unsteady temperature 
with a thermometer, it is very important that one understand how fast 
the thermometer follows this process. The half-value time is the time 
within which the initial difference between the true temperature and 
the indicated temperature of the thermometer is reduced to half after a 
sudden change of the true temperature. This half-value time is to be 
determined for a mercury thermometer which is installed in an air 
stream. The mercury bulb may have a cylindrical shape with a 
0.12-in. = 0.01-ft radius. The thermal conductivity of the mercury 
according to the Appendix is A; == 5 Btu/(hr)(ft)(F), its thermal diffusiv- 
ity is a = 0.178 ftVhr. The thermal resistance of the thin glass wall 
is disregarded. The heat-transfer coefficient in the air stream is 

k = 10 Btu/(hr)(ft2)(F) 

Hence the characteristic value is hX/k = (10 X 0.01)/5 = 0.02. A 
comparison with the values in Fig. 28 shows that it is permissible to 
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apply Eq. (104a) (with the factor 2 in the exponent) to the existing case. 
The temperature ratio t/U becomes 0.5 in Eq. (104) when the exponent 
has the numerical value 0.693. Thus is obtained the equation for the 
determination of the half-value time rjy, 2{aTH/X^){hX/k) = 0.693. 
The characteristic value arn/X^ thus becomes 

arn 0.693 
~ 2 X 0.02 ” 

and the half’-value timey 

n X 10”“* X 17 31 

th = - jyY7S - - ^ 0.0098 X 3,600 sec - 35 sec 


Only for unsteady temperature changes, which are slower (with a sine¬ 
shaped temperature oscillation the period duration must be about ten¬ 
fold), may we expect that the thermometer records the temperature 
trend accurately.^ 

The solution of the heat-conduction equation for the quasi¬ 
stationary case, where the surrounding temperature changes 
periodically with the time, shows that the fluctuations of the 
surrounding temperature penetrate only to a certain depth inside 
the body. The temperature distribution in an infinitely thick 
wall is shown in Fig, 29 according to Groeber and Erk. It is 
assumed that the surface temperature changes according to the 
equation 

^0 = toM sin ^2 ^ (105) 

This is sine-shaped with a frequency of I/tq. The solution for 
the trend of the temperature t can be presented in the form 



Consequently, it depends only on the ratio of the time r to the 
period tq of the temperature oscillation of the surface, and on the 
characteristic value x/{2 y/iraT%) in which x is the distance from 
the surface and a is the thermal diffusivity. The temperature 
distribution for several time increments is given in Fig. 29. 
From this we learn that the temperature oscillation in the wall 

^ F. Lieneweg, Wiss. Verdffentl. Siemens-^Werkeny 16 , 112-126 (1937); 
17 , 19-32 (1937); 19 , 73-87 (1940); also a brief report on the subject in 
Z, Ver. devJt. Ing.y B6, 272-273 (1941). 
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becomes increasingly smaller, the higher the value x/{2 x/raro), 
and that it also lags in time behind the temperature oscillation 
of the surface. The depth of penetration of the temperature 
oscillation is smaller the smaller the time ro; hence, the greater 
the oscillation frequency on the surface. The quantity of heat 



Fig. 29. Penetration of a temperature oscillation into an infinitely thick wall. 
{From H. Groeber and S. Erk, **Die Grundgeaetze der WUrmeUbertra^ung^*' p, 75, 
Fig. 36, Springer-Verlag, Berlin, 1933.) 

which is absorbed and given off per unit area by the wall during 
such an oscillation is determined by the equation 

q cy jj" 2tM dx 

in which Im signifies the enveloping curve of the temperature 
curves in Fig. 29. The expression is given by an area which lies 
between the two enveloping curves in Fig. 29, if we multiply such 
an area by the specific heat c, the specific weight y of the wall, 
the temperature amplitude Um, and by 2 \/voitq. This area has 
the value (l/\/2ir) and thus there is obtained for the quantity of 
heat which is stored up in the wall during an oscillatory period 
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the equation 

q = 0.8 \/TkcyTQ Um (107) 

Such temperature oscillations determine, for instance, the wall 
losses in steam engines, in which at the time when the cylinder is 
filled with high-temperature steam, heat is transmitted to the 
wall. This heat, however, is returned to the steam when it is 
cooled by expansion. Also, the knowledge of temperature oscil¬ 
lations in walls is of importance for determination of thermal 
stresses which occur in cylinders and pistons of combustion 
engines. 

Example 3. It is to be determined to what depth the daily and yearly 
temperature fluctuations penetrate the ground. From the Appendix 
can be obtained the thermal diffusivity of clayey soil, 0.039 ftVhr, and 
the thermal diffusivity of sandstone, 0.041 to 0.049 ftVhr. Calculations 
are performed with the lower value 0.039. We infer from Fig. 29 that 
the oscillations have practically died off when x/{2 VTrari) = 0.8. 
For the daily fluctuations To == 24 hr. Thus is obtained 

a; = 1.6 ft = 2.73 ft 

With the yearly fluctuation, the depth of penetration is the \/365-fold, 
hence 52.2 ft. 

It can also be calculated to what depth the temperature oscillations 
penetrate into the cylinder wall of a piston engine, which operates at 
2,000 rpm. The duration of an oscillation is 

1 1 , 

“ 60 X 2,000 12 X l6< 

the thermal diffusivity of iron is a — 0.64 ftyiir. Thus is obtained the 
depth of penetration. 

The fluctuation penetrates only to a depth of 0.08 in. into the cjdinder 
wall. Due to the finite surface heat-transfer coefficient, the fluctuation 
of the surface temperature is also much lower than the fluctuation of the 
gas temperature. According to tests of A. Meier^ with an Otto engine 
with n * 2,000 rpm the fluctuation of the surface temperature is 
approximately 20 F. 

^ A. Meier, Forsch, Gebiete Ingenieurw., 10, 41-64 (1939). 
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12. The calculation of the regenerator 

Transient heat-conduction processes also occur in regenerator 
heating processes. A regenerator is understood to l)e a heat 
exchanger through which flows alternately warm and cold gas, 
normally in counterflow, and wherein a mass of high heat capac¬ 
ity absorbs and rcjjects the transferred heat periodically. Regen¬ 
erators with brick walls as heat accumulators are frequently used 
in the steel industry (air heaters for blast furnaces). Tn the case 
of steam boilers also, regenerators made of metal have found a 
definite place as well as in low-temperature operations for 
separating gases. A very elegant method for calculating heat 
exchangers, which will be discussed here, was given by H. 
Hausen. In such a heat exchanger through which there flow 
alternately hot and cold gases in opposite direction, the tempera¬ 
tures of the gases as well as of the heat-accumulating walls change 
not only with respect to location but also with time.^ The varia¬ 
tion of temperatures with time in a cross section within the 
regenerator is given in Fig. 30a. Figure 306 shows the tempera¬ 
ture distribution in the wall for various elapsed times after 
switching from the heating to the cooling period. Apart from 
the regenerator ends, the temperature tgi of the hot gas rises 
almost linearly with time, and the temperature tg 2 decreases 
practically linearly with time. The mean wall temperature Un 
changes linearly with time. The surface temperature U of the 
wall changes rapidly immediately after switching, and approaches 
soon thereafter a linear course. 

For the quantity of heat which is transferred to the 
regenerator wall by the hot gas during the time rp of the heating 
period, the equation 

Qp = huA{tgi — 

can be written. There hp is the film heat-transfer coeflScient of 
the gas to the wall; th is the time of the heating cycle; and tgi 
and ^0 are the mean values of the temperatures with respect to 
time. These mean values of the temperatures agree practically 
with the instantaneous values in the middle of the heating period. 

^ H. Hausen, Arch, EisenhiUtenw,, 12 , 473-480 (1938-1939). 

* It may be emphasized that Qp is not the heat flow per unit time, but the 
heat transferred in the heating (and in the cooling) period. 
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The same quantity of heat is transferred from the wall to the 
cold gas during the cold period of duration Tc. With the film 
heat-transfer coefficient he existing in the period Tc and the corre¬ 
sponding temperatures (io — 42 ), 

Qp = hcA(tQ — 42 )tc 

In these equations A is the surface of the heat-accumulating walls 
which is in contact with the gases. Now the surface temperature 
is to be eliminated from the equations in the same manner as was 
done with the mathematical computations of the steady-state 



Fig. 30a. Time-temperature fluctuation of the walls and gases in a regenerator. 
Fig. 30b. Temperature profiles in the wall of a regenerator at different instants. 
[From H. Hausen, Arch. Eisenhuttenw., 12, 473-480 (1938).] 

heat transfer. For this it is necessary to compute the tempera¬ 
ture difference A4 = fo — which according to Fig. 30a is 
composed of the two components {to — tm) and {tm — fj). The 
latter value is plotted in Fig. 306. If the heat-accumulating 
brick walls are assumed plane, the temperature distribution in 
them can be found by Eq. (96). If the temperature distribu¬ 
tion is linear with respect to time as is shown in Fig. 30a, then 
dt/dr = constant. Thus a{dH/dx^) = constant, and the double 
integration leads to the parabolas plotted in Fig. 306. A dif¬ 
ferent temperature distribution occurs only immediately after 
switching, since at this moment the temperature change with 
respect to time is also different. The slope of the parabolic 
temperature profile at the surface of the wall can be determined 
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from the fact that the quantity of heat which passes from the 
surface to the gas per unit of time must equal the heat flowing by 
conduction from the inside of the wall to the surface, or 


Tc \^X/o 


The distance I in Fig. 306 is, I = (s/2){di/dx)o = (Qp/A){s/2krc)y 
the height of the parabola is half this value, and the distance 
{tm — t'^) two-thirds the height of the parabola. Therefore, 


tm to 


, Qp s 


In the same manner for the heating period 

I -t = ^ j?- 
'”■ A Ut„ 

and consequently for the temperature ditference 


^ A \r„ ^ rj 


If the first two equations of the paragraph are solved for the 
temperature. 


tgl to — 


to ta2 


Qr 1 
A huTH 
Qp 1 
A hcTo 


and by adding the last three equations, 




Hence, the result is 


iHTH hcTc \Th To/ OK 


A(t,i ~ t,2) (108) 


With this equation the heat Qp which is transferred from the hot 
to the cold gas during a, full period of the duration (m + Tc) can 
be computed if the mean values of the gas temperatures with 
respect to times tgi and igt are known. The equation was deduced 
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only for a cross section in the heat exchanger. If it is desired to 
compute the heat delivery of the total regenerator, then there 
must be introduced for the temperature difference {tgi — tg^ the 
logarithmic mean temperature difference according to Eq. (24), 
which is obtained from the intake and outlet temperatures of the 
gases. Eq. (108) shows a great similarity to Eq. ( 11 ) for steady- 
state heat passage through a plane wall. The fraction in Eq. 
(108) corresponds to the over-all heat-transfer coefficient in the 
latter case. 

If the heating period is equiil to the cooling period th = Tc = t 
then Q, the heat exchanged per unit of time, is given as 

. 1 . J. 2 ~ 

ht, ^ A, Zk 

If this relation is compared with Eq. (11), it must be borne in 
mind that in the recuperator only one surface of the wall, but 
here both surfaces have to be employed for A. The heat delivery 
of both heat exchangers becomes equal when the wall thickness 
of the stationary heat exchanger, which is also called recuperator, 
amounts to one-third the wall thickness of the regenerator. The 
difference is accounted for by the fact that with the recuperator 
the total heat quantity flows through the wall, while with the 
regenerator the heat flows into the wall through both surfaces 
during the heating period and during the cold period leaves the 
wall in the same way it entered. Hence it is not necessary that 
the heat flow through the entire wall in the case of the regenerator. 

The exchange of heat may be reduced by a layer of dust. If a 
layer of dust of thickness so and thermal conductivity A^o is placed 
on each surface of the wall, Eq. (108) becomes 


Qp = 


— 1 :- 1 - 1 —[- 

hnTH hcTc 




A(tgl ^02) 


The temperature change ^ of the wall during a hot or cold period 
is obtained from the equation 

Qp = C 7 S ^ 


in which c is the specific heat and 7 the specific weight of the wall. 
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In the preceding calculations the processes immediately after 
switching and at the regenerator entrance and exit of the flow 
passageways were simplified. Considerable inaccuracies in the 
results occur by this simplification only in rare cases. H. 
Hausen^ has also examined these processes and has published 
diagrams from which such influences can be seen. According to 

(1 


Hauserrs diagram the term 


+ —) in Eq. (108) must be 

Tc/ 


+ 


r)- 


3 (a = thermal dif- 


reduced by 10 per cent if i - 

^Oi \th 

fusivity of the wall). For values lower than 3 the correction is 
less. 

The influences of the regenerator entrance and exit are deter- 

mined by two characteristic values, — and 77 ;- 7 — 7 =-r; 

cys {GiiCjith + GcCcTc) 

where k is the fraction in Eq. (108), that is, the value corre^spond- 
ing to the over-all heat-transfer coefficient. Gh and Gc are the 
weight rates of the hot and cold gas, and ch and Cc are their respec¬ 
tive specific heats. The exchange of heat according to Eq. (108) 

is correctly determined within 10 per cent as long as — < 0.3 at 

Cys 

kA ^ ^ ^ 7 f ^ F;n 

(GhChTh + ftCcTc) cys ^ {GhChTh + GcCcTc) 

The actual value Qp is somewhat less than the computed value. 
The recuperators which are most frequently used fulfill the above 
conditions. 


^ H. Hansen, Z, Ver. deiU, Ing,, Beilage Verfahrenstechnik^ No. 2, 1942, 
pp. 31-43. 
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HEAT TRANSFER BY CONVECTION 


13. The various t 3 rpes of heat transfer 

In this paragraph there is discussed heat transfer between a gas 
or a liquid and a limiting wall. In the interior of the liquid the 
heat exchange takes place essentially in such a manner that the 
heat given off by the wall is carried along by the flowing liquid. 
This form of heat transfer is called heat transfer by convection. 
The flow of the liquid or gas can be forced from outside sources, 
(\g.^ by means of a blower; or it can be caused by the temperature 
differences which develop as a result of heating. An example of 
the second type of heat transfer is the heat which a stove gives 
off to the air in a heated room. The heat exchange between a 
wall and a gas or fluid when the floAv is caused by external forces 
is termed heat transfer by forced convection. The heat exchange 
between a gas or liquid set in motion by temperature differences 
only and a wall is called heat transfer by free convection. In both 
cases the resistance to heat transfer is usually concentrated, as 
mentioned in Sec. 2, in a thin layer immediately adjacent to the 
wall surface. The heat transfer is essentially a problem of heat 
conduction within this boundary layer. Hence, the heat-trans¬ 
fer coefficient is determined essentially by the thickness of this 
boundary layer, and it, in turn, depends on the type of fluid flow 
along the surface. For forced convection we can deduce from the 
differential equations which control the fluid-flow and heat-flow 
process the fact that neither the velocity field nor the develop¬ 
ment of the boundary layer is influenced by the heat transfer as 
long as the fluid property values which enter into the flow equa¬ 
tions are independent of the temperature. The development of 
the boundary layer is then a pure fluid-mechanics problem. As 
can be seen in the property-value tables in the Appendix, all 
property values are more or less dependent on the temperature. 
In most cases, however, the temperature dependency is not so 
great that it would decisively effect the fluid-flow process as long 
as the temperature differences are not too great. Hence the 
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temperature dependency of the property values is usually dis¬ 
regarded when computing heat transfer. This will be done in 
the following discussions of heat transfer. Only in certain cases, 
with lubrication, does the temperature dependency of the 
viscosity become so great that the velocity field is fundamentally 
changed by the temperature difTerences. The relationships 
describing the heat-transfer process, however, become then so 
involved that they have not been clarified fully at the present 
time. Density is also included as a property value in these cal¬ 
culations. For liquids, density can forthwith be considered as 
constant in value. The pressure dependency of density is very 
noticeable, however, for gases as soon as the velocities exceed a 
certain limit. For air, at normal temperatures, this limit is 
approximately 300 fps. More generally, for any arbitrary gas 
it can be fixed at approximately one-third the sonic velocity. 
For the greatest part in technical applications the velocities that 
occur lie below this limit. Hence, density can be considered 
constant for gases also, so that no specific differences between 
liquids and gases exist. The following formulas developed for 
heat-transfer coefficients are therefore equally applicable for 
liquids as for gases. Heat transfer for gases at high velocities, 
of the order of magnitude of sonic velocity, is discussed in a spe¬ 
cial section. 

In free convection, the flow is generated by the temperature 
differences only. Consequently, from the outset the flow and 
heat-exchange processes are intimately connected. 

It is to be noted that nearly all relationships known today for 
heat transfer presuppose that the temperature of solid bodies 
which absorb or give off heat is the same over the whole surface. 

The present work deals almost exclusively with the clarification 
of heat transfer for steady-state processes. With an unsteady 
process (transient and periodic) as compared to the steady-state 
processes, the given relationships change as soon as the tempera¬ 
tures in the boundary layer lag noticeably due to heat accumula¬ 
tion (approximately as in Fig. 29). This is the case only for very 
rapid changes because the boundary-layer thicknesses are 
generally small. Heat transfer in the cylinders of diesel engines 
for ships can be computed with steady-state heat-transfer 
coefficients.^ 

1H. Kriem, Unsteady Heat Transfer in Gases, Especially in Piston 
Engines, VDI-^Forachungaheft 413, 1942. 
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Since heat transfer, as discussed previously, is determined by 
hydrodynamic processes, familiarity with these processes is 
absolutely necessary for an understanding of heat-transfer 
phenomena. Therefore, the most important factors of the flow 
theory will be repeated in the following section. 

BASIC CONCEPTIONS OF THE FLOW THEORY 

14. Boundary layer and turbulence 

Primarily, there are two conceptions of the flow theory, which 
are essential for understanding heat transfer; namely, the con¬ 
ception of the boundary layer and the conception of turbulence. 
Even though liquids and gases have a measurable viscosity which 
in flow problems causes frictional forces on solid surfaces, it is 
still possible in many cases to approximate the actual conditions 
by the hypothesis of a frictionless liquid. In it, two types of 
forces occur, namely, forces of inertia and forces of pressure. 
The balance of both forces, along each streamline, is given by the 
Bernoulli equation (D. Bernoulli 1700-1782) 

y2 

p + 7 = const (108a) 

in which p signifies the fluid pressure, 7 the specific weight, g the 
acceleration of gravity, and V the flow velocity. In addition to 
the forces above, other forces exist 
in real liquids and gases, which 
are caused by viscosity. These 
forces manifest themselves as 
shearing stresses between the in¬ 
dividual streamlines, where they 
are flowing with different veloci¬ 
ties. In a flow according to Fig. 

31, in which the velocity u is 
directed parallel to the wall ah and 
velocity differences occur in the 
y direction normally to the wall, a shearing stress r occurs due 
to the viscosity in an arbitrary plane, 1 - 1 , which is parallel to 
the wall. The value of the stress is given by Newton's equation 



Fig. 31. Shearing stress in a 
viscous fluid. 


du 


(109) 
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The shearing stress is therefore proportional to the velocity gradi¬ 
ent normal to the direction of flow. The proportionality factor 
/X is a property value and is called the dynamic viscosity. Its 
dimension is obtained from the equation of definition (109) as 
pound-seconds per square foot. Besides the dynamic viscosity, 
the kinematic viscosity is frequently applied. Kinematic viscos¬ 
ity V is related to dynamic viscosity by the relation 



where p signifies the density. The dimension of the kinematic 
viscosity is square feet per second. In the tables of property 
values in the Appendix some viscosities are shown. Since the 
dynamic viscosity in some handbooks is given in the absolute 
system, namely, in poises [1 poise = 1 g/(sec)(cm)], errors occur 
frequently in its application to the engineering measuring system. 
These errors can be avoided if the calculations are made with the 
kinematic viscosity which has the same dimensions in both meas¬ 
uring systems. For this reason the kinematic viscosity is 
recorded in the tables in the Appendix. 

In liquids as well as in gases the dynamic viscosity p depends 
primarily upon the temperature, and only slightly upon the pres¬ 
sure. Only in the vicinity of the critical point does there occur 
a strong pressure dependency. Figure 139 shows these relation¬ 
ships for water and steam. All other liquids behave princi¬ 
pally in the same manner. According to Eq. (110) the kinematic 
viscosity v in liquids is also practically independent of pressure 
because of their low compressibility. In gases, according to the 
equation of state, it is inversely proportional to the pressure. 
The numerical value of dynamic viscosity is considerably higher 
for liquids than for gases. For kinematic viscosity this relation¬ 
ship is often reversed. For example, the value for water at room 
temperature is approximately one-tenth the value for air at room 
temperature. 

Since the numerical values of the viscosity are comparatively 
low, higher shearing stresses in a flow, according to Eq. (109), 
occur only where high velocity gradients, du/dy, exist. These 
high gradients are always found on solid walls within a flow field. 
If the velocity field is tested with a fine pitot tube in the imme¬ 
diate vicinity of such a wall, a velocity profile is obtained as in 
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Fig. 32. The velocity begins with the value zero at the wall 
and increases within a thin layer of the thickness d to the value ot 
the undisturbed stream which occurs at some distance from the 
body. This knowledge, which is essential for the flow theory 
and for the heat-transfer theory, is the contribution of Ludwig 
Prandtl (1904). The term boundary layer for the thin layer with 
fiteep velocity increase was also conceived by Prandtl. Outside 
the boundary layer, the velocity gradient normal to the direction 
of flow is so low that the viscos¬ 
ity effects may be disregarded. 

Hence it can be assumed that 
each flow can be divided into 
two regions; namely, the 
boundary layers to which the 
viscosity effect is confined, and 
the main flow outside the 
boundary layer which can be 
considered frictionless and in 
which region for this reason the Bernoulli equation applies for 
each streamline. The fact that the boundary layers are the cause 
of all flow separations and in this manner bring about a change in 
the main flow will be discussed in the following section. 

In 1883, Osborne Reynolds proved for the first time that two 
basically different forms of flow exist, namely, a laminar and a 
turbulent flow. In laminar flow the individual streamlines run 
in an orderly manner side by side, while in turbulent flow the 
streamlines are interwoven with each other in an irregular 
manner. In the latter case, the individual fluid particles execute 
fluctuating motions around some mean flow path in an irregular 
manner. In daily life for example, one can observe both flow 
processes in the smoke which rises from a cigarette. The smoke, 
as can be seen in Fig. 33, rises first in the form of a straight thread. 
After a certain distance, however, it becomes wavy and curly 
and the smoke thread vanishes quickly by mixing with the air. 
The first part represents the laminar form of flow and the second 
part the turbulent form of flow. Turbulence can be generated in 
an air stream by holding a wire grid in the flow. In every wind 
tunnel there is a certain turbulence, which is induced in the air 
stream by the blower and the guide vanes. Heat exchange by 
convection is promoted by the fluctuating motions in turbulent 



Fig. 32. Boundary layer on a solid 
surface. 
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flow. Consequently, heat transfer in turbulent flow is consider¬ 
ably higher than in laminar flow. The flow can also be turbulent 
within the boundary layer. This type of turbulence is of con¬ 
siderable interest when considering the heat-exchange process. 
On a flat plate which is parallel to the flow, a boundary layer is 

formed as illustrated in Fig. 
34. Its thickness increases 
toward the rear, being zero at 
the plate leading edge. At a 
certain critical distance x, 
from the leading edge, the 
flow within the boundary 
layer, which is at first laminar, 
changes into turbulent mo¬ 
tion. If the velocity is in¬ 
creased, the critical length Xc 
becomes continuously less in 
such a manner that the prod¬ 
uct UaXr. remains unchanged. 
If finally the tests are made 
with gases or liquids with 
various viscosities, it is found 
that the change from laminar 


Fig. 34. Laminar and turbulent 
boundary layer on a plate. 

to turbulent flow takes place at a definite value of the dimension¬ 
less term (u^c/v). This fact was first discovered by Reynolds. 
In his honor the dimensionless term, which is obtained by 
multiplication of a velocity with a length and by division with a 
kinematic viscosity, was named the Reynolds number or Rejmolds 
modulus Re. The value of the Reynolds number at which the 
flow changes into the turbulent form is called the critical Reynolds 
number. Be.. A more intensive investigation reveals that the 




Fig. 33. Laminar and turbulent flow of 
cigarette smoke. 
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critical Reynolds number, at which the change takes place, can 
he influenced by outer circumstances. If the approaching flow 
has already been disturbed, e.g,, by a turbulence grid or by a 
special shape of the leading edge of the plate, ^ or if the surface 
of the plate is rough, the change is attained at a lower critical 
Reynolds number. If these disturbances are prevented, it is 
possible to obtain a higher critical Reynolds number. Up to 
the present time, the change from laminar to turbulent flow has 
been observed in the range of Rcc l>etween 80,000 and 5,000,000. 
It is assumed that the lower limit can be forced down still further 
by very strong disturbances. Likewise, the upper boundary 
can be increased still further by carefully eliminating all dis¬ 
turbances. Under industrial conditions we can always expect 



a turbulent boundary layer for critical Reynolds numbers over 
500,000. 

The conditions in a pipe in the vicinity of the inlet are similar 
to the conditions on a plate in parallel flow. Here also boundary 
layers form on the walls, which according to Fig. 35 begin with 
the thickness zero at the pipe inlet and increase continuously 
toward the rear. It is assumed that by taking a suitable shape 
for the inlet, the flow into the pipe is smooth and without separa¬ 
tion. At a certain distance Le from the inlet the boundary layers 
become so thick that they make contact with each other. The 
velocity profile downstream from this point (Fig. 35) has the form 
of either a parabola or an arched curve, depending on whether 
the boundary layers are still laminar or already turbulent. 
Further downstream the velocity profile does not change its 
shape. This downstream part of the flow is called developed flow. 
The entrance length La divided by the diameter d of the tube is a 
function of the Reynolds number. In the developed-flow region, 

* Even a round leading edge may cause turbulence for thicker plates. 
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the flow is turbulent if the Reynolds number exceeds a (uitical 
value. If the Reynolds number is defined by the mean velocity 
iim over the cross section and the tube diameter d, the critical 
value for undisturbed inflow is Rcc = Umd/ v = 2,300. By care¬ 
fully avoiding all disturbances, a critical Reynolds number of 
500,000 was reached. Under conditions as they prevail in indus¬ 
trial applications flow in tubes certainly is turbulent when the 
Reynolds number exceeds the value 3,000. 

16. The momentum equation of the boimdary layer 

For the following calculations of heat transfer it is necessary 
first to calculate the boundary layer, especially its thickness. For 
laminar boundary layers on bodies of various shapes this problem 
was solved by integration of the boundary layer equations derived 
by L. Prandtl in 1904. The computations, however, are difficult 
and lengthy. Therefore there will be used here an approximate 
method originated by T. von Kdrmdn.^ This method is much 
simpler, and has an advantage in that it can be applied to cases 
for which an exact solution is impossible. In all cases where the 
approximate method was applied with physical logic it gave very 
satisfactory results. It starts from the law of momentum, which 
may be formulated for a steady flow in the following way: 

Imagine in the flow field a certain region enclosed hy a stationary 
control surface of arbitrary form. The fluid particles in flounng 
through this region generally change their momentum 

Momentum = mass X velocity 

The increase of momentum per unit of time of all particles passing 
this region may be expressed also as the difference between the 
momentum leaving the region per unit time and the momentum 
flowing into it through the enveloping surface. This change in 
momentum is equivalent to inertia forces and must be in equilibrium 
with the external forces acting on the surface or within it. 

This law may now be applied to two-dimensional flow along a 
plane wall (Fig. 36). Use is made of a system of coordinates 
whose X axis is parallel to the wall and whose y axis is normal to it. 
The velocities u have essentially a direction parallel to the wall. 
Only small velocities v normal to the wall will occur. The law 
of momentum is used for the x direction. The control surface 

^ T. von Ktondn, Z. angew, Maih, Mech.^ 1, 235 (1921). 



HEAT TRANSFER BY CONVECTION 


67 


is built by two planes 1-2 and 3-4, spaced apart from each other 
by the small distance dx, by a plane parallel to the wall at a dis¬ 
tance Z, and by the wall. The distance I may be greater than the 
boundary-layer thickness 5. The velocity profile in the plane 1-2 
has the sketched shape. At a 
distance y from the wall the 
velocity is u. The outside flow 
velocity is reached at the 
distance b from the wall, there¬ 
fore within the length I, The 
control surfaces which are par¬ 
allel to the plane of the paper 
are a unit distance apart. 

Through a strip with the height 
dy at a distance y the mass flow 
per unit time is pu dy. Its 
momentum in the x direction is 
obtained by multiplying it by 
the velocity component u. The momentum flow therefore is 
pu^ dy. The momentum flow through the whole plane 1-2 is 




Fig. 36. Calculation of the flow 
houndary layer. 


Progressing in the x direction this momentum flow changes by 

Through the wall 1-3 there is no flow. Through the plane 2-4, 
however, a flow occurs, the amount of which may be calculated 
in the following way. The mass flow through plane 1-2 per unit 

time is P dy- Iii progressing by the distance dx this flow 


changes by p dx 


- r 

dx Jo 


u dy. This is the difference between the 


flow through the planes 3-4 and 1-2, and it must have entered the 
cube through plane 2-4. The velocity component in the x direc¬ 
tion in this plane is Therefore the x momentum flow through 
plane 2-4 is 
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The whole increase in momentum within the cube is therefore 


— pUgdx 


- r 

dx Jo 


udy + pdx 


dx 


f 


dy 


= —pdx^j^^ (u^ — u) u dy + p dx ^ u dy 


The following external forces act on the surface of the parallele¬ 
piped in the x direction: a shearing stress Tm, along the wall, and 
the pressures p and p 4- (dp/dx) dx on the planes 1-2 and 3-4. 
In the plane 2-4 no shearing stresses occur, since the plane is 
beyond the boundary layer. By equating these forces with the 
increase of momentum, 

I (u.-u)«dy-p^‘ udy = r„ + lg (HD 


This is the momentum equation of the boundary layer. Since the 
thickness of this layer is very small, Eq. (Ill) can be used also 
for curved walls as long as the curvature is not very sharp. The 
coordinate x must then be measured along the surface of the wall, 
the coordinate y normal to it. The velocity w, outside the 
boundary layer or the pressure along the wall must be known 
either by calculation or by measurement, if Eq. (Ill) is to be 
solved. Both values are connected by the Bernoulli equation 
(108a). Equation (111) can be solved according to von Kd;rmdn^s 
suggestion, when the approximate shape of the velocity profile is 
known. By evaluation of the integral in Eq. (Ill) the boundary- 
layer thickness and the friction coefficient are found. The result 
naturally becomes the more accurate the better the shape of the 
velocity profile as introduced into the calculation, but it has been 
stated that rough assumptions also give quite accurate results. 

16. The plane plate in longitudinal flow 

Equation (111) is to be used to calculate the boundary-layer 
thickness along a plane wall. It has been mentioned that on the 
surface next to the leading edge a laminar boundary layer 
develops (Fig. 34). The velocity w. outside the boundary layer 
may be constant along the plate. The Bernoulli equation states 
that pressure is constant. The last term on both sides of Eq. 
(Ill) therefore vanishes. The velocity profile in a laminar 
boundary layer was found by measurements to be similar to a 
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parabola (Fig. 37). It is, however, more suitable to use a cubic 
parabola, 

u — ay + cy^ (112) 

instead of the ordinary one for the following reason. In the 
immediate proximity of the 
wall, the velocities must be 
very small; therefore no in¬ 
ertia forces but only friction 
forces act on a fluid particle in 
this region. The equilibrium 
condition for such a particle 
demands, therefore, that the 
shearing stresses be constant 
in the y direction in the im¬ 
mediate neighborhood of the 
plate. This means, according 
to Eq. (109), that the velocity 
gradient du/dy is constant or d^u/dy^ is zero: 

(S). -" 

This condition is fulfilled by Eq. (112). The selected velocity 
profile must have the value zero at the wall (y = 0), and must 
pass over to the constant velocity w, outside the boundary layer 
without discontinuity. This gives the following equations, by 
which the constants a and c in Eq. (112) can be determined: 

For y = 0, u = 0 

For y = d, u = Us and ^ ^ 

This gives 



and for the velocity profile 

w. 2 5 2\8j 

With this equation the integral in Eq. (Ill) becomes 



Fia. 37. Laminar boundary layer on a 
flat plate. 


(112a) 
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The upper limit in the integral had to he changed to 5, since for 
a condition y > 5, the velocity u = t/s, and therefore the inte¬ 
grand is zero. If the multiplication of the two terms in the 
brackets is completed and the integration accomplished for 
every summand, the integral gives 

/ = 


The velocity gradient at the wall gives Eq. (112o), 

/ __ 3 ^ 

\dyj^ ~ 2 8 

Therefore the shearing stress at the wall is 


Tw — M 



3 Ut 
2^7 


By introducing this expression and the value I in the equation of 
momentum, Eq. (Ill), the following differential equation results: 

39 „d8 3 Ua 

di~ 2'^~S 

and by separating the variables, 


Integrating gives 


, 140 V , 

8d8 = — dx 

13 Ua 

5 = 4.64 . p 

NUa 


(114) 

(114a) 


The integration constant is accounted for, when x is measured 
from the leading edge, as then for a? = 0 the thickness 8 must 
also be 0. Equation (114a) shows that 8 increases with the 
square root of the distance x. It is practicable to write the 
equation in dimensionless form as 

8 ^ 4.64 

^ \/UaX/v 
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Tne expression under the radical is the Reynolds number formed 
with the distance x. It may be denoted as Rcx- Therefore 


8 

X 


^64 

V^x 


(115) 


The boundary-layer thickness 5 is the distance from the wall 
where the velocity as approximated by Eq. (112a) reaches the 
value of the outside flow velocity. It is clear that the so defined 
boundary-layer thickness is somewhat arbitrary. The exact 
calculation of laminar bound¬ 


ary layers gives velocity pro¬ 
files which reach the outside 
velocity only asymptotically. 

For such profiles there exists no 
finite value 8 corresponding to 
the one above. Other defini¬ 
tions for the boundary-layer 
thickness were used, c.g., the 
wall distance where the velocity 
is 0.99 of the outside flow veloc¬ 
ity. Presently, however, the 
value called displaccmejit thick¬ 
ness is almost generally accepted. It is obtained by a procedure 
shown in Fig. 38. The area above the velocity profile is trans¬ 
formed into a rectangle ahed with equal area. The width of this 
rectangle 5* is the displacement thickness. Mathematically it is 
obtained from the equation 



Fig. 3S. Displacement thickness of 
the boundary layer. 


5 ^ 




dy 


(I15a) 


The name comes from the fact that in a frictionless fluid flow 
without boundary layers the walls would have to be displaced 
in outward direction by the amount to keep the flow field 
unchanged as compared with the real flow with boundary layers. 
For the velocity profile given by Eq. (112a) the above integral 
gives 


5* = 0.3755 


3 
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The shearing stress at the wall follows as 


0.323pii,^ 

y/Rex 




Instead of this value, the friction coefficient fp is generally used. 
This is the resistance force of the plate divided by the area of the 
surface and the dynamic pressure in the flow. There must be 
discerned two values: the local coefficient fp and the average 
coefficient fpm- The first is defined by the equation 


Tw dx — fp dx p -75- 


Therefore 


The second is given by 


/: 




Tw dx — fpmXp 


U/ 


2 /** 1 P 

fpm ~ o / It' dx — / fp dx 

XpUs' J{) X Jo 


The result is 


1.292 


fpm /-n _ 


By exact calculation the same formula has the numerator 1.327, 
which is 3 per cent greater. The formula is also in good agree- 
ment with the results of experiments. 


^^zample. The thickness of the boundary layer which builds up on a 
plate 4 in. distant from the leading edge is to be determined for longi¬ 
tudinal air flow. The velocity is 33 fps, the temperature of the air 60 F, 
and the pressure atmospheric. The Reynolds number is 


ua __ 33 (fps) X K 2 (ft) 
V 16 X (ftVsec) 


69,000 


The kinematic viscosity was taken from the Appendix. The ratio of 
the boundary-layer thickness to the distance from the leading edge is 


8 _ 4.64 

^ “ \/i^m 


* 0.0177 
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The boundary layer is therefore 0.071 in. thick at the 4-in. distance. 
The displacement thickness is 6* = 0.0266 in. It can be seen that for 
usual velocities and distances the boundary layers build up to about 
0.1-in. thickness. 


In the turbulent boundary layer the shape of the velocity profile 
is much more curved than in the laminar layer. The measured 
velocity profile agrees satisfactorily with the equation given by 
Prandtl: 


u = Us 



(117) 


The equation cannot hold true, however, in the immediate 
proximity of the wall. This can be shown if the shearing stress 
at the wall is calculated. The velocity gradient is 


du _ 1 Us 
dy 7 d^y^"^ 

and at the wall (y = 0) it is infinite. This would give an infinite 
value of the shearing stress, which is physically impossible. In 
reality, the turbulence always 
dies down in the neighborhood 
of the wall. The real conditions 
may be simplified, according to 
Prandtl, by the conception that 
between the turbulent boundary 
layer and the wall there exists 
a laminar sublayer within which 
the velocity increases linearly 
with the distance y. Outside 
this sublayer Eq. (117) holds 
true. The approximated veloc¬ 
ities at the border between both 
layers join each other at a small 
angle as is shown in Fig. 39. The shearing stress at the wall must 
be determined by measurement. For not too large Reynolds 
numbers and smooth surfaces, the equation of Blasius 



Fio. 39. Laminar sublayer within a 
turbulent boundary layer. 


Ttt, = 0.022Spu 



H 


(118) 
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holds true. The equation was determined by experiments on the 
flow through tubes. It was confirmed from experiments by 
Schultz-Grunow^ up to a Reynolds number 10^ for flat plates. 
For higher Reynolds numbers a very complicated equation exists. 
Such high Reynolds numbers seldom occ\ir in heat-transfer 
calculations. 

With Eq. (117), the momentum integral in Eq. (Ill) becomes 


= P u{u. - n) dy = piC- (l) [ 1 - ^ 


Here again the upper limit of the integral must be changed to 5 
since Eq. (117) holds true only for y < 8. For y > 8^ u = ?/«; 
therefore the integrand equals zero. 

Introducing the integral I and Eq. (118) into the equation of 
momentum gives the differential equation 


- 0.0228.,,.= (;5)“ 

By separation of the variables there arises 


and by integration 



(119) 


Aecording to Fig. 34 the turbulent boundary layer begins at the 
critical distance Xc from the leading edge. It has there already 
a certain thickness as it originates from the laminar layer. 
According to L. Prandtl^ the calculation agrees satisfactorily with 
measurements, if the thickness of the boundary layer is deter¬ 
mined as if it began at the leading edge with the thickness zero. 
Newer measurements indicate that this is not quite correct, we 
will however maintain this simple assumption. The length x in 
Eq. (119) is then the distance from the leading edge. In dimen¬ 
sionless form the equation is written 


1 F. Schultz-Grunow, A New Resistance Law for Smooth Plates, Luftfahrtr 
Forsch,, 17, 239-246 (1940). 

^L. Prandtl, Ergebnisse der aerodynamischen Versuchsanstalt Gottingen, 
8, p. 4 (1927). 
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8 

X 


0.376 


0.376 

(Re.)^^ 


( 120 ) 


On the right side again the Reynolds number calculated with the 
distance x appears. The displacement thickness of the turbulent 
profile according to Eq. (117) is 6^ = 6/8. If the laminar and the 
turbulent boundary layers are calculated for the critical distance 
Xc, it can be seen that the turbulent layer is the thicker. In 
reality an instantaneous increase in boundary-layer thickness 
is not possible. The transition from the laminar to the turbulent 
boundary layer takes place in a transition zone as is indicated 
in Fig. 40. 



Fig. 40. Laminar and turbulent boundary layers on a flat plate. 


The transition from laminar to turbulent flow within the 
boundary layer starts with oscillations of comparatively long 
wave lengths. They are basically of the same nature as the 
waves which can be clearly observed in the thermal free-convec- 
tion boundary layer on a vertical plate in Fig. 95. It was shown 
mathematically by W. Tollmien^ and H. Schlichting^ that the 
boundary-layer flow becomes unstable for such oscillations with 
a certain wave length as soon as the boundary-layer thickness 
reaches a certain value. This means that such oscillations always 
present from time to time because of small outer disturbances in 
the flow are not damped but increase in amplitude as they travel 
downstream. On their way they become irregular in shape and 
transform into vortices which finally dissolve into the more 
small-scaled turbulence. It is easily understood that the flow in 


W. Tollmien, Nachr. Ges. Wiss, GMtingen, Math, physik. Klasse, 1929, 

p. 21. 

* H. Schlichting, Nachr. Ges. Wiss. Gdttingen^ Math, physik. Klasse^ 1933, 
p. 181; 1935, p. 48. 
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the transition zone where this process takes place is subject to 
irregular fluctuations with time. This region is extremely diffi¬ 
cult to study and our knowledge on this phase is therefore very 
limited. The calculations given in this section deal with the 
zone of fully established turbulence. 

For the following heat-transfer calculations the thickness of 
the laminar sublayer is needed. To determine this we must first 
calculate the velocity iib at the border between the turbulent 
layer and the laminar sublayer. The linear velocity increase in 
the sublayer is derived from the shearing stress on the wall, 


du u 



Introducing the expression for r„, gives 

0,0228. 

Solving this equation for y and taking into account that for 
y = 56, = ^6 the sublayer thickness is obtained as 

^ ^ ^ 

8 u, 0.0228 5/ 

On the other hand at this place Eq. (117) and therefore 

8 \uj 

also hold true. Equating both expressions gives 


1.869 




1.8()9 


( 121 ) 


The Reynolds number is calculated here with the boundary-layer 
thickness. By Eq. (119) the distance x can be introduced 



The sublayer thickness is then 

di ^ (uX ^ 191 
5 \uj 


( 122 ) 

(123) 
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The shearing stress at the wall is given by 



__ 0.0296 , 


The resistance force of the plate can be calculated from the 
shearing stresses on the first part with the laminar boundary 
layer and the second part with the turbulent boundary layer. 



/ 


Fig. 41. Velocity profile in the turbulent boundary layer on a flat plate as 
measured by van der Hegge-Zynen. {'* Meaauremenia of the Velocity Diatribution 
in the Boundary Layer along a Plane Surface,'* I. Waltmann, Delft, 1924.) 

For a critical Reynolds number of 485,000 this calculation gives 

0.074 1,700 

{Re,)y^ Re, 

There corresponds to a critical Reynolds number of 85,000 

0.074 300 

(Re,)^^ Re, 

Figure 41 shows the velocity field in the turbulent boundary 
layer as measured by van der Hegge-Zynen.^ Here also, instead 
of a sharp boundary a transition curve arises in which the turbu- 

^ B. G. van der Hegge-Zynen, Measurements of the Velocity Distribution 
in the Boundary Thayer along a Plane Surface/^ I. Waltmann, Delft, 1924. 
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lence dies down. Figure 42 shows a comparison of the above 
two formulas for the friction coefficient with experimental results. 


^yExample. The thickness is to be calculated of the turbulent bound¬ 
ary layer which builds up in a 12-in. distance from the leading edge of a 
plane plate in an air stream flowing with 33 fps velocity, at 60 F, and 
14.2 lb/in.2 pressure. The Keynolds number is 


33 X 1 
16 X 10“^ 


200,000 


Equation (120) gives the ratio of the boundary-layer thickness to the 
distance from the leading edge: 8/x = 0.0333. The boundary-layer 



/O^ 2 5 10^ 2 5 10^ 2 iO 


Rb j( 

(o)= 1.327/V«iI: (ft) Um = 0.074/-^^ - 1700//ec.*; (c) /,„ = 0.074/ 
\/Be^ - 300/flex; (d) fp„ = 0.074/v^fle:. 

F IG. 42. Friction coefficient for laminar and turbulent boundary-layer flow on a 
flat plate. {From L, Prandtl, Erg, aerodyn, Verauchsanat. OOttingeTi,^ 3, 1.) 


thickness itself is 0.4 in. and the displacement thickness is 0.05 in. The 
ratio of the laminar sublayer to the turbulent layer is, according to Elq. 
(123), bh/8 = 0.036. The sublayer thickness is 0.014 in. Because of 
this small thickness, the shearing stress at the wall for turbulent flow 
depends much on the roughness of the wall, whereas in laminar flow the 
roughness has only a small influence. This may be explained by the 
fact that the shearing stresses and the resistance of the wall increase 
when the roughnesses are not filled out by the laminar sublayer. Exact 
measurements show that an increase in resistance arises as soon as the 
height of the roughnesses is greater than approximately one-third the 
thickness of the sublayer. For the example calculated above, a plate 
with roughnesses smaller than 0.004 in. can be called hydraulically 
smooth. The laminar sublayer thickness decreases with the velocity 
whereas it depends very little on the distance x. For high velocities 
the plate must be especially carefully finished, if an increase of the 
resistance by roughness is to be avoided. Equation (118) holds true 
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only for tlie smooth plate. The laws for a rou^h plate are miieh more 
complicated.’ 

17. The flow in a tube 

The flow through a pipe near the entrance can also be calcu¬ 
lated with the momentum ecjuation (111). For a tube with 
circular cross section this calculation was made by L. Schiller.^ 
He approximated the velocity profile by a curve built up by two 
parabolas and a straight line. The vertices of the parbolas lie 
on the border of the boundary layer, as shown in Fig. 43. The 
velocity in the core of the flow outside the boundary layer 
increases with increasing distance from the entrance, since 



Fig. 43. Development of the 1 aminar velocity profile in the intake region of a tube. 

through any cross section the same amount of fluid flows and the 
boundary-layer thickness increases. The pressure therefore 
decreases according to the Bernoulli equation, which is valid 
for the core. After the inflow region ends (at L,.), the velocity 
profile is a parabola. The difference in pressures in the cross 
section where the flow is already fully developed and a place out¬ 
side the tube can be calculated according to L. Schiller by adding 
to the pressure loss which the flow would have if it were fully 
developed in the whole tube length 

Ap = 2.16t^“ (124) 

The results of this calculation agree very well with test results. 
The ratio of the entrance length Le to the tube diameter d depends 
on the Reynolds number: 

^W. H. McAdams, ‘‘Heat Transmission,*^ 2d ed., McGraw-Hill Book 
Company, Inc., New York, 1942. 

* L. Schiller, Stromung in Rohren in Wien-Harms, Handhuch exp. Physik, 
Vol. IV/4, p. 48, Akademische Verlagsgesellschaft, I^eipzig, 1931. 
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= 0.0288 — = 0,0288Red (125) 

'The Reynolds number is calculated with the mean velocity in a 
cross section and the tube diameter d. This is the way the 
Reynolds number is usuall}^ calculated in technical literature. 
It must be kept in mind that a sharp limit for the entrance-flow 
region does not exist in reality. The flow approaches the fully 
developed condition asymptotically. Therefore, for distances 
greater than the entrance length given by Eq. (125), small devia¬ 
tions from the developed condition can still be measured. 

If the Reynolds number exceeds the critical value, the bound¬ 
ary layer changes somewhere in the entrance-flow region into 
turbulent flow. The transition place moves toward the entrance 
when the Reynolds number increases. Since the turbulent 
boundary layer inc^reases its thickness faster than the laminar 
layer [Eq. (120)], the entrance length L« decreases in this range. 
For a Reynolds number Rcd = 3,000 the whole entrance flow is 
laminar. The entrance length Le is, according to Eep (125), 
approximately lOOd. When the Reynolds number increases 
over this value the entrance length first decreases to about 40d 
and then increases again. 

The velocity profile in the fully developed turbulent flow is well 
represented by Eq. (117) up to Re = 100,000, if the boundary- 
layer thickness is replaced by the radius r. This corresponds 
to the concept that the two boundary layers have touched each 
other in the tube axis. The velocity w, is now the velocity in the 
axis. Also Eq. (118) for the shearing stress on the wall holds true, 
as does Eq. (121) for the velocity at the border between the 
turbulent flow and the laminar sublayer. This sublayer builds 
up here in the same way as on the plate. If in these equations 
the radius r is replaced by the diameter d, and the velocity w, 
by the mean velocity Um [um = 0.82^, is found by integration of 
Eq. (117)], the following equations arise which will be used later: 

- - 0.0396.u.< ( 5 ^)“ - ^ (m) 



(128) 
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In reality here as on the plate, a transition zone exists between 

the laminar sublayer and the turbulent flow. Etpiations taking 

into account this transition zone are shown in Fig. 45. Instead 

of the shearing stress the friction 

coefficient / is generally used as ^ 

defined by the equation 




(129) 



where Ap is the pressure drop 
along the tube length L. In a 
piece of the tube as shown in Fig. 

44 equilibrium exists between 
the pressures in the cross sections 1-1 and 2-2 and the shearing 
stresses on the wall of the tube of length L in steady flow accord¬ 
ing to the momentum la^\^ This gives 


/ £ 

Fig. 44. Using the momentum law 
for fully developed flow in a tube. 


Ap 


r/V 

4 


Ttr (Mj 


(130) 


With Eqs. (120), (129), and (130) the friction coefficient can be 
calculated from the shearing stress: 


8r.. ^ 0.316 

(Red)>'‘ 


(131) 


This expression is usually called the Blasius law. Temperature 
differences exist where the flow is connected with heat transfer. 
Then the property values are introduced at the temperature 
(tw + tin)/2 (where tw = wall temperature; tm = mean tempera¬ 
ture in flow) according to McAdams,^ or the friction coefficient 
calculated with the property values at the temperature tm is multi¬ 
plied by where Mm = viscosity at tm] Pw = viscosity at 

tw according to Sieder and Tate. ^ Experiments of Rohonezy^ with 
water agreed best wdth Eq. (131) when the property values were 
introduced at the wall temperature tw- 
For Reynolds numbers greater than 10®, Eq. (131) must be 
replaced by the general resistance law developed by L. Prandtl, 


‘ W. H. McAdams, op, cii, 

*G. Rohonezy, Schweiz. Arch, angew. Wise. u. Tech.^ 6, 121“140, 167-175, 
239-275, 349-366 (1939). 
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T. von Kdrm^in, and coworkers:* 

^ = 2.0 log [{Rea) vTl - 0.8 (132) 

This law is more complicated than Eq. (131) since the friction 
coefficient appears on both sides. 



Fig. 45. Universal velocity profile. [From R. C. Martinelli, Trans. ASME, 
69, 947-959 (1947).] 

Recently it became customary to present the turbulent velocity 
profile in a logarithmic plot as shown in Fig . 45.^ The velocities 
are made dimensionless by the value \/ Tw/p which has the 
dimension of a velocity and is called shearing-stress velocity : 

= u/ Vr^. They are plotted in this way on the ordinate. 
The distance from the tube wall is transformed into a Reynolds 
number by multiplying it by the shearing-stress velocity and 

dividing it by the kinematic viscosity : == y In this 

way of plotting, the velocity profile becomes independent of the 


^L. Prandtl, ^‘Fiihrer durch die Stromungslehre,^' Friedrich Vieweg und 
Sohn, Brunswick, 1942. 

* Taken from R. C. Martinelli, Heat Transfer to Molten Metals, Trans, 
A8ME, 69, 947-959 (1947). 
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Reynolds number Rea. It is therefore called universal velocity 
profile. Measurements by Nikuradse, Reichardt, and coworkers 
are shown in Fig. 45. In the logarithmic plot the linear relation¬ 
ship between the velocity and the wall distance expected in the 
laminar sublayer is represented by the curve on the left-hand side 
of the figure. It can be seen that the measured values follow 
this curve up to approximately = 5. The straight line on the 
right-hand side gives the velocities in the turbulent core. The 
figure shows that between both regions a buffer layer exists, 
within which the turbulence gradually dies down in the direction 
toward the wall. T. von Kdrmdn' proposed another straight 
line shown in the figure as approximation for the velocities in 
this range and fixed the limits of the buffer layer at i/f = 5 and 
y} = 30. The equation for this line as well as the equations for 
the laminar sublayer and the turbulent zone are inserted in 
Fig. 45. 

For rough tubes similar equations hold true in which the degree 
of the roughnesses enters as a new parameter. 

*18. Cylinder in crossflow 

The boundary layer has a great influence on the flow around a 
cylinder. Fig. 46 shows a photograph of such a flow. It can be 
seen that the flow separates on both sides from the cylinder 
surface and builds up a dead water filled with vortices. If the 
pressure distribution along the surface is calculated for a friction¬ 
less flow without separation, the dash-dotted line in Fig. 47 
results. The pressure decreases first from the stagnation point 
(a = 0) and reaches its minimum value at a = 90 deg. On the 
rearward side it increases again and attains for a = 180 deg the 
same value as at the forward stagnation point. In a fluid with 
friction, a boundary layer builds up along the surface. The fluid 
particles outside the boundary layer are able to move against the 
pressure increase on the back side of the cylinder by changing 
their kinetic energy into pressure energy. The fluid particles in 
the boundary layer do not possess this kinetic energy. They can 
therefore move only a certain distance into the region of increas¬ 
ing pressure, until their velocity is consumed. Then they reverse 
their flow direction. In this way the flow separates from the 
surface. By this separation the pressure distribution along the 
1 T. von K^mAn, Tram. ASME, 61, 705-710 (1939). 
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Fig. 46. Flow around a cylinder. {Photograph hy 77. L. Rybach, Mitt. Forach- 
ungaarh. 186. 1916.) 



0 30 60 90 120 ISO 180 210 240 270 300 330 360 

a — 


Fig. 47. Pressure distribution around the circumference of a circular cylinder. 
To* 

p, local pressure; free-steam impact pressure; a, angle measured from 

2(7 

stagnation point. {From L. Flachabart^ Handb. Exp. Phyaik, Vol. IV, Part 2, 
p. 316, Fig. 37.) 


back side of the cylinder is changed also. How far the fluid 
particles penetrate the region of increasing pressure depends on 
their kinetic energy. This is greater in the turbulent boundary 
layer (Fig. 39) than in the laminar boundary layer. The turbu¬ 
lent boundary layer separates at approximately a = 110 deg, 
and the laminar boundary layer at a = 70 deg. The correspond¬ 
ing pressure distributions are shown in Fig. 47. The pressures 
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on the rear side are smaller than on the front. This gives a force 
in fluid direction, which is called form resistance. To it is added 
a frictional resistance originated by the shearing stresses along the 
cylinder walls. Both parts are included in the drag coefficient 
fc defined by the equation 

D^f.Ldy^-^ (133) 

in which d is the diameter, L the length, D the drag of the cylin¬ 
der, 7 the specific weight, and lU) the onstream velocity, and 
Ld is the cross section normal to the air flow. Figure 48 shows 
the drag coefficient fc for various Reynolds numbers. The 



Fig. 48. Drag coefficient of a circular cylinder in a flow normal to its axis. 
{From C. Wieaeleherger, Ergeh, aerodyn. Versuchsanatalt Gdttingen, 2 , 24.) 

Reynolds number is calculated with the onstream velocity Uo 
and the diameter d. At very small velocities no separation 
occurs and the drag is built up only by the shearing stresses. 
From Re ^ 1 a, dead water builds up behind the cylinder. With 
further increasing Reynolds numbers the dead water becomes 
greater. From Re « 100 vortices separate alternately from the 
left and right sides (Kdrmdn^s vortex wake) and are carried away 
by the flow in a regular pattern. The sudden decrease in drag 
at « 4 X 10® is originated by the fact that the boundary layer 
before the separation point has become turbulent. At 
Be > 4 X 10® no vortex wake forms but only small irregular 
vortices in the dead water. The drag of the cylinder at small 
velocities is mostly frictional resistance and at Re > 1,000 mostly 
form resistance. All of these flow forms influence the heat 
transfer. 
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FORCED CONVECTION IN LAMINAR FLOW 
19. The heat-flow equation 

When a body submerged in a flow is heated or cooled, a tem¬ 
perature field builds up in the surrounding medium. This field 
comprises only a region within a small distance from the body 
surface as long as very small velocities and the wake within which 
the heat is carried away are excluded. This region along the body 
is called the thermal boundary layer. Within this layer the tem¬ 
perature changes from the value t-w on the surface of the body to 
the value U in the undisturbed flow. The temperature profile 
in the proximity of the wall is shown in Fig. 49. At the distance 




Fig. 49. Temperature and velocity Fig. 50. Deriving the heat-flow 
profiles on a wall. equation for the boundary layer. 

hi from the wall, the same temperature U is measured in the 
flowing fluid as in the case when the body is neither heated nor 
cooled. The length dt is the thickness of the thermal boundary 
layer. Figure 49 shows also the velocity profile and the hydro- 
dynamic boundary layer with the thickness 5. Both boundary 
layers have generally different thicknesses. For the determination 
of the thermal boundary layer and the heat transfer a heat-flow 
equation of the thermal boundary layer can be used. It is derived 
from a heat balance of a volume element on the surface, built up 
by two planes 1-2 and 3-4 in Fig. 50, each separated from the 
other by the length dxj and by a plane 2-4 parallel to the wall at 
the distance L The length I is assumed greater than both 
boundary-layer thicknesses d and dt. The calculation may be 
again confined to two-dimensional problems. In Fig. 60 the 
volume element has unit length normal to the plane of the paper. 
Through the plane 1-2 a quantity of heat, which is determined by 
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the following integral, is transported per unit time: 

ycp lu dy 

where Cp is the specific heat at constant pressure per unit weight. * 
This heat flow changes with the length dx by 


The heat flow leaving the volume element through plane 3-4 is 
greater by this amount than the heat flow entering the element 
through plane 1-2. Through the plane 2-4 there flows the fluid 


weight ydx^ 


/: 


u dy as was derived in the preceding chapter. 


This transports an amount of heat given by ycpt^ dx 


- r 

dx Jo 


u dy 


into the volume element. Through the plane 1-3 a certain 
amount of heat flows from the volume element to the wall or in 
the opposite direction. Since the fluid particles adjacent to the 
wall have the velocity zero, this heat must be transferred by con¬ 
duction through this fluid layer. Therefore Eq. (30) holds true. 
With the nomenclature used here it is 


dQ = 



where k is the thermal conductivity of the fluid or gas. The sum 
of the heat carried into the volume element by convection with 
the flow and the heat lost from the element by conduction to Ihe 
wall must be zero for steady state: 


lo /o ~ KlI ^ ® 

Introducing the thermal diffusivity of the fluid a = k/ycp gives 

^ ( 135 ) 


' It will be explained on page 150 that the specific heat at constant pressure 
is to be used. 
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This is the heat-flow equation of the boundary layer ^ by which the 
heat transfer can be calculated.^ The property values used in 
Eq. (135) are tabulated in the Appendix. The specific heat c,, 
and the thermal conductivity k as well as the viscosity /x depend 
upon pressure only in the proximity of the critical point. Figures 
141 and 142 show this for water vapor. The specific heat at the 
critical point theoretically approaches infinity. This is indicated 
by the very steep increase of Cp in Fig. 138 near the critical point. 
The specific weight y for fluids depends very little on the pressure. 
For gases it can be calculated from the equation of state. In the 
proximity of the critical point the dependency on the pressure is 
more complicated. As an example Fig. 136 shows this relation¬ 
ship for water and steam. The thermal diffusivity a and the kine¬ 
matic viscosity v for fluids depend only in a very small degree on 
the pressure outside the critical pressure range. For gases both 
values are inversely proportional to the pressure. 

20. The plane plate in longitudinal flow 

The heat transfer from a plane wall with a constant tempera¬ 
ture tw in a flow of constant velocity may l)e calculated. The 

6 


Fia. 51. Flow boundary layer and thermal boundary layer on a flat plate. 

first part of the plate with the length Xo may not be heated and 
has the same temperature as the fluid, as shown in Fig. 51 The 
hydrodynamic boundary layer begins at the edge of the unheated 
plate, and the thermal boundary layer at the edge of the heated 
part. Both increase their thicknesses b and bt in the direction of 
flow. Just as for the determination of the hydrodynamic bound¬ 
ary layer in the preceding chapter, for the determination of the 
thermal boundary layer a suitable statement must be made as 

1 G. Kroujiline [Tech. Phys. U.8.S.R. 3, 183, 311 (1936)] was apparently 
the first to use Eq. (136) for heat-transfer calculations. 

* Heat transfer on a plate with a surface temperature varying along its 
length was investigated in the paper by R. Chapman and M. W. Rubesin 
in /. Aeronaut. Sci., 16, 547-565 (1949). 
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to the shape of the temperature profile in the boundary layer. 
As for the velocity profile, the curvature of the temperature 
profile on the wall must also be zero. Since the fluid layers 
adjacent to the wall are at rest, the heat flow from the wall must 
be transferred by conduction through these layers. Therefore 

Q = -kA ~ 
dy 

The thermal conductivity k and the area A through which the 
heat flow passes are constant. Therefore {dt/dy)w = constant 
and (dH/dy^) = 0. Hence a cubic parabola is a suitable assump¬ 
tion for the temperature profile. If the temperature difference 
^ = t — tw introduced, all conditions for the temperature pro¬ 
file are the same as for the velocity profile. Therefore the expres¬ 
sion for the temperature profile becomes 

I (y\ 

e 2 5e 2 \dj 


Now the integral in the heat-flow equation can be calculated: 




— d)u dy 


3 ^ , 1 (J/" 
2 6, 2 \8tJ 


2 8 


✓ 



It may be presumed that the thermal boundary layer is smaller 
than the hydrodynamic boundary layer. Then the second inte¬ 
gral must be extended only to y = 8t since for y > ^ = B and 

therefore the integrand is zero. By introducing the ratio f = 8t/8 
of the thermal to the hydrodynamic boundary layer and evaluat¬ 
ing the integral there follows 


(0 - d)u dy = 

As we assumed 8t to be smaller than 8, and therefore f < 1 the 
second term in the right-hand expression is small compared with 
the first and may be neglected. According to Fig. 51 the ratio 
f is a function of x. 
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If the above integral is introduced into Eq. (135) there is 
obtained 




£ 


or 


10 



f.S§ + 2f=8* 



a 


introducing Eq. (114) for 8 d8/dx, and (114a) for 6^ gives 


Uv 
13 a 




1 


The ratio v/a in the equation is a dimensionless value very com* 
mon in heat-transfer calculations. It is called the Prandtl 
number or Prandtl modulus and is written as Pr. 


Pr = 

a k 


(136) 


The Prandtl number is composed of property values and is there¬ 
fore itself a property value. It has the advantage that it is 
dimensionless. The tables in the Appendix give this value for 
liquids and gases. The Prandtl number for liquids and gases 
depends on the temperature. Only near the critical point does 
a marked dependency also on the pressure occur. The variation 
with temperature is small for gases. 

Putting 14/13 « 1 in the above equation gives 




+ 1 ^ 


dm 

dx 


£ 

Pr 


or with substitution f ’ = y. 


I 4 dy 


Pr 


A particular integral is y = 1/Pr. The general solution of the 
homogeneous equation can be found by trying the expression 
y = a;"; n becomes — Therefore the complete solution of the 
above equation is 
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From the boundary condition: for a* = Xo, T = 0 or y = 0 there 
follows 


f - 



(137) 


If the plate is heated over the whole length (xo = 0) 


f - 


1 

^Fr 


(137a) 


Viscous oils have a Prandtl number Pr = 1,000 or more. For 
these fluids the thickness of the thermal boundary layer is only 
one-tenth the thickness of the hydrodynamic boundary layer. 
Gases have Prandtl numbers smaller than 1. For these, f is 
greater than 1 and therefore the proposition in the preceding cal¬ 
culation does not hold true. Since the smallest value for gases 
is Pr = 0.6 and therefore f = 1.18, the error introduced by this 
is very small. The only materials with a very small Prandtl 
number are fluid mercury and molten metals. For these the 
result (137a) is not valid. 

The heat flow from or to the plate per unit area is given by 



On the other hand a heat-transfer coefficient h can be introduced: 


q = hits •— tw) — ho 

Equating both equations gives (if the minus sign is neglected) 


h = 


e \dij/u, 2 8t 2 f 5 


(1376) 


The heat-transfer coefficient is therefore inversely proportional 
to the thermal boundary-layer thickness. With the ratio f and 
Eq. (114a), 


h = 0.323fc 



(138) 


and for the plate heated over its entire length 



h = 0.323* ^Pr 


(138a) 
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As shown in Fig. 52, the heat-transfer coefficient begins with an 
infinite value at the leading edge of the plate and decreases with 
increasing x. It is advantageous to write Eq. (138) in dimension¬ 
less form, or 



On the right there appears again the Reynolds number calculated 
with the free-stream velocity Us and the length x. The dimen¬ 
sionless expression on the left side is called Nusselt number or 



coefficient on a flat plate as a func¬ 
tion of the distance from the leading 
edge. 



Fig. 511. Determination of the 
Nusselt number. 


Nusselt modulus and is indicated as Nu. Nu^ is written to 
indicate that the Nusselt number is calculated with the length x. 


Nu, 


hx 

T 


(139) 


With this notation it can be written 

Nu, = 0.323 y/W, .... ^ . ^ (140) 

- (?) 

For the plate heated over its entire length the heat transfer 
(coefficient was calculated by an exact solution of the differential 
ecjuations of the boundary layer. This calculation resulted in 
the eq. (138a) with the numerical value 0.332 instead of 0.323. 
The Nusselt number then is 

Nux = 0.332 (140a) 

The Nusselt number can be expressed as the ratio of two lengths. 
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In Sec. 2 there was introduced a boundary-layer thickness b\ 
(Fig. 3) which really is the length of the subtangent to the tem¬ 
perature profile within the boundary layer at the wall. Figure 
53 shows this in detail. For the temperature profile represented 
by the cubic parabola the relationship b[ = holds. The 
film heat-transfer coefficient is, according to Sec. 3, 


h 


k 



and therefore the Nusselt number 



is the ratio of the length x to the thermal boundary-layer thick¬ 
ness Since the boundary-layer thickness is always small as 
compared Avith the length x, the Nusselt number will be large. 
The thermal boundary-layer thickness decreases with increasing 
Reynolds and Prandtl numbers. Both values therefore increase 
the Nusselt number. For calculations on industrial heat 
exchangers not the local but the average value of the heat-transfer 
coefficient is important. For the plate heated over its entire 
length this value is 


* jo * jo 


^ Vi = 24= = 2h 

Vi * Vx 


(141) 


In C are combined all values which do not depend on x. The 
average value of the heat-transfer coefficient is therefore twice 
the local value at the end of the plate. If the property values in 
the equation depend on temperature then they must be intro¬ 
duced at a mean temperature. Most of the experiments on heat 
transfer on a flat plate were done in an air flow. For gases the 
temperature dependancy of the property values is not great. 
Therefore the reference temperature for the property values to be 
used in the heat-transfer calculations can be determined only 
from experiments with very great temperature differences between 
wall and air flow. Few such experiments are known. ^ Knowl¬ 
edge of the reference temperature can be derived however from 


^ A paper was published recently by W. H. Lowdermilk and M. D. Grele, 
N AC Ay TM E8L03; or Heat Transfer and fluid Mechanics Institute, 1949, 
Berkeley, Calif., published by ASME. 
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calculations by L. Crocco' and others on the heat transfer to a 
plate at high subsonic and supersonic velocities. This problem 
which is dealt with in more detail in Sec. 29 involves always great 
temperature differences and therefore the calculations take into 
account the variation of the property values. M. W. Rubesin- 
and II. A. Johnson have studied the information on the reference 
temperature that can be obtained from the results of these calcu¬ 
lations. They find that the calculations presented here with the 
assumption that the property values are independent of temper¬ 
ature give the same results as the calculations by Crocco which 
take into account the variation of the property values when the 
property values are introduc^ed at a reference temperature 
determined by the equation 

t* - t, = 0.58{U - L) 

This equation which holds for air (Pr = 0.71) gives practically 
the same reference temperature as Eq. (159) derived for turbulent 
flow. Exact measurements on this type of heat transfer were 
made by Jakob and Dow. They summarize in their paper also 
all previous experiments.^ 

Example. The heat-transfer coefficient is to be calculated for a i)late 
in an air stream for a distance of 4 in. from the leading edge. The plate 
is heated over its entire length; the air velocity w, = 33 fps, its tem¬ 
perature fa = 125 F, the surface temperature of the plate tu, = 255 F. 

The kinematic viscosity of air at 200 F and ambient pressure is 
25.5 X 10”® ft^/sec (Appendix). Therefore the Reynolds number is 
Rcx = 43,000. The Prandtl number is found in the Appendix to be 
0.682. Eq. (140o) gives Nu^ = 0.331 X >^0.682 X \/43,000 = 60.4. 
The local heat-transfer coefficient at a distance 4 in. from leading edge is, 
from Eq. (139), h = (A;/x)60.4. The thermal conductivity k for air at 
200 F is A; = 0.0186 Btu/(hr)(ft)(F). Therefore 


0.0186 X 12 


X 60.4 = 3.37 


(hr)(ft‘0(F) 


^L. Crocco, NACA, TM 090, 1932; also Rend. mcU. univ. Roma F, 2 , 138 
(1941). 

* Paper presented at the Institute on Heat Transfer and Fluid Mechanics 
in Los Angeles, Calif., June, 1948. Trans. ASME^ 71, 183-188 (1949). 

® M. Jakob and W. M. Dow, Heat Transfer from a Cylindrical Surface to 
Air in Parallel Flow with or without Unheated Starting Sections, Trans. 
ASME, 68 , 124-134 (1946). 
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The average value at the 4-in. station is hm = 6.74 Btu/(hr)(ft2)(F). 
The heat flow from a plate 6 = 1 ft wide is 

Q = hhx{tw L) = 6.74 X ^ X (255 — 125) = 292 Btu/hr 

21. Cylindrical bodies in flow normal to their axes 

In Sec. 18 it was mentioned that on the forward side of a body 
in flow a boundary layer builds up. This boundary layer is 
always laminar near the stagnation point. If the body is heated 
a thermal boundary layer exists in the same way. In the imme¬ 
diate proximity of the stagnation point the velocity outside the 
boundary layer always increases linearly with the distance from 
the stagnation point as measured along the body surface. This 
is expressed by the equation u, = Cx. The heat transfer in this 
region on cylindrical bodies in a flow normal to their axes was 
calculated by Squire^ by an exact solution of the differential equa¬ 
tions, when the temperature of the body is constant along its 
surface. This calculation gives the heat-transfer coefficient 



The heat-transfer coefficient is therefore independent of the dis¬ 
tance from the stagnation point in its neighborhood. The dimen¬ 
sionless value B is given in Table 6 for some Prandtl numbers. 

Table 6. Constant B for Calculation of Heat Transfer at the 
Stagnation Point by Kq. (142)* 


Pr 

m 

n 

1.0 

1 

5 

10 

B 

n 

IB 


1.043 

1.344 


* E. Eckert, VDI-Forschunaaheft, 416 , 1942. 

Equation (142) as written in dimensionless form is 

= hx/k = B \/ Uax/v 

On the right-hand side the Reynolds number again appears. 

The velocity outside the boundary layer around a cylinder 
with circular cross section is for potential flow u, = 2uo sin {2x/d), 
where uo is the onstream velocity, x the distance along the surface 

»S. Goldstein, '‘Modem Devebpments in Fluid Dynamics,” Vol. 2, 
Oxford University Press, New York, 1938, 
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from the stagnation point, and d the diameter of the cylinder. 
In the neighborhood of the stagnation point the sine can be 
replaced by the angle. This gives u, = 4:Uo(x/d) and 

or in dimensionless form, 

Nua-=^ = = 2B y/Wi (143) 


3.2 

2.8 


2.4 



O 0.2 0,4 0.8 0.8 


xIl 

Fio. 54. Local laminar film heat-transfer coefficients along the circumference of 
cylinders with circular and elliptical cross section and along a flat plate. (From 
E. Eckert, VDI-Forechungsheft, 416 , 1942.) 

The local heat-transfer coefficients along the surface of a cylindri- 
cal body at a greater distance from the stagnation point can also 
be calculated with Eq. (136). Methods for such calculations 
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were developed by Kroujilinc, Frossling, and Eckert.^ In the 
paper by E. Eckert they are all described. Figure 54 shows the 
heat-transfer coefficients along the circumference of cylinders 
with circular and elliptical cross sections and for the flat plate. 
The distance x from the stagnation point is divided by the 



0 30^ 60* 90* 

CL 


Fig. 66. Comparison between calculated and measured film heat-transfer 
coefficients on circular cylinders. {Measured values according to E. Schmidt and 
K. Wenner^ from E. Eckert, VDI-Forschungsheft, 416 , 1942. Dashed line cal¬ 
culated from KroiLjiline, dash-dotted line calculated from E, Eckert.) 

greatest diameter of the cylinder (its depth L). In all laminar 
boundary layers the Nusselt number increases mth the square 
root of the Reynolds number. Therefore the values Nu/\/Re 
are plotted in Fig. 54 against the ratio x/L. It can be seen that 
the distribution of the heat transfer becomes more and more 

^E. Eckert, Die Berechnung der Warmetiberganges in der laminaren 
Grenzschicht nmstrdmter Koerper, VDI-Forschungsheft, 416 , 1942. 
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similar to the plate the more slender the cross section of the cylin¬ 
der. The smaller the radius of curvature on the stagnation point, 
the greater the heat-transfer coefficient at this place. A compari¬ 
son between calculated values and results of experiments by E. 
Schmidt and K. Wenner^ is shown in Fig. 55. The calculation 
gives the heat-transfer coefficients only for the laminar boundary 
layer. The distance of the place of transition to the turbulent 
boundary layer from the stagnation point is determined for the 
plane plate to be at a Reynolds number 80,000 to 500,000. For 
a flow with pressure decrease along the surface, the transition 
takes place at a greater Reynolds number; for a flow with pres¬ 
sure increase at a smaller Reynolds number. Experiments on an 
inclined flat plate interesting in this connection were made by 
R. M. Drake. 2 

22. Flow through a tube 

If the wall of a tube through which a liquid or gas flows is 
heated or cooled, a thermal boundary layer builds up along the 
walls. The boundary layers meet in the axis at a certain distance 
from the starting cross section (Fig. 43). At this cross section 
the inflow region ends. First, the heat transfer in the region of 

fully developed thermal condi¬ 
tions may be calculated. As 
for the plate, the temperature 
profile in the tube is assumed 
as a cubic parabola. Again 
there can be derived a condi¬ 
tion for the curvature of the 
temperature profile at the wall. 
The heat flow through the layer 
immediately adjacent to the 
wall must be constant as this layer has a negligibly small velocity 
and therefore no heat is carried away by convection. The heat 
flows through this layer only by conduction. For a cylindrical 
area of length L and radius p (Fig. 56) the equation 

^ E. Schmidt and K. Wenner, Farsch, Gebiete Ingenieurw.^ 12, 65-73 (1941). 

" R. M. Drake, /. Applied Mechanics, 16, 1-8 (1949). 
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Fiq. 66. Determination of the tem¬ 
perature profile in a tube with laminar 
flow distant from the inlet. 
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holds, where y is again the distance from the wall and r the radius 
of the tube. Introducing p = r — y into the above equation, 
solving for the temperature gradient, and differentiating for y 
gives 

dH _ _ 1_ _ Q_ ^ 1 M 

dy^ {r — yY 2xL/c r — y dy 

at the wall {y = 0) therefore, 

(CO.-Hi). 

The rate of change of the temperature gradient is not zero here^ 
but is connected by the above relationship with the temperature 
gradient. The reason is that the cross section through which 
the heat flows decreases with increasing distance from the wall 
whereas it remains constant on the flat plate. To fulfill the 
above condition we must write for the temperature difference 
between the wall and the free stream, 

d ^ ay + hy'^ + cy^ 

By differentiation and introduction into Eq. (144) there is 
obtained 



The temperature difference between the tube axis and the wall 
may be 0. The temperature gradient must be zero in this place: 


This gives 


For y = r, t? = e, ^ = 0 


t j-^(yX -1 

e 5r^5\rJ 5\r/ 

The heat flow per unit area at the wall is 

o _ k(^\ =^k- 

^ \dyU 5 r 


(145) 


(146a) 


The heat-transfer coefficient for the flow in a tube is commonly 
calculated with the difference between the average temperature 
of the fluid and the wall temperature. The average temperature 
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most commonly used is one which would result if the fluid were 
mixed after the cross section considered. This value is called the 
bulk temperature ta. It is defined by the equation 

f t il (lA 

u = ^- 

j u dA 

Introducing the temperature profile, Ecj. (145), and the velocity 
profile. 



where u. = velocity in the axis, we obtain for the difference 
between the bulk temperature and the wall temperature, 

= 0.5830 


/ ap dp 
Mp dp 


(146) 


The heat-transfer coefficient is defined by 
q = h{in - /.<•) = hidn 
With Eq. (145a) there results 

, ,010 , lo ^ 

h k-=-~ =- 4 . 12-5 

b r dn d 

where d is the diameter of the tube. In dimensionless form 


= ^ = 4.12 

The heat-transfer coefficient was calculated exactly by Graetz’ 
and Nusselt.2 They found 

Nud = 3.65 (147) 

The result of the approximate solution is greater by 13 per cent. 
The temperature profile agrees quite well with the exact calcula¬ 
tion (Fig. 57). The heat transfer in a slit built by two plane walls 
at a distance b from each other was calculated by L. Ehret and 
H. Hahnemann.® They found 

ATm* = ^ = 3.75 

K 


»L. Graetz, Ann, Physik, 18, 79-94 (1889); 26, 337-357 (1895). 

* W. Nusselt, Z. Ver. deut. Ing,^ 64, 1154-1158 (1910). 

*L. Ehret and H. Hahnemann, Wdrme- u. Kdltetech,^ 44, 167 (1942). 
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Exislinf^ experiments on heat transfer in laminar flow are not 
very w(01 suited for comparison with ihe above ecpiations for 



Fuj. 57. Laminar velocity and temperature profiles in a tube at a great distance 
from the entrance, (a) Approximate solution by E. Eckert; (6) exact solution 
})>' L. Graetz and W. Nusselt. 


three reasons. First, experiments ■were condiuded principally 
with viscous liquids, because in heat ex¬ 
changers laminar flow is usually encoun¬ 
tered with such fluids. Liquids with high 
viscosities (oils) have a peculiarity in 
that their viscosity changes greatly with 
temperature. The assumption of con¬ 
stant property values in the above calcu¬ 
lations is therefore fulfilled only to a 
small degree in these experiments. The 
velocity profile, which is a parabola in 
isothermal flow, changes as a consequence 
of the variable viscosity. Velocity pro¬ 
files according to Keevil and McAdams^ Distortion of the 

- - . , , n velocity profile in a heated 

are reproduced in Fig. 58. If heat flows or cooled tube when the 

from the tube walls to the liquid, the viscosity of the fluid de- 
, / -Ls • n ± 2 . xu pends on temperature. 

velocity profile (curve o) is flatter than 

a parabola (curve a) because the fluid layers in the neighborhood of 
the wall are warmer and consequently the viscosity is smaller 

1 C. S. Keevil and W. M. McAdams, Chem. Met. Eng., S6, 464 (1929). 
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than in the fluid core. For heat flow from the liquid to the wall, 
the fluid in the core is warmer and therefore less viscous than the 
layer near the wall; thus, the velocity profile has the form of 
curve c. Because of this change in the shape of the velocity 
profile, both the temperature profile and the heat transfer are 
influenced. The heat-transfer coefficient now depends on the 
direction of the heat flow, and on its amount. A calculation of 
heat transfer in viscous liquids was made by K. Yamagata.^ 
Second, there is difficulty in comparing the calculated and 
measured values because frequently, for the low velocities neces¬ 
sary for laminar flow, eddy currents by free convection change 
the flow pattern. A combination of forced and free convection 
results, which combination can be expressed only by complicated 
laws.^ Third, the tube length necessary for completion of 
hydrodynamically and thermally fully developed flow becomes 
so great for oils that in heat exchangers there usually is no fully 
developed flow. Thus, the experiments are concerned with the 
exploration of the intake region. 

It is necessary to distinguish two different modes of heat trans¬ 
fer in the intake region. If the tube is heated over its entire 
length beginning at the intake cross section, the thermal and the 
hydrodynamic boundary layers develop simultaneously. A 
thorough investigation of this case apparently does not exist. 
As long as the boundary layers are small compared with the tube 
diameter, the formulas for a plane plate may be applied. On 
the other hand the tube may be heated only beginning at a cross 
section where the velocity profile is already fully developed. 
This case was calculated in 1889 by Graetz and later on by 
Nusselt (1910). From the results of these calculations Figs. 59 
and 60 are reproduced here. Figure 59 shows the temperature 
profile and Fig. 60 the Nusselt number. Both depend only on 
the value {\/RePr){L/d). The temperature profile, which has 
a rectangular shape in the section where the heat transfer starts, 
changes in the direction of flow by the boundary layers forming 
along the walls. The temperature profile is fully developed as 
soon as the boundary layers meet at the tube axis. From here 

^ K. Yamagata, A Contribution to the Theory of Nonisothermal Laminar 
Flow of Fluids inside a Straight Tube of Circular Cross Section, Mem, 
Faculty Eng, Kyushu Imp, Univ., 8 , 365-445 (1940). 

*A. P. Colburn, Trans. Am, Inst. Chem, Engrs,, 29, 166 (1933). 
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on the temperature profile does not change its shape; it only 
decreases gradually in the direction of flow. In Fig. 60, the 
Nusselt number is formed with the local film heat-transfer 
coefficient along the tube length for the dashed curve. It can be 
seen how the Nusselt number starts with an infinite value at the 
beginning of the heated length and decreases in flow direction 





Fiq. 69. Temperature profile in laminar flow through the ontranee region of a 
tube. (From L. Prandtl, Stroemungalehre,'' 3d ed., p. 377, Fig, 305, Friedrich 
Vieweg & Sohn, Brunswick, 1949.) 

to the value 3.65, which is reached asymptotically. Practically, 
this value is reached at (1/J?e Pr){L/d) = 0.05. The tube length 
in which the temperature profile is not developed can therefore 
be calculated from the equation 

4' = OMRePr 

d 

The solid line in Fig. 60 gives the average film heat-transfer 
coefficient. According to calculations made by H. Hahnemann 
and L. Ehret, the tube length within which the temperature and 
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velocity profiles change shapes when they start at the same cross 
section (heat transfer on the entire tube length) can also be cal¬ 
culated with the same equation. As viscous fluids have Prandtl 
numbers equal to 100 or more, the thermal intake length Le 
becomes 100 times as long as the hj^drodynamic intake length. 
In Fig. 61 the Nusselt number resulting from the calculations of 



O 002 0.04 0.06 008 OJ 

_ L __ 

R 0 Pr d 


Fig. 60. Local and average film heat-transfer coefficient in laminar flow through 
the entrance region of a tube. {According to W. Nuaadt, from H. Hausen, Z. Ver. 
deut. Ing., Beiheft Verfahrenatechnik, No. 4, 1943, pp. 91-98.) 


Graetz and Nusselt is compared with formulas derived by Kraus- 
sold^ and by Sieder and Tate^ from their experiments. Notwith¬ 
standing the fact that the experiments were carried out principally 
with oil, the agreement with the calculated results is fairly reason¬ 
able. Some results of experiments with gases by Nusselt® are 
inserted and shown by points. New experiments by J. Boehm** 
give similar results. The logarithmic mean temperature difference 
is to be used in connection with the average Nusselt numbers in 

^ H. Kraussold, VDDForschungsheft 361, 1931. 

2 E. N. Sieder and G. E. Tate, Ind, Eng. Chem.j 28,1429-1435 (1936). 

^ H. Nusselt, “Habilitationsschrift,^’ Dresden, 1909. 

^ J. Boehm, W&rme, 66, 143-152 (1943). 
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Figs. 60 and 61. H. Hausen* developed a formula which repre¬ 
sents the results of Graetz and Nusselt very well: 


Nu„ = 3.66 -I- 


0.0668(d/L)Re Pr 
1 -I- 0.04[(d/L)Re Pr]^ 


(147) 



Hausen, Z. Ver. deut. Ing,, Beiheft Verfahrenstechnik, No. 4, 1943, pp. 91-98.) 


For greater temperature differences, the influence of the vari¬ 
able viscosity can be taken into account by multiplying the right- 
hand side of the above equation by the ratio if Mb is 

the viscosity at the fluid bulk temperature and mw the viscosity 
at wall temperature. 

^ H. Hausen, Z, Ver, devA, Ing.f Beiheft Verfahrenstechnikf No. 4, 1943, 
pp. 91-98. 
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FORCED CONVECTION IN TURBULENT FLOW 
23. Exchange of momentum and heat 

In turbulent flow there always exists a laminar sublayer in the 
immediate neighborhood of solid surfaces. This was already 
described in Sec. 16. A heat flow from the surface into the fluid 
must penetrate this sublayer before it can be transported by the 
turbulent mixing. This interaction between the laminar sublayer 
and the turbulent flow determines the laws of heat transfer. To 
this date no one has succeeded in predicting from calculations the 
heat transfer in turbulent flows. On the other hand it is possible 
in a way as shown by Reynolds, Prandtl, Taylor, von Kdrmdn, 
and others to derive formulas for heat transfer from hydrody¬ 
namic measurements and to gain a good insight into the mechan¬ 
ism of turbulent heat exchange in this way. Only the fluid layers 
in the proximity of a wall influence the heat transfer essentially. 
The velocities in these layers are practically parallel to the wall. 
The heat flow is normal to the wall. Therefore, in the following 
the laws of heat transfer in a flow parallel to the wall (the x direc¬ 
tion) are investigated. The velocity may change materially 
only in the y direction and the heat may flow in the y direction. 
Therefore the temperature changes materially only in the y direc¬ 
tion. In any arbitrary plane parallel to the wall, i.e., parallel to 
the X axis, within the laminar sublayer there exists a shearing 
stress 


du 



The heat flow per unit area of the plane is, according to Eq. (31), 


(I = 



Now let us consider the same plane in turbulent flow. By the 
turbulent mixing motions fluid particles are continuously carried 
through this plane. This is presented in Fig. 62 simplified in 
such a way that the fluid weight w' penetrating the plane aa per 
unit time and unit area in an upward direction comes from the 
plane 1-1, where the velocity is % and the temperature is t, and is 
transported to the plane 2-2. In steady flow the same amount 
w' must be transported from plane 2-2 where the velocity is u\ 
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and the temperature is i', to the plane 1-1. The fluid flowing 
upward transports an amount of heat equal to w^Cpt, and the 
fluid flowing downward carries the heat w'cpt\ If the tempera¬ 
ture t is greater than as a result of the mixing movements a 
heat flow 

Qt = w'cp(t — t') (148) 


is transported per unit area. The fluid particles also carry with 
them their kinetic energy. If the velocity u is greater than w', 
the fluid above the plane aa is 
accelerated by the particles mov¬ 
ing upward, whereas the fluid 
below the plane is decelerated. 

By such a turbulent exchange 
the difference in the velocities u 
and a' is therefore decreased. 

The turbulent mixing acts in the 
same way as a shearing stress in 
plane aa. According to the law 
of momentum as formulated in 
Sec. 15, the virtual turbulent 
shearing stress equals the increase or decrease of momentum 
generated by the action of the fluid mass w'/g exchanged per 
unit time. Therefore the equation 



Fiq. 62. Simplified pic?ture of turbu 
lent exchange. 


«') (148a) 

holds for the turbulent shearing stress n. If the unknown value 
w* is eliminated from Eqs. (148) and (148o), the following rela¬ 
tion between heat flow and shearing stress in turbulent flow is 
obtained: 

= (149) 


This relation was first derived by Reynolds in 1874 and is there¬ 
fore called Reynolds analogy. If a corresponding relation is 
constructed for a plane in the laminar sublayer by dividing the 
two equations at the beginning of this section, there follows, 
neglecting the minus signs, 

k dt 

^ ~ ^ ytdu 


( 150 ) 
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For the ratio of the heat flow to the shearing stress the same law 
holds true in turbulent or laminar flow, when 

~ (151) 

or 

^ = -" = Pr = 1 (151) 

k a 

In a fluid or gas with a Prandtl number equal to 1, the heat trans¬ 
fer in laminar and turbulent flow are connected in the same way 
with the shearing stress. Therefore it is possible to locate one 
of the planes in Fig. 62 in the laminar, the other in the turbulent 
layer. It is useful to locate one plane in the wall {t = U,, w = 0), 
the other may be located in the border between the boundary 
layer and the main flow {i = it = u,). 

For fully developed flow in a tube, the mean velocity Um and 
the mean temperature tm may be used. This gives for the tube, 


By multiplying both sides of this equation by the tube w^all 
surface A, there is obtained 

Q,. = li ^ {tn, - L,) (152) 

Vtn 

where R is the resistance {R = TwA). This simple relation 
between the heat flow Qw and the resistance R holds true only for 
a medium with Pr = 1. Inasmuch as all gases have Prandtl 
numbers which deviate only little from 1, Eq. (152) is very useful 
to get a first approximation for the heat transfer where the resist¬ 
ance is known. The resistance can be replaced by the power 
which is necessary to drive the gas through the tube. The resist¬ 
ance of a tube with a pressure loss Apis R = Ap (dV/4), and the 
volume flowing per unit time through the tube is F = Umid^v/A); 
therefore the power necessary for the flow is 

W — V Ap — RUm 

The ratio of the heat flow to the power necessary is therefore 
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1 his important relationship shows that the power necessary for 
a certain heat transfer becomes smaller when the velocity Ufn is 
decreased. This fact is utilized in coolers or heat exchangers for 
airplanes by surrounding the cooler by a duct. The air stream 
is thus decelerated before it flows through the cooler, and after¬ 
ward the pressure increase gained by deceleration is utilized to 
accelerate the air again. Such a ducted cooler is schematically 
sketched in Fig. G3. By this ducting, which is today in general 
use in airplanes, but Avhich is useful as Avell for fast locomotives 
and motorcars, the power necessary to drag the cooler through 
the air can be decreased very much. Something must be paid, 
however, for this gain, for the lower the velocity of the air through 
the cooler, the greater the surface 
area necessary for a given heat 
flow. The same balancing be¬ 
tween the amount of surface on 
one hand and the power necessary 
on the other hand is necessary in 
the design of a steam boiler. If 
it is desired to decrease the weight 
and dimensions of such a boiler by increasing the gas velocity, 
use must be made of a cheap source of energy which drives 
the gases through the boiler. This problem was solved in the 
Velox boiler by using a gas turbine to drive the blower for the 
combustion air. 



Fig. 03. Ducted cooler for air¬ 
craft. 


Example. Through a tube of 0.8 in. diameter and 3 ft long theie 
flows air with 100 fps velocity. The air intake temperature is 68 F; its 
pressure is 14.2 Ib/in.^ The pressure loss in the tube is 3.2 in. water 
column = 0.114 Ibs/in,^ How much heat is transferred from the tube 
wall to the air Avhen the wall is heated to a temperature tv> = 200 F? 

For a first approximation Eq. (152) may be used, although air has a 
Prandtl number equal to 0.72. The resistance of the tube is 


R — Ap 


dhr 


= 0.114 


lb _ 0.64 Xir. 


in.“ = 0.0674 lb 


The heat transfer to the air is 


Q 


- 0.0574 


32.2 X 0.24 

Too 


{L - U) 


Btu . 
(sec)(F) 


= 0.00443 X 3600 (L - U) 


Btu 

(hr)(F) 


16.9 (L - U) 


Btu/(hr)(F) 
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The tube-wall temperature is t = 200 F. The mean temperature of the 
air tm is not yet known. The heat Q taken up by the air may be written 
as Q = yCpUm(d-7r/4)(te — U) if y is the specific weight of the air 
(-y = 0.0750 Ib/ft'^ for 68 F and 14.2 Ib/in.^); U is the intake temperature 
into the tube, and te is the bulk exit temperature from the tube. Insert¬ 
ing the numerical values into this equation gives 

Q = 0.075 X 0.24 X 100 X £44 ^ 4 (t> - ft) (s^(F) 

= 0.00626 («. - ti) 

The mean temperature difference Atm — U — tm is, according to Sec. 3, 
Atm — d {Ati 4“ Ate)/2. The wall temperature here is constant. There¬ 
fore Atm = tw — tm = o[tu, — (ti 4 - te)/2]. By equating the two equa¬ 
tions for a there is obtained 

0.004436 (<„. - = 0.00626(«. - t,) 

The factor a cannot be determined from Table 2 , as the ratio AU/AU is 
unknown; therefore, estimate a = 1 . Now the equation gives 
if. = 137 F. To establish a use the ratio 


Ati 200 - 68 
AU “ 200 - 137 ■" 


Therefore a = 0.96 from Table 2. As the whole calculation gives only a 
first approximation it is not necessary to repeat it with the new value 
for a. The heat flow is Q = 0.00626 X (137 - 68)3,600 = 1550 Btu/hr. 

An exact calculation with the for¬ 
mulas in the next paragraph gives a 
heat flow greater by 15 per cent. 

For a medium whose Prandtl 
number deviates greatly from 
1, the heat resistance of the 
laminar sublayer and the turbu¬ 
lent flow must be calculated 
separately. Let the tempera¬ 
ture of the wall be (Fig. 64), 
the temperature in the border 
between laminar sublayer and 
turbulent boundary layer be 4, 
and the temperature in the stream outside the boundary layer 
be 4. The corresponding velocities are Uw = 0, W 5 , and w,. 



Fig. 64. Turbulent temperature 
and velocity profile with laminar 
sublayer. 
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The temperature distribution in the laminar sublayer may be 
assumed as linear since the thickness 65 of this layer is very small. 
Therefore the specific heat flow through this layer is 

k 


because heat flows there only by conduction. The law for the 
shearing stress at the wall is 



If the subla 7 /er thickness is eliminated from both equations there 
is obtained 

Qw ~ ru> —* (ifo tu>) (154) 

The heat flow in the turbulent boundary layer is given by Eq. 
(149). The two planes for which the temperatures and velocities 
will be inserted into this equation may be located in the border 
between the laminar sublayer and turbulent layer and between 
the turbulent layer and the outside flow. As the sublayer is 
very thin it can be assumed the heat flow and the shearing stress 
have the same values at the border between the laminar and the 
turbulent layer as at the wall. Therefore Eq. (149) may be 
written 

Qw = Tu^gCp (154a) 

"lla 'U>lt 


The film heat-transfer coefficient h at the wall is defined by the 
equation 

Qw = h{ta — ttv) (154/>) 

If Eqs. (154), (154a), and (1545) are solved for the temperature 
differences, and the first and second are subtracted from the 
third we get 


}. = J_ (m, - «») + 'i!!* = (1 - 

ft Ty)QOp T‘wk \ 


TxoQCp 


The heat-transfer coefficient is 


^Cp 

Ua) 


lift ^ 

u, k 


h = 


rygCp/u, 


1 + (ut/u,)(,Pr - 1 ) 


(155) 
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This ecjuatioii was derived by L. Prandtl (1910 and 1928) and 
G. T. Taylor (1916).' 


24. Flow in a tube 

In fully developed flow the boundary layers have met at the 
axis of a tube. For the velocity and temperature the values 
at the axis must therefore be used. It is usual however to estab¬ 
lish the heat transfer with the bulk temperature ts and to use the 
mean velocity Um in Eq. (155). This is not quite correct, but 
the resultant error is small. If the shearing stress is taken from 



Pr 

Fiq. 66. Factor A in Eqs. (166) and (160). [From W, Buehne, Wdrme, 61 , 162 
(1938).l 


Eq. (126) and the velocity ratio from Eq. (127), the above equa¬ 
tion becomes 


h 

yCpllfn 



(156) 


The constant A has the value 2.43. A comparison with experi¬ 
mental results on viscous fluids shows, however, that this value is 
too great, and furthermore that A is a function of the Prandtl 
number. In Fig. 65 this function is given according to W. 
Biihne.^ Equations for this function were derived by ten Bosch,* 
Hoffman,^ and others. The expression on the left-hand side of 

iL. Prandtl, Z. Phyaik, 11 , 1072 (1910); 29 , 487 (1928). G. I. Taylor, 
RepL Mem, Brit. Aeranavi. Comm.^ No. 272, 1916, p. 423. 

* W. Btihne, Wdrme, 61, 162 (1938). 

® M. ten Bosch, ^‘Die Warmetibertragnng,” Berlin, 1936. 

^ E. Hoffman, Z. gee. Kdlte-Ind., 44 , 99-107 (1937). 
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Eq. (156) is equivalent to the following product of dimensionless 
values: Nud/{RedPr), It is sometimes called Stanton number 
and denoted by SL The final formula for heat transfer in a tube 
with turbulent flow is therefore 


Nud _ 0.0396(Rerf)-^* 

Red Pr 1 + A(Red)-^^ (Pr 1) 


(157) 


The value A can be taken from Fig. 65. E. Hoffman gives the 
formula A = 1.5Pr“^. 

The shape of the velocity profile for different Prandtl numbers 
can also be derived from the above equations. By equating 
(154) and (154a), the ratio of the temperature drop in the laminar 
sublayer to the temperature drop in the turbulent zone becomes 


iw _ '^^b _ Ft 

U — tb — Vi 7/s ~ 7/fe 


For a medium with Pr — 1 the ratio of the temperature differ¬ 
ences equals the ratio of the 
corresponding velocity differ¬ 
ences. Both profiles are similar. 

For two Prandtl numbers greater 
than 1 the temperature profiles 
are shown in Fig. 66. For large 
Prandtl numbers the temperature 
drop in the laminar sublayer 
is the essential one. Only for 
very small Prandtl numbers {e,g.y Fig. 66. Turbulent temperature 
mercury or molten metals with various Prandtl num- 

Prandtl numbers in the neighbor¬ 
hood of 0.01) is the drop in the turbulent zone the greater. 

The temperature profiles for low Prandtl numbers, when deter¬ 
mined in the same way as the profiles in Fig. 66, would look 
S-shaped, with a very small temperature rise in the laminar sub¬ 
layer and most of the temperature difference concentrated in the 
turbulent core. This behavior is determined by a very low heat 
resistance in the laminar sublayer as compared with the turbulent 
zone. This of course does not correspond to reality. In any 
turbulent flow, the turbulent heat exchange is superimposed on 
a heat flow by conduction. For Prandtl numbers near 1 or 
greater than 1 the heat conduction is small compared with the 
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turbulent exchange, and was neglected in the previous calcula¬ 
tions accordingly. At low Prandtl numbers, however, it is of 
equal or greater importance, and in the limiting case the turbu¬ 
lent exchange can be neglected and the heat conduction is the 
dominating factor. The calculations in Sec. 22 should therefore 
present a reasonable approximation for the heat transfer in a 
turbulent flow within a tube at very low Prandtl numbers. The 
only way in which the turbulence makes itself felt in heat transfer 
is in changing the velocity profile from the parabolic to a fuller 
shape, but this influences the temperature profile only in a minor 
degree. 

A thorough investigation on heat transfer to liquids at small 
Prandtl numbers was published by R. C. Martinelli.^ This 
problem became interesting recently in connection with atomic 
power plants, where molten metals seem to fulfill the demand for 
a medium that transfers heat very readily. 

The combination of the values ATw, Re, and Pr on the left-hand 
side of Eq. (157) is especially useful for heat-transfer calculations. 
The heat flow to the wall of a tube of length L is 

Q = h dir L{tB — tw) 

The heat flow may also be expressed by the cooling of the liquid 
from the intake temperature ti to the exit temperature U: 

Q ~ yCpUm ^ {,U te) 

Both equations give 

^ - A ~ 

yCpUm RePr ALts - Ua ^ ^ 

From this equation the temperature U with which the liquid 
leaves the tube can be calculated without using any property 
values, as soon as the tube dimensions, the intake temperature 
ti, and the wall temperature tw are given and the value Nu/{Re Pr) 
is known. For the bulk temperature ta, the logarithmic mean of 
intake and exit temperature differences must be used. 

For the derivation of Eq. (155) the property values were con¬ 
sidered as constant. E. Hoffman^ investigated the influence of 
the variability of the property values on the heat transfer. He 

»R. C. MartineUi, Trans, ASME, 69, 947-969 (1947). 

* E. Hoffmann. Z. Vsr. dstU, Ing., 82, 741-782 (1938). 
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found that Eq. (157) holds true when the property values are 
inserted at the reference temperature 

O.lPr 4- 40 

For gases (Prandtl number near 1) this equation gives approxi¬ 
mately the arithmetic mean between liquid and wall temperature 
as The greater the Prandtl number, the more approaches 
the mean liquid temperature Ib, The temperature % between 
laminary sublayer and turbulent zone (Fig. 06) has the same 
trend. 

Besides the theoretically founded Eq. (157) empirical formulas 
are often used. Dittus and Boelter^s^ ecjuations are well known; 
for example, 

Nu = 0.0243(/^e)o-HPr)o*4 
for heat flow from the wall to the liquid and 
Nu = 0.0265(i?e)o-»(/V)o*3 

for heat flow from the liquid to the wall. 

Use of two different expressions for heating and cooling^ is 
somewhat unsatisfactory. The equations up till now are good 
for fully developed turbulent flow. In the intake region there 
may be expected greater heat-transfer coefficients. H. Hausen* 
gave an expression 

Nurn = 0.116[(ffe)^ - 125](Pr)« |^1 + j 

where is the viscosity at bulk liquid temperature and Hw the 
viscosity at tube-wall temperature. Apart from these the 
property values are to be inserted at is- This formula takes 
into account the conditions in the intake region. It also satis¬ 
factorily reproduces the values in the transition zone Re = 2,300 
to 6,000. Figure 67 shows the transition region according to a 
summary of available test results by Sieder and Tate.^ 

The heat transfer in a curved tube with the radius of curvature 
R can be found by multiplying the values of the straight tube by 
(1 + l,77d/R). 

^ F. W. Dittus and L. M. K. Boelter, Univ, Calif, Puh, Eng,, 2, 443 (1930). 

* E. Eckert, Z, Ver, devt, Tng., 80, 137-138 (1936). 

* H. Hausen, Z, Ver. deui, Ing,, Beiheft Verfahrenstechnik, No. 4, 1943, 
pp. 91-98. 

** E. N. Sieder and G. E. Tate, Ind. Eng. Chem., 28, 1429-1436 (1936), 
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With Eq. (157) and those just stated the heat transfer in a tube 
with noncircular cross section can also be calculated. Instead of 
the diameter d, the hydraulic diameter dh = AA/G (where A is 
the cross-sectional area and C is the wetted perimeter) must be 
inserted. The whole perimeter must be used also in the case 
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2 3 4 5 10^ 2 3 4 5 tO^ 2 3 4 5 iO^ 
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Fia. 67. Film heat-transfer coefficients in a tube within the transition zone from 
laminar to turbulent flow. [According to E. N. Sieder and O. E. Tate, Ind, Eng. 
Chsm., 28 , 1429-1436 (1936).] 

when only part is heated or cooled.^ Only in calculating the 
heat flow with Eq. ( 8 ) is the heated area to be used. 

Example. The radiator of a motorcar is constructed of finned tubes. 
The tubes are 0.24 in. in diameter and 24 in. long. Cooling water flows 
through them with a 3-fps velocity and 140 F temperature. The film 
heat-transfer coefficient on the tube wall is to be calculated. The 
kinematic viscosity of water at 140 F can be found in the Appendix as 
V = 0.514 X 10-® ftVsec and the Prandtl number Pr = 3.02. The 

3X 0 24/12 

Reynolds number is Re » q 514 10"^ ~ 11,600. The flow therefore 

is turbulent. The intake length for turbulent flow is Le/d = 40. 
Here the ratio of the tube length to the diameter is 100. Therefore 
the greater part of the flow is fully developed, and calculations 



' M. ten Bosch, op, cit. 




HEAT TRANSFER BY CONVECTION 


117 


can be made with Eq. (157). From Fig. 65 the value A is found to l>e 

1.5. TheNusselt 

number is Nu — 0.00194 X 11,600 X 3.02 — 68, and the heat-transfer 
coefficient, with k — 0.376 Btu/(ft)(hr)(F), is 

k 0 S76 

h:=Nu Btu/(hr)(ft2)(F) 


Within the first half of the tube length the heat-transfer coefficient drops 
to this value. The heating of the water may be calculated immediately 
from Nu/{RePr). We get 

~ f = ^"0.00194 = 0.776 
Ib — tw d 


26. The plate in longitudinal flow 

In order to calculate the heat transfer from a plane plate with 
Eq. (155), the value iia must be inserted for the free-stream veloc¬ 
ity, and U accordingly for the temperature in the free stream. 
Introducing the shearing stress from Eq. (118), and the velocity 
ratio from Eq. ( 122 ) gives 


Nu. _ 0.0296(Re)-^^^ 

Re. Pr i + 0.87A(Re)-“Ho(pr- i) 


(160) 


The value A may be taken from Fig. 65 or from the equation 
A = 1.5Pr~^. The factor 0.87 arises by the change from the 
average velocity used for the tube to the velocity Us used here, 
which corresponds to the velocity in the tube axis. Equation 
(160) gives the local heat-transfer coefficient. It was pointed 
out in Sec. 13 that a laminar boundary layer exists in the neigh¬ 
borhood of the leading edge. Only wffiere the Reynolds number 
as constructed with the distance from the leading edge has 
reached the critical value (approximately 5 X 10®) does the flow 
in the boundary layer become turbulent. Now Eq. (160) gives 
the heat-transfer coefficient in the turbulent zone, whereas for 
the laminar part Eq. (140) is to be used.^ For gases the above 
equation can be simplified since the range of Prandtl numbers is 
small in this case and the denominator can be regarded as con¬ 
stant. By integrating this simplified equation over the plate 
length the average heat-transfer coefficient is obtained. Assum- 

1 M. Jakob and W. M. Dow, Trans, ASME, 68, 124-134 (1946). 
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ing the l^oundary layer to be turbulent over the whole length the 
Nusselt number built with the average heat-transfer coefficient is' 

NTi, = ().()37(/er^)»*«(Pr)^ 

In reality probably a certain part of the boundary layer near the 
leading edge is always laminar. Integration must then be 
carried out in two steps, over the laminar part and over the 
turbulent part separately. Assuming that the heat-transfer 
coefficients in the turbulent zone are the same as if the turbulent 
boundary layer started right on the leading edge, and carrying 
out the integration gives 

NTi, = 0.037(Pr)^'^[(7^c^)o-8 - 23,100] 

for Recr = 5X10® and 

Thi, = 0.037(Pr)^[(P<>,)o-8 ~ 4,200] 

for Recr = 10®. 

The Stanton number in Eq. (100) can be interpreted as the 
ratio of two lengths for boxmdary-layer flow. For this purpose 
we use the fact that all the heat Q transferred from a hot plate 
to the flow past its surface within the length x (Fig. 68) must in 
steady state be carried with the flow through the plane I-I. In 
mathematical form this gives 

Q = ycp ii{t - i.) dy 

The integration has to be carried out practically only within the 
thermal boundary layer. On the other hand the heat flow Q 
can be expressed by a heat-transfer coefficient averaged over the 
length x: 

Q = fix{tw — U) 

From both equations the average Stanton number can be 
determined: 

St = -i- = i 

yCpUg x Jo 'iigitw tg) 

The integral has the dimension of a length and can be regarded 
as a kind of boundary-layer thickness. Since it characterizes the 

1 H. A. Johnson and M. W. Rubesin, Trans. ASME, 71, 447-456 (1M9). 
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heat carried by convection within the boundary layer we shall 
call it convection thickness (6c). It corresponds closely to a value 
called impulse thickness of the boundary layer which is used in 
hydrodynamics. The diagram on the lower side of Fig. 68 
shows the determination of the convection thickness. Multiply¬ 
ing for all values y the ordinates of the nondimensional velocity 
profile u/ug by the nondimensional temperature profile {t — U)/ 
(tw — U) leads to curve a, the area under which is the above 




layer. 

integral. It can be transformed into a rectangle with unit height 
and the length 5c. It is easily understood that the convection 
thickness is smaller than the thermal boundary-layer thickness 
bt (page 92) and also smaller than the displacement thickness as 
defined on page 71. Since the boundary-layer thickness is 
always small as compared with the length x, it can be seen that 
the Stanton number is always a small value. 

Example. A flat plate heated to 176 F is cooled by an air stream at 
68 F, 14.2 lb/in.2 and a velocity u, = 30 fps. The local heat-transfer 
coefficient at a distance x ~ 12 in. is to be calculated. 
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According to page 115 the property values for gases are to be inserted 
at the arithmetic mean between wall and gas temperature. This gives 
t* = 122 F. From the Appendix we get, v = 19.89 X 10"® ftVsec, 
k = 0.0160 Btu/(hr)(ft)(F), Pr = 0.701, 


Re 


X 

V 


30 X 12/12 
19.89 X 10-® 


= 151,000 


At this Reynolds number the boundaiy layer may be laminar or 
turbulent. If it is turbulent, there is obtained from Eq. (160), 


^ Nu. 0.0296(151,000)-^^> 

~ Re,Pr ” 1 - 0.87'X 1.75(151,000)-^o X 0.299 


= 0.00312 


It is questionable as to which length must be inserted as x, since the 
boundary layer is laminar in the vicinity of the leading edge. Follow¬ 
ing the suggestion of Praiidtl (page 74) the distance from the leading 
edge was used as x. The Nusselt number becomes 

Nu - 0.00312 X 0.701 X 151,000 = 330 


and the heat-transfer coefficient 


h = Nu - 330 = 5.28Btu/(hr)(ft»)(F) 

X I 


If the flow is laminar at the distance a: = 12 in., there is obtained from 
Eq. (140a), 

Nu = 0.331 VSe = 0.331 X -^070 X a/151,000 = 115 

and the heat-transfer coefficient 

A = 115 X 0.0160 = 1.85 Btu/(hr)(ft2)(F) 

Therefore, the heat transfer increases very much when the boundary 
layer becomes turbulent. 


26. Recent improvements in the theory of turbulent heat transfer 

In the last sections the velocity ratio Uh/Us in the fundamental 
Eq. (155) had to be determined empirically from heat-transfer 
experiments. In recent years T. von Kdrmdn^ succeeded in 
refining the theory of turbulent heat exchange in such a way 
that good agreement with experimental results is obtained with¬ 
out introduction of any correction factors. His calculations 


^ T. von Kdrmdn, Trans, ASME, 61, 705-710 (1939). 
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were extended and compared with experimental results by 
Boelter, Martinelli, and Jonassen.^ 

Prandtl and Taylor idealized the turbulent flow near a wall by 
assuming a laminar sublayer and a turbulent layer separated by 
a sharp border line. It is known that in reality the turbulence 
gradually decreases in the neighborhood of a wall. Figure 41 
revealed that the flow field is better subdivided into three regions, 
the laminar sublayer, the buffer layer, and the turbulent layer. 

For the laminar sublayer the equations on page 106 hold true. 
They can be written in the form 


Tl 





V dt 
Fr 


(161) 


The corresponding equations for the turbulent zone will be some¬ 
what transformed by introducing the concept of the eddy dif- 
fusivity. In analogy to the above equation for the laminar sub¬ 
layer we write for the turbulent shearing stress 


Tt = 


dy 


( 162 ) 


The eddy diffusivity € has the same dimension as kinematic, 
viscosity. It is however not a constant but a function of the 
wall distance, Reynolds number, and other variables, and must 
be determined separately. According to Eq. (148a) in which the 
difference {u — u') may be replaced by an infinitesimally small 
difference du, the eddy diffusivity is c = {w'/y) dy. The Reynolds 
analogy demands that the specific turbulent heat flow follow the 
equation 

qt = (162a) 


with the same value c as in the equation for the turbulent shearing 
stress. We can prove this by dividing one above equation by 
the other. This results in qt/n = gcpidt/du), an expression iden¬ 
tical with Eq. (149). 


* L. M. K. Boelter, R. C. Martinelli, and F. Jonassen, Trans. ASMS, 63, 
447-466 (1941). 
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In any turbulent flow turbulent shearing stress and turbulent 
heat flow are present, together with the laminar shearing stress 
and heat flow represented by Eqs. (IGl), but in the turbulent 
layer the eddy diffusivity is ordinarily so much bigger than the 
kinematic viscosity and the thermal diffusivity that the molecular 
exchange given by Eq. (161) can be neglected as compared to the 
molar exchange of Eqs. (162). In the buffer layer, however, all 
these are of the same order of magnitude. It is assumed gen¬ 
erally that there is no mutual interaction and that we can write 
therefore for this layer 


Th — (v -\- 



Qb = 



(1626) 


We sliall now calculate the drop in temperature in the buffer 
layer with the help of these equations. The second equation 
gives 




dy 

(v/Pr) + € 


The eddy diffusivity is determined from the first ecpuition 


p du 


V 


The laminar sublayer and the buffer layer are very thin compared 
with the tube radius; therefore, the shearing stress and the 
specific heat flow can change by only a small amount within these 
layers. It was therefore assumed constant throughout the 
layer. Accordingly we replace the values n and qi, by t«, and 
gu>. In addition we introduce the dimensionless values y’^ and 
From the equations which define these values (page 82) it 
follows that 

iL ^ — i 

Tv) dy V dy^ 

Kdrmdn’s equation for the velocity in the buffer layer 


= 5[1 + ln(yV5)] 
gives du^/dy^ = 5/y+. Therefore 
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and 
A <6 = 

ycpv 

Integrated 


/ 


dy 


1 . y* 


+ »_ 1 

Pr^ 5 


_ Qw 

~ ycp 


J 5 J 


dy+ 


-L + »_ 1 

Pr^ 5 


A<^= 

y^'P 




5 ln(5 Pr + 1) 


The linear temperature drop in the laminar 
sented by 


Ati = 


yi = 


Pr 


yop V 


y\ 


sublayer is repre- 


Introdueing the dimensionless value — 5) gives 


Ml 



ycp 



Within the turbulent layer the lieynolds^ analogy is applied 
[Eq. (154a)l: 

Mt = {u, - Ub) 


Introducing again the dimensionless value gives 



The border of the turbulent zone, where the velocity is u^j is 
fixed by the wall distance yf = 30. Therefore with Kdrmdn’s 
equation ui' = 5(1 + In y^/b) and = 30, 

At, ^ - 5(1 + In 6) 1 

ycpMT^l^/T^/p J 

By summing up all the individual temperature drops, the whole 
temperature difference between the tube wall and the end of the 
turbulent zone (the tube axis) is found: 




U, 


■\/ru,/p 


+ 5(Pr - 1) + 5 In 


5Pr + 
6 


y 
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The dimensionless heatr-transfer coefficient is 

sv = =_ 

RePr yCpUs(Ur — U) 

1 + xSUcPr - 1) + 

\ pUs^ L J 

This equation supersedes Eq. (155) derived by Fraudtl and 
Taylor. It is valid for the flat plate as well as for the tube. 

To adapt it to the flat plate one can introduce the equation 
T,„/pUs^ = //»/2 from page 72. This gives 

q, ^ ^_ kll_ _ 

For a smooth wall /p/ 2 = 0.0296/(/?ex)°‘^. In adapting it to the 
tube one must keep in mind that the heat-transfer coefficient is 
usually built with the bulk temperature tu of the flowing sub¬ 
stance, whereas in the above equation the temperature U of the 
tube axis appears. The equations for the shearing stress at the 
tube wall also contain the average velocity Um and not the veloc¬ 
ity Ug in the tube axis as used here. Denoting the ratio of the 
two velocities <pm = Um/Ug and the temperature ratio 

_ I'll' Ib 

tw tg 


and using the expression t^/pu^^ — f/S (page 81) we get for the 
tube 


Re Pr 


1 + 


(<Pmmf/8 

5{Pr - 1) + 5 In 


5Pr+ 


The velocity ratio can be derived from Eq. (117) of the turbulent 
velocity profile <pm = 0.82. In reality, it changes a bit with 
Reynolds number. For the friction coefficient / Eq. (131) or 
(132) is to be used. 

Boelter, Martinelli, and Jonassen avoided introduction of the 
velocity ratio for the tube by writing the temperature drop in 
the turbulent region in a different way. By repeating the deduc- 
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tion given here for the buffer layer but putting >< = 0 and using 
the equation = 5.5 + 2.5 In j/+ for the turbulent zone we get 




Fig. 69. Temperature ratio t^' for turbulent heat transfer in a tube. {From 
L. M. K. Boelter, R. C. Martinelli, and F. Jonasaen, Trana. ASMS, 63, 447- 
466 (1941).] 

and for the dimensionless heat-transfer coefficient, 

St = _ _ {i/o')Vf/s _ 

5 [Pr + In (1+5P/-)+1 In 

Figure 69 shows the temperature ratio t?' which is necessary for 
the evaluation of the equations for the tube. 

Boelter, Martinelli, and Jonassen compared the heat-transfer 
coeflScients calculated by the last equation with measured values 
and found a very good agreement. Figure 70 illustrates this. 
To take into account the variable property values they introduced 
a thickness yf for the laminar sublayer depending on the ratio 
of the viscosity at wall temperature to the viscosity at bulk-fluid 
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>’iG. 70, Comparison between calculated and measured film heat-transfer 
coefficients for turbulent flow in a tube. {From L. M, K. Boelter, R. C. Marti- 
ndli, and F. Jonaaaen, Trana. ASME, 63, 1941, pp. 447-455.) 



it 

Mt 

Fig. 71. Laminar sublayer thickness in a tube determined from heat-transfer 
data, by L. M. K. Boelter, R. C. Martinelli, and F. Jonassen {Trana* A8ME^ 
63 , 1941, pp. 447-455). 
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temperature. This sublayer thickness was determined from 
heat-transfer experiments and is shown in Fig. 71. The property 
values in the equation itself are introduced at bulk temperature. 

A thorough theoretical investigation of turbulent heat transfer 
from a flat plate and in a tube was made by H. Reichardt.^ He 
inquired first whether the Reynolds^ analogy is really true or not, 
and found from measured temperature and velocity profiles that 
the ratio of the eddy diffusivity for momentum transfer to the 





Fig. 72. Universal temperature profiles for turbulent heat transfer in a tube. 

eddy diffusivity for heat transfer is not 1, but has some value 
between 1.4 and 1.5. His evaluation of heat-transfer measure¬ 
ments, however, gave for the same ratio the value 1.1. It is 
known that in wakes behind bodies in flow this value is 2. 
Further experiments to answer this question are of much interest. 

The formulas in this paragraph can be used also to calculate the 
heat transfer on rough surfaces when the friction coefficient of 
these surfaces is introduced.* An extension of the derivation is 
necessary for substances with very low Prandtl numbers, e,g,, 


^ H. Reichardt, Z. angew. Math, Mech., 20, 297-328 (1940). 
* R. 0. Martinelli, Trans, ASME, 68 , 947-959 (1947). 
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molten metals and liquid mercury. In these substances the 
molecular exchange of momentum and heat cannot be neglected 
in the turbulent zone as compared with the turbulent exchange. 
Such an extension was made by R. C. Martinelli.^ 

By using especially adapted coordinates there can be con¬ 
structed temperature profiles which do not depend on the 
Reynolds number and which can therefore be called universal 
temperature profiles in analogy to the universal velocity profile. 
In the formulas for the temperature drop in the different layers 
there appeared the factor ^u/a/tu/p yCp which has the dimension 
of a temperature. By dividing the difference in temperature 
between an arbitrary point within the boundary layer and the 
wall {t — tw) by the above factor, a dimensionless Ai'^ is built 
which serves as ordinate for the universal temperature profile. 
The abscissa is the same (/y^) as in Fig. 45. Figure 72 shows 
these temperature profiles for different Prandtl numbers. The 
profile for Pr = 1 is identical with the universal velocity profile 
when the eddy diffusivity of momentum and heat are equal. 
The plotting of measured temperature profiles in this form is 
useful in checking the assumptions of the theory presented in this 
paragraph. 

27. Dimensional analysis of heat transfer 

The different types of heat transfer reviewed up to this point 
could be calculated. For other types, however, calculation is 
hopeless at the present time. This is true for all bodies which 
create wakes in the flow. As an example the circular tube in 
Fig. 46 can be mentioned. For such a tube the only possibility 
that remains is to derive heat-transfer data from experiments 
and to generalize the results by dimensional analysis. This 
theory teaches that all physical processes depend on certain 
dimensionless values, and shows how to find these values. The 
application of this theory to heat transfer enabled Nusselt^ to 
coordinate systematically earlier experimental results for the 
first time and to plan new experiments systematically. 

When the hydrodynamic boundary layer on the fiat plate was 
calculated it was found that the result could be presented as 
function of the Reynolds number alone. This was true for the 

I R. C. Martinelli, Trans, ASME, 68, 947-959 (1947). 

* W. Nusselt, Oesundh, Ing,, 38, 477-490 (1916). 
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boundary-layer thickness [Eq. (115), (120), and (123)], as well 
as for the friction coefficient. The thermal boundary layer and 
the heat-transfer coefficient in dimensionless form could be 
presented as functions of two dimensionless values, the Reynolds 
number and the Prandtl number. We shall now try to answer 
the question whether it is possible to obtain these results from the 
differential equations without solving them. For this purpose 
it is necessary to write these equations in dimensionless form. 
Start with the momentum equation (111). For the flat plate, 
the pressure gradient dp/dx is zero. Considering this and intro¬ 
ducing the shearing stress from Eq. (109), there is obtained 

Now make the velocity u dimensionless by dividing it by the 
known free-stream velocity Ug. The dimensionless velocity is 
denoted by u' = u/ug. In the same way a length can be selected 
to make the other lengths dimensionless with it. By selecting 
the distance x from the leading edge, we get y' = y/x and 
dy* = dy/x. In ,the same way dx^ = dx/x and V == l/x. 

Introducing these into the above equation gives 


pUg^ 



(1 


- uyi' dy' 



In this equation only the property values and the reference 
values X and Ug have dimensions. If both sides are divided by 
the equation must become dimensionless, for then the left- 
hand side has only dimensionless values. On the right-hand side 
there appears the value v/ugX^ which is the reciprocal value of the 
Reynolds number The momentum equation in dimension¬ 
less form is 



— u')u' dy' 


Rcx 



(163) 


It differs from the original equation in that in place of the 
property values there now appears the dimensionless Reynolds 
number. The solution of the equation must present the unknown 
dimensionless velocity u' as a function of the dimensionless 
coordinate y' and of the Reynolds number 


t.' « f(y\ Re) 


(163a) 
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The value of at which u = where therefore = 1 is calhnl 
the dimensionless boundary-layer thickness 6'. For this value 
an equation 

S' = i = f(Re) (1«4) 


must exist. As the shearing stress on the wall is calculated from 
the velocity profile [Eq. (163a)], it is clear that the coefficient 
of friction is also a function of the Reynolds number. It can be 
seen that it is actually possible to predict the form of the results 
of the calculations from the differential equation. 

Now we shall apply these same reflections to the heat-flow 
equation (135). Beside the values already used in the momen¬ 
tum equation there must be defined a dimensionless temperature 
difference by dividing the temperature difference t? = (<« — 0 
by the difference 6 = (ts — tw) between free-stream temperature 
and wall temperature, = ^/O. Introducing it into Eq. (135) 
there is obtained 


Un 



(1 ~ dy' 



By dividing by Ua the equation becomes dimensionless. On the 
right-hand side there appears a/usX. Its reciprocal value differs 
from the Reynolds number in such a way that the thermal dif- 
fusivity a takes the place of the kinematic viscosity v. The 
dimensionless value Uax/a is called the Peclet number and is 
denoted by Pe. 

Pe. = ^ (165) 

a 


The solution of the dimensionless equation 

must give the temperature profile in the form 


(166) 


The dimensionless velocity may be introduced from Eq. (163o): 

- Ky', 
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In this form the equation is impracticable for numerical calcula¬ 
tions because in both values Re and Pe there appear the velocity 
Us and the distance x. Therefore it is better to build a new 
dimensionless value by dividing Pe by Re, This gives 


El 

Re 


- = Pr 


a 


The ratio is therefore the Prandtl number, which is known 
already. Now we may write 

t5^' = /( 2 /', /ec., Pr) (107.) 

for if t?' is a function of the Reynolds number and Peclet number 
it must also be a function of the Prandtl number, the ratio of the 
two preceding ones. The heat-transfer coefficient according to 
Eq. (1376) is 



In dimensionless form this becomes 

hi — ( 

k ~ \dy')u 

On the left-hand side appears the Nusselt number, Nu^, The 
dimensionless temperature is, according to Eq. (167), a function 
of the dimensionless distance from the wall y' and of the Reynolds 
and Prandtl numbers. The same must be true for the deriva¬ 
tive d'd*/dy' and its value at the wall (for ?/' = 0) must be a func¬ 
tion of Rex and Pr, Therefore 

iVit* = /(P6„ Pr) (167o) 

For the heat transfer of a flat plate with a laminar boundary 
layer there was given in Eq. (140a) 

ATm, = 0.331 ^Tr \/K^ 

Introducing the Peclet number by the relation Pr = Pex/Rex 
there is obtained 

Nux = 0.331 -^Pex -yPex 

In this example it can be seen that the Prandtl number can be 
replaced by the Peclet number, and conversely. 
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The reflections up to now were made only on a special example, 
the flat plate. Since the momentum equation (111) and the 
heat-flow equation (135) are generally applicable for boundary 
layers, the results must also be generally presentable as functions 
of the above dimensionless numbers. The general momentum 
equation (111) has a summand with the pressure gradient, which 
vanishes for the flat plate. It will be shown later that this 
summand does not influence the above results. The special 
form of the functions in (103) and (167) depends on the shape of 
the body whose surface transfers heat and on the velocity varia¬ 
tion along the surface and outside the boundary layer. These 
factors fix the boundary conditions of the differential equations 
(111) and (135). They also must be presented in dimensionless 
form by dividing all lengths by a reference dimension of the body, 
and all velocities by a reference velocity Uo- If the differential 
equations can be solved for one pair of the boundary conditions, 
the solutions are also known for a whole group of cases, namely, 
for all bodies which arise from the original one by virtue of 
increasing or decreasing the scale, because all these bodies are 
similar dimensionally. On the other hand the reference velocity 
Uo may be varied freely, for the boundary condition requires only 
that the dimensionless ratio Ua/uo have a certain value. The 
dimensionless velocity field u' depends only upon the Reynolds 
number for all these cases, and the dimensionless temperature 
field 1 ^' depends upon both Reynolds number and Prandtl number. 
In other words, all the dimensioned velocity fields u and the tem¬ 
perature fields ^ of the above cases may be brought into con¬ 
gruence if they are divided by the reference velocity Uo or by the 
reference temperature difference Go, respectively, and if they are 
plotted on the dimensionless coordinates x' and y\ as long as the 
Reynolds number and the Prandtl number each has a constant 
value. 

All bodies arising from the original one by changing the scale 
are called geometrically similar bodies. In the same way fields 
of physical quantities such as the velocity and temperature field 
are called physically similar if they can be made congruent by 
dividing the quantities by a reference quantity of the same 
dimension and plotting them over the dimensionless coordinates. 

Now the result of the above considerations can be formulated 
in the following way: 
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The velocity fields of geometrically similar bodies are physically 
similar if the velocities on the borders of the field are similar and the 
Reynolds number has a constant value. The temperature fields of 
the same bodies are similar if the additional conditions are fulfilled 
that the temperatures on the borders of the field are similar and the 
Prandtl number has a constant value. 

As a last step these considerations must be extended to cases 
where no boundary layers arise, for instance in the case of wakes 
behind blunt bodies. For this purpose it must be remembered 
that the momentum equation (111) of the boundary layer is the 
expression for the equilibrium of all forces acting on a fluid parti¬ 
cle in the boundary layer. If, in the same way, the equilibrium 
conditions are formulated for a fluid element in a flow of a fluid 
with friction forces the Navier-Stokes differential eciuations' 
(Navier 1882, Stokes 1845) are obtained. The derivation of these 
equations is a very long process. It is not necessary, however, 
to have the exact form of these equations for our considerations, 
but only their principal structure. 

Assuming a mass particle with the shape of a small parallele¬ 
piped (dimensions dx, dy, dz) moving in the x direction with a 
variable velocity u. On the particle there acts an inertia force 
p(du/dt) dx dy dz, with t being denoted as the time for a moment. 
If the flow is steady, then the velocity of the particle changes only 
by the fact that the particle is carried to another place. There¬ 
fore du/dt = du/dx dx/dt — u du/dx. The interia force is 
pu{du/dx) dx dy dz. Friction forces arise by the action of shearing 
stresses on the surface of the particle. On one surface dx dz 
(Fig. 22) the shearing stress r acts in the x direction. On the 
other surface dx dz the shearing stress is r + {dr/dy) dy. As a result 
of these stresses there is acting on the particle a friction force 
(dr/dy) dx dy dz. With Newton’s formula (109), this gives 
p{dH/dy^) dx dy dz. A friction force in the x direction arises 
also from shearing stresses on the two surfaces dy dx. This 
force is p{d^u/dz^) dx dy dz. Only the pressures acting on the 
surfaces dy dz give a force in the x direction. This force is 
— {dp/dx) dx dy dz. As an equilibrium expression of the inertia, 
friction and pressure forces there is obtained 

1 For example, W. F. Durand, Aerodynamic Theory,Vol. 3, Springer- 
Verlag, Berlin, 1935. 
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du , 


d^u , d^u . 


dp 

dx 


(168) 


In reality the variations of the velocity component u in the y and z 
directions also cause inertia and friction forces in the x direction. 
These have, however, the same character as the corresponding 
expressions in the above equation and are therefore only indicated 
by the dots. 

To make the ecjuation dimensionless it is treated in the same 
way as before, that is, all velocities u, v, w are divided by a 
reference velocity = 2^/Fo, = w/Vo) and all 

coordinates by a reference length I {x^ = x/l^ y' — y/l, 2 ' = z/l). 
The pressure p can be made dimensionless with the dynamic 

pressure p(Vo'^/2) of the reference velocity, or p' = p 

Ecpiation (168) changes to the following form: 




dxi! 

d? 



- 4 - 

^ /= V%'- 


— p- 


i ^ 

2dx' 


(169) 


To make this expression dimensionless it is divided by piVoVl^ 
and thus 


4 _ 


JL -4- . . _ 1 

Rr / 2 dx' 


(169a) 


Two other e(|uations of the same form are obtained for the equi¬ 
librium of the forces in the y and z directions. A fourth equation 
can be written by the consideration that in steady flow as much 
fluid leaves the volume element as enters it. In the same way 
as the heat-flow equation was obtained in Sec. 10, the continuity 
equation can be written 


dw dy dw 


or in dimensionless form 


du' , dv' , dw' ^ 


(170) 


From the three Eqs. (169d) and Eq. (170), the velocity com¬ 
ponents u'j v', w', and the pressure p' can be calculated and the 
solutions can be presented as functions of the dimensionless 
coordinates x', y', z' and the Reynolds number Fo^/v. 
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The dimensioned factors in Eq. (169) are inertia and friction 
forces per unit volume built up with the reference values of veloc¬ 
ity and length. The Reynolds number therefore is the ratio of 
these two forces. A large Reynolds number indicates that the 
inertia forces predominate, a small Reynolds number indicates 
predomination of the friction forces. 

The heat-flow equation in the boundary layer expresses the 
equilibrium between the convection heat carried with the flow 
into a small volume element within the boundary layer and the 
heat leaving the element by conduction. To get the heat-flow 
equation for a volume element in any general position within a 
viscous fluid use is made of Eq. (89). This ecpiation also holds 
true in a liquid if the volume element moves with the flow and 
always consists of the same mass particles. In a steady flow the 
temperature of this element changes only by the change in the 
position of the element 

d& _ dx ^ dd dy • i 

dt dx dt dy dt dz dt ^ dx dy ^ dz 

where t = time. 

By introducing this expression, Ec|. (89) beK^omes 

yc,U^ + ■ ■ . = h—, + ■ ■ ■ (171) 

The specific-heat value used here must be that for constant pres¬ 
sure.^ In reality heat sources are always present in a flowing 
liquid, inasmuch as the energy losses from the friction forces are 
converted into heat. For velocities which are not too high, the 
temperature increase produced by these sources is so small that 
it can be neglected. At high velocities, however, the heating 
effect by friction is very marked. This effect will be discussed 
in a later section. In Eq. (171) only one representative of any 
type of summand is written. In order to characterize the two 
expressions on the left- and right-hand sides as convective and 
conductive heat flow, respectively, the property values are not 
united to the thermal diffusivity as in Eq. (89). Since in the 
equation only temperature differentials occur, d can be considered 
a temperature difference with respect to any arbitrary tempera¬ 
ture. To make Eq. (171) dimensionless, we introduce in addition 

* This will be explained in Sec. 29. 
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to the same dimensionless values as in Eq. (170) the dimension¬ 
less temperature difference = t ^/0 (0 is a reference tempera¬ 
ture difference). Therefore 

UoB ,0 , 

— • • • 

and in dimensionless form 


“ 5 ? + 


_1 / SH' 

Pe \d^'2 


The solution of Eq. (172) must present the dimensionless tem¬ 
perature such that 


d' = f(u\ v', w\ x\ !/', z\ Pe) 


or by introducing the velocities as functions of the coordinates 
and the Reynolds number, and using Pr instead of Pe, 


t?' = f{x\ y\ Pe, Pr) 


The heat transfer at a certain place on a body surface can be 
derived from this equation as 

Nu = f(Re, Pr) (173) 


All temperature fields and heat-transfer coefficients in forced 
convection can therefore be presented in dimensionless form as 
a function of the Reynolds and Prandtl numbers. 

To determine the dimensionless groups for heat transfer by 
free convection there must be included in the previous equations 
those movements which are generated by temperature differences. 
If the specific weight y changes with temperature, buoyant forces 
arise which must be included in Eq. (169). The buoyant force 
acting on the element dx dy dz has the value (7 — 70 ) dx dy dZy 
where 70 denotes the specific weight of the fluid at some refer¬ 
ence point. The expansion coefficient which represents 
the relative change in volume per degree temperature increase 

= (1 /v){dv/dT)p may be introduced. If an average value fim is 
constructed with the temperature difference from a reference 

temperature and with the 

the buoyant force is given as 


specific weight 70 , ^/3m = | 
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(t — 7 o) dx dy dz = 70 — Ij dx dy dz 

= 7 o dx dy dz = dx dy dz 

For gases \/v — p/RT {dv/dT)p = R/p. Therefore jS = l/T, 
and Pm has the same value. Equation (159) presents the forces 
per unit volume. Therefore to it must be added the summand 
yoPmdy or yoPm^d'. To make Eq. (159) dimensionless it was 
divided by p{uo^/l). The buoyancy summand in the expanded 
Eq. (169a) is therefore (yopmOl/pUo^)d\ The dimensionless tem¬ 
perature t?' as a solution of Eq. (169a) is a function of the dimen¬ 
sionless factor yoPm^l/pUo^ in addition to those previously 
mentioned. For small temperature differences it becomes 
yPm^l/pUo^ = gPmOl/uo^. This characteristic value has the dis¬ 
advantage that it contains the temperature difference 0 and the 
velocity Uo as well. To eliminate one of them it is necessary to 
construct a new characteristic value by multiplying the above by 
the square of the Reynolds number. The characteristic niimber 
arising in this way is called the Grashof number or Grashof 
modulus and is indicated by Gr : 


Gr 


gPm^l ^ gp m^l^ 


(174) 


This characteristic number must be added to those previously 
derived, where the buoyant forces noticeably affect the flow. 
The heat transfer may then be expressed by an equation of the 
form 

Nu = /(/fe, Fvy Gr) (175) 

The expansion coefficient necessary for the calculation of the 
Grashof number is contained in the Appendix. It depends 
essentially only on the temperature for liquids and gases except 
in the proximity of the critical point, where a marked dependency 
upon pressure arises. At the critical point the expansion coeffi¬ 
cient theoretically becomes infinite. Figure 137 shows the coeffi¬ 
cient of expansion for water over the whole range of state. 
Within a liquid near its critical point the temperature differences 
are equalized very rapidly because the great expansion coefficient 
evokes great buoyancy forces. 
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If flow in a liquid or gas is caused only by the temperature dif¬ 
ferences, there is no reference velocity available which can enter 
the problem as a boundary condition. Therefore no Reynolds 
number can be computed. For free convection an equation of the 
form 

Nu = f(Gr, Pr) (176) 

exists. In one of the following sections such an equation will be 
derived by solving the boundary-layer equations. If the tem¬ 
perature differences are very small the arising velocities are small. 
Then in the expanded equations of momentum (168) the inertia 
forces may be neglected. Dimensional analysis of this equation 
shows that the heat transfer then depends only on the product 
Gr Pr, 

Nusselt extended the dimensional investigation in that he 
assumed the property values hitherto considered constant as 
dependent upon the temperature. If the property values follow 
the laws v = vo(T/Ti\y\ a = ao{T/Toy% he finds that the heat 
transfer may be presented in the form 

Nu ^ f(Re,Pr,Gr,^^ (177) 

where Tu, is the absolute temperature of the wall, To an absolutes 
reference temperature in the flowing medium (gas or liquid). 
For gases, the above equations approximate the real temperature 
dependency of the property values fairly well. For liquids the 
expressions can always be used for a certain temperature range 
whereby the zero point for the temperatures can be fixed arbi¬ 
trarily. In Eq. (177) there then appear the differences with 
respect to this zero point instead of the absolute temperatures. 

At high velocities, the heat generated by internal friction in the 
flowing medium must be considered in the heat-flow equation. 
This causes the Mach number ilfa, i.e., the ratio of the reference 
velocity to the sound velocity, to appear in the result: 

Nu=f Pr, Ma, (178) 

The Grashof number disappears as at high velocities the buoyancy 
effects can be neglected. 
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No evidence as to the form of the function / in the previous 
equations can be gained by dimensional analysis. This must be 
obtained by experimentation or calculation. Nevertheless th(' 
advantage of knowing upon what values the result depends before 
starting the experiments is very great and cannot be overesti¬ 
mated. For example, if it is desired to investigate the heat trans¬ 
fer on a circular tube and if it is known from dimensional analysis 
that it depends only on the Reynolds number, it is sufficient to 



Fi(}. 73. Isotherms around a cylinder cooled by a fluid flowing normal to its 
axis as revealed by an interference photograph. Re — 1,260. {Photograph by 
E. Eckert and E. Soehngen.) 

use only one tube diameter and to vary the free-stream velocity. 
The results of these experiments allow the calculation of heat 
transfer for tubes of any diameter, since the Reynolds num¬ 
ber shows that heat transfer depends only on the product of the 
diameter times velocity. Yet another generalization is possible. 
After finishing the experiments with only one gas or liquid, the 
heat transfer is known not only for this particular gas but for all 
media with the same Prandtl number. 

Nusselt proposed to evaluate experiments in such a way that 
for the function / a product of exponentials is used, for instance, 

Nu * K(Re)-^(Pr)^ (179) 
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Equations of such a form were very widely used. Lately it has 
become clear, however, that equations of another type are more 
suitable for presenting test results over a wider range. Equa¬ 
tion (157) and the equations in Sec. 26 are examples. 

28. Tubes and tube bundles in crossflow 

Among the differently shaped bodies from whose surface there 

is flow separation, circular tubes 
are those of the greatest engineering 
importance; therefore, a great num¬ 
ber of experimental investigations 
of heat transfer from tubes are 
known. The flow around a circu¬ 
lar tube was discussed in Sec. 18. 

The temperature field around a 
heated cylinder is revealed by the 
interference photograph in Fig. 73. 
The dark lines around the shadow 
of the cylinder are lines of constant 
temperature. This figure thus 
shows the thermal boundary layer 
on the front half of the cylinder. 
A kind of boundary layer exists 
also along the back half. Within 
it the temperature drops from the 
surface value to the temperature 
within the wake. The flow shown 
in this photograph has a small 
Reynolds number. At higher 
Reynolds numbers the boundary layers are thinner and the 
temperatures in the wake more fluctuating and irregular. 

The distribution of the heat-transfer coefficient around the 
tube surface is shown in Figs. 74 and 75. Heat transfer on the 
front side of the tubes was discussed in Sec. 21 and is shown by 
Fig. 55. The heat transfer on the back side occurs in the wake. 
Our knowledge of this kind of heat transfer is very limited. At 
low Reynolds numbers, the heat transfer on the front side is much 
greater than that on the back side. With increasing Reynolds 
number the heat flow from the back side increases comparatively, 
and for Re = 50,000 it is as high as on the front side. The 



coefficients around a cylinder in a 
flow normal to its axis. {Accord¬ 
ing to W. Lorischfrom M. ten Bosch, 
''Die Wdrmeuhertragung,” Sd ed., 
Springer-Verlag, Berlin, 1936.) 
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reason for this fact is that the vortices, while separating alter¬ 
nately from the right and left flank of the cylinder, wash the sur¬ 
face of the rear half of the cylinder with an intensity that increases 
with the Reynolds number. If the boundary layer changes to 
turbulent flow before it separates from the surface, the distribu¬ 
tion of the heat-transfer coefficient along the surface changes. 



Fig. 75. Local film heat-transfer coefficients around a cylinder in a flow normal 
to its axis. [From E, Schmidt and K, Wenner^ Forach. Gebiete Ingenieurw., 12 , 
66-73 (1933).] 

This is the case when the Reynolds number exceeds the value 
Rea = 4 X 10®. Figure 75 shows that for a high Reynolds 
number the heat-transfer coefficient increases very much at an 
angle of 100 deg. This indicates the transition in the flow within 
the boundary layer. It was seen also on the plate in longitudinal 
flow, that the heat transfer increases appreciably at the place 
where the laminar boundary layer changes to a turbulent one. 
The place on the cylinder surface where the flow separates prob¬ 
ably lies in the neighborhood of the second minimum for the 
heat-transfer coefficient. 
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For calculations on heat exchangers the interest is mostly in 
the total heat flow from, or to, a tube or, what is equivalent, the 
average heat-transfer coefficient around the circumference. R. 
Hilpert^ made accurate measurements of this average value on 
an air flow. Figure 76 shows the result. The Nusselt and the 
Reynolds numbers are calculated with the tube diameter as the 
reference length and with the onflow velocity as the reference 
velocity. From Fig. 76 it can be seen that in various ranges of 



0 12 3 


Fig. 76. Average film heat-tranHfer coefficient on a cylinder in a flow normal to 
its axis. Pr = 0.72. {From R. Hilpert, Forach. Gehiete Ingenieurw., 4, 215 (1933).] 

the Reynolds number, the Nusselt number can be presented in 
the form 

Nu = C(Re)^ (180) 

With the property values introduced at the arithmetic mean 
temperature. The numerical values for the constant C and the 

Table 7. Coefficients for Calculation of Heat Transfer on a 
Circular Cylinder to Air Flow Normal to Its Axis, by 
Eg. (180)* 


Re 

I 

m 

0.4-4 

ma 

0.330 

4-40 


0.385 

40-4,000 

■on 

mSSM 

4,000-40,000 

0.174 


40,000-400,000 

0.0239 

119 


• R, Hilpert, Forsek. Oebiete Ingeniturw., 4 , 215 (1933). 

^ R. Hilpert, Forach. Oebiete Ingenieurw., 4 , 215 (1933). 
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(exponent m are tabulated in Table 7. Hilpert also made experi¬ 
ments with temperatures of the cylinder surface ranging from 
200 to 1800 F whereas the air had a 68 F temperature. He found 
that the dimensionless heat-transfer coefficient could be expressed 
by the equation 

Nu = C^{Re)”'{^ (181) 

where Tw is the absolute surface temperature, and To is the 
absolute air temperature in the onstream. The temperature 
dependency of Eq. (181) is very small. For ta = Q8 F and 
tw = 1800 F the heat-transfer coefficient is only 6 per cent 
greater than for the values <« = 68 F and tw = 200 F. The 
values of the constant C in Eq. (180) hold true exactly at 

= 200 F 

Heat transfer from the front side of the tube can be calculated 
with the heat-flow equation of the boundary layer. Figure 55 
shows the comparison between the calculated and the measured 
values. The ratio of heat flow to loss of momentum (friction 
loss) in the boundary layer on the front side of the tube corre¬ 
sponds approximately to Eq. (152), although in the accelerated 
flow along the surface the assumptions necessary for this equa¬ 
tion are not strictly fulfilled. For small Reynolds numbers the 
whole resistance of the tube is essentially friction resistance. 
Equation (152) then gives the ratio of the total heat flow Q to the 
total resistance R. For Reynolds numbers higher than 1,000, a 
wake arises in the flow and the form resistance caused by this 
wake exceeds the friction loss, as was mentioned in Sec. 18. The 
heat transfer on the rear half of the tube, however, is only approxi¬ 
mately as great as on the front half. By that it can be under¬ 
stood that bodies which cause wakes in a flow are inferior to those 
bodies which do not with respect to the ratio of the heat flow to 
the resistance. For a quantitative comparison the dimension¬ 
less value Q = ^ ^ ig very suitable (see page 108). 

For boundary-layer flow of a fluid with Pr = 1 this value is 1 
according to Eq. (153). For a tube in cross flow at Reynolds 
numbers from 2,000 to 40,000 the value of Q is 10 to 40. With 
respect to heat transfer per unit area^ surfaces in the range of 
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wakes are approximately as effective as in the range of bcnmdary 
layers (Figs. 74 and 75). In this respect a tube with streamline¬ 
shaped cross section has no advantages over a tube with circular 
cross section. 

By experiments with different liquids (water, oils) the depend¬ 
ency of the heat transfer on the Prandtl number was determined. 
The relation 

Nu = K(Re)-(Pr)o-3i (182) 

gives this connection. With the values in Table 7, the heat 
transfer in any liquid can be calculated by multiplying the con¬ 
stant C by the factor 1.11 X In Table 8 the constants C 


Table 8. Coefficients for Calculation of Heat Transfer from 
Cylinders with Different ('ross Sections to an Air Flow 
Normal to Their Axes by Eq. (180)* 


Cross section 

Re 

C 

m 

- □ 

5,000-100,000 

0.0921 

0.675 

- O 

- O . 

5,000-100,000 

0.222 

0.588 

5,000-100,000 

0.138 

0.638 

5,000- 19,500 

0.144 

0.638 

- 0 

19,500-100,000 

0.0347 

0.782 


* R. Hilpert, Forach. Geblete Ingenieurw.y 4 , 215 (1933). 

and the exponents m of Eq. (180) are presented for cylinders 
with different cross sections, according to R. Hilpert. The 
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Fia. 77. Tube bundles with tubes in line and staggered 


dimensionless values are built using the diameter of a circular 
tube with equal surface. 
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Heat transfer of tube bundles with the flow normal to the tulw* 
axis depends on the configuration of the tubes. The available 
i-est results were summarized by E. D. Grimison.^ There are 
two possibilities: to arrange the tubes either in lines or staggered 
in flow direction (Fig. 77). The heat-transfer coefficients can be 
presented again in the form of Eq. (180). As a reference velocity, 
the average velocity in the narrowest cross section between the 
tubes is used. The values of the constant C and the exponent m 
are tabulated in Table 9. For ratios a = Si/d and b = so/d 

Table 9. Coefficients for Calculation of Heat Transfer from a 
Tube Bundle to an Air Flow Normal to Its Axis by Eq. (180)* 
Re = 2,000-40,000 a = S\/d h = so/c/ (Fig. 67) 


a 

i 1.25 

1 ___ J 

1.5 

2 

1 

3 

1 

1 

m 

C 

m 

\ 

1 

m 

C 


Tubes in lines 


1.25 

0.348 

0.592 

0.275 

0.608 

0.100 

0.704 

0.0633 

0.752 

1.5 

0.367 

0.586 

0.250 

0.620 

0.101 

0.702 

0.0678 

0.744 

2 

0.418 

0.570 

0.299 

0.602 

0.229 

0.632 

0.198 

0.648 

3 

0.290 

0,601 

0.357 

0.584 

0.374 

0.581 

0.286 

0.608 


Staggered tubes 


0.6 







0.213 

0.636 

0.9 





0.446 

0.571 

0.401 

0.581 

1 

1.125 



0.497 

0.558 

0.478 

I 

0.565 

0.518 

0.560 

1.25 

0.518 

0.556 

0.505 

0.554 

0.519 

0.556 

0.522 

0.562 

1.5 

0.451 

0.568 

0.460 

0.562 

0.452 

0.568 

0.488 

0.568 

2 

0.404 

0.572 

0.416 

0.568 

0.482 

0.556 

0.449 

0.570 

3 

0.310 

0.592 

0.356 

0.580 

0.440 

0.562 

0.421 

0.574 


♦ E. GriniiBon. Trans. ASME, « 9 , 683^94 (1937). 


greater than the values in the table, the equation 

Nu = 0.297(i2e)o-«‘>2 (183) 

given by R. Benke can be used. This equation and Table 9 are 
for heat transfer in air. For other liquids, the constants are to 


1 E. D. Grimison, Tram. ASME, 69 , 583-594 (1937). 
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be determined in the same way as for single tubes. The property 
values must be introduced at the temperature given by Eq. (159). 
The formulas hold true for tube banks with 10 and more rows. 
For a smaller number of rows the average heat-transfer coefficient 
of the bundle is smaller; as an example, for four rows the heat- 
transfer coefficient is smaller by 12 per cent. The first row has 
approximately the same heat transfer as a single tube. 



Fig. 78. Resistance coefficient for tube bundles— tubes i!i line. [AccA)rdirm to 
E. D. Grimison, Trans. ASME, 69 , 583-594 (1937).) 


The pressure loss Ap in the flow through the bank is given by 
the equation 

Ap = nfy ^ (184) 

in which n is the number of rows in flow direction, 7 the specific 
weight of the air, and u the average velocity between the tubes. 
The resistance coefficient / can be taken from Figs. 78 and 79, 
according to Grimison. The property values must be again 
introduced at the temperature given by Eq. (159). The values 
in Figs. 78 and 79 hold true for 10 and more rows. Banks with 
a smaller number of rows have greater resistance coefficients. 
For example, a bank with four rows has a value greater by 8 per 
cent. For rough surfaces the heat transfer and the resistance 
are enlarged. With very rough surfaces increases up to 20 pei 
cent were measured. 
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Tube bundles with flow in the direction of the tube axes can 
be calculated with Eq. (157). The hydraulic diameter which 
must be introduced here is 

If different configurations of tube banks are to be compared 
with respect to the power necessary to effectuate the air flows 
through the tube banks, the dimensionless value 12 can be used 
as a basis for coolers on vehicles (airplanes, motorcars, locomo¬ 
tives, etc.). For such coolers a small frontal area is most impor¬ 
tant as the drag of the cooler is determined primarily by this area. 



Fig. 79. Resistance coefficient for tube bundles—tubes staggered. [Accordinu 
to E. D. Grimiaon, Trans. ASME, 59, 583-694 (1937).] 


If such coolers with different configuration of the tubes are to 
have the same frontal area, the velocity between the tubes in 

the value ^ ^ tw) f^^ed. Besides, a certain heat 

flow Q is to be transferred at a given temperature difference 
(tm — tw)- Therefore, the power necessary per unit heat flow is 
proportional to the value Q. For banks of circular tubes in a 
gas flow normal to the tube axes this value lies between 1.5 and 
10. Smaller tube spacings result in smaller values. Tubes in a 
gas flow parallel to their axes and tubes with streamlined cross 
section in crossflow have a value 11 « 1. They are therefore 
better for such coolers. 

For heat exchangers in stationary plants the magnitude of the 
heating surface is most important since the weight and price pri¬ 
marily depend upon it. Now the question is which configuration 
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of the tubes transfers a certain heat flow with a given pressure 
loss and with the smallest heating surface. In this problem each 
configuration demands a different velocity depending on the 
heat-transfer coefficient. A calculation shows that tubes in 
crossflow are better than in flow parallel to the axis. The latter 
have a pressure loss three to 15 times greater when the heating 
surface area is the same. By spacing a given number of tubes 
closer together in the rows, thus decreasing the number of tube 



Fig. 80. Fig. 81. 

Figs. 80 and 81. Visualization of the flow through tube banks. {According to 
H. Thoma, photograph from W. Loriach, Mitt. Forachungsarh, 322 (1929).] 


rows required, a given quantity of heat can be transferred with 
a reduction in the over-all pressure loss through the tube bundle. 
Therefore, it is advantageous to make the distance of the tubes 
in such a heat exchanger as small as the manufacturing and 
maintenance allow. There is almost no difference in pressure 
loss whether the arrangement of the tubes is in line or staggered. 
Only at small Reynolds numbers are staggered tubes somewhat 
better. 

Figures 80 and 81 show photographs of the flow through two 
tube banks; they were made according to a proposal of H. 
'Fhoma.^ The porous surfaces of the tubes were wetted with 

iR. Thoma, ‘'Hochleistungskessel,” Springer-Verlag, Berlin, 1921; also 
W. Lorisch, Mitt. Forachungsarh. 322 (1929). 
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hydrochloric acid and ammonia vapor was mixed with the air. 
Where this vapor mixes wdth the acid vapor, a white fog of sal 
ammoniac arises. In this way the boundary layers and the wakes 
can be seen in the photos. These arc also the regions within 
which the air stream is cooled or heated from the tubes. 

Example. A bank of 4 rows (in line) in a steam boiler is traversed by 
combustion gases with a temperature of 1100 F and a 24-fps velocity. 
The steam pressure is 1,420 Ib/in.^ The tubes have a diameter of 2.4 in. 
and are arranged on the corners of squares with sides of length 4.8 in. 
The heat-transfer coefficient and the pressure loss are to be calculated. 

The saturation temperature of water vapor at 1,420 Ib/in.^ is 588 F. 
Because of the large heat-transfer coefficient on the water side and the 
high thermal conductivity of the tube wall, the temperature on the outer 
surface of the tube is only slightly greater than the steam temperature. 
It may be assumed to be GOO F. The gas property values must be 
introduced at the temperature given by Kq. (159); therefore at 

?254r’''"5 - 

Since the property values of combustion gases deviate very little from 
the values for air, the calculations will be made with the latter. From 
the Appendix: 

^ = 79.6 X lO-fi ftVsec k = 0.0338 Btu/(hr)(ft)(F) 

This gives = 24 X (2.4/12)/79.6 X 10“^ = 6,030. The ratios a and 
h are a = b = 2, Therefore from Table 9, C == 0.229, m = 0.632, and 
Eq. (180) gives Nu = 0.229 X 6,030° = 56.6. The heat-transfer 
coefficient becomes 

k^^Nu = 56.6 = 9.58Btu/(hr)(ft»)(F) 

This value holds true for 10 and more tube rows. For four rows the 
heat-transfer coefficient is smaller by 12 per cent. Therefore 

h *' 8.55 Btu/(hr)(ft2)(F) 

The pressure loss follows Eq. (184). The specific weight is best intro¬ 
duced at the gas temperature: y * 0.0244 Ib/ft*. The resistance 
coefficient is from Fig. 78, / * 0.225. Therefore 

24® 

2 X 32.2 ~ 


Ap « 4 X 0.225 X 0.0244 


0.196 Ib/ft^ 
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29. Heat transfer in gases at high velocities^ 

As soon as the velocities of a gas become comparable with th(^ 
velocity of sound, the equations in the previous chapter are not 
immediately applicable for calculating heat transfer. The con¬ 
ditions in the flowing gas change so much that the property values 
can in no way be considered constant. This causes a new dimen¬ 
sionless value to appear in the dimensionless equations describing 
the flow and heat transfer, t.c., the Mach number 

Ma ~ 

y 8 

the ratio of a reference velocity Vo to the sound velocity Vs in the 
gas at a reference point. The Mach number influences the flow 
pattern considerably as soon as it reaches values of 0.0 to 0.7. 
We must then expect that heat transfer is changed too. 

There is yet another fact that influences the heat transfer. Tn 
the boundary layers the velocities are decreased by shearing 
stresses, that is, by inner frictional forces. The lost kinetic 
energy is transformed into heat and this heat of dissipation 
influences the temperature field in the boundary layer and there¬ 
fore the heat transfer at high velocities, whereas this effect can 
be neglected at small velocities. Because of this skin friction, 
the temperature of a body in a high-velocity gas stream becomes 
higher than the gas temperature. Before discussing these things 
in detail we must premise some basic considerations. 

The state in a gas stream is fixed by the velocity and by two 
state functions. The easiest to measure are the pressure and 
the temperature. It is useful to distinguish two states. The 
first is given by the pressure and temperature, which are measured 
with instruments moving along with the flowing gas. We call 
this state the static state, fixed by the static pressure pst and the 
static temperature tsi. The static pressure can be measured by 
a small hole in a wall parallel to the flow direction. The meas¬ 
urement of the static temperature is much more difficult. Up 
until now no simple instrument for measuring this value is known. 

^ A summarizing report on this subject was presented by H. A, Johnson 
and M. W. Rubesin in Trans, ASME, 71, 447-456 (1949). As an introduc¬ 
tion to the general laws of high-velocity flow see, for example, H. W. 
Liepmann and A. E. Puckett, ^^Introduction to Aerodynamics of a Com¬ 
pressible Fluid,” John Wiley & Sons, Inc., New York, 1948. 
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The second state in a gas stream is the one which arises by isen- 
tropically decreasing the velocity to zero. We call this state 
the total state. It is fixed by the total pressure pr and the total 
temperature tr. The total pressure is indicated by a pitot tube 
at subsonic velocities. At supersonic velocities the pitot tube 
indicates a lower pressure since a shock wave arises before the 
instrument, and the transformation of the kinetic energy to pres¬ 
sure in this shock wave is not isentropic. It is, however, easy to 
(calculate the total pressure if the static pressure and the pressure 
indicated by the pitot tube are measured. The connection 
between the velocity F, the total pressure pr, the absolute total 
temperature Tt, and the static pressure pat is given by the for¬ 
mula by D. S. Venant and Wantzel:^ 

w^here k is the ratio of the specific heat at constant pressure and 
constant volume, and R is the gas constant. The difference 
between total pressure and static pressure is called dynamic 
pressure difference 

= Pt ~ Psi 

Analogously, the difference between total temperature and static 
temperature may be called dynamic temperature difference, 
^dy = tr tst- 

The connection between velocity, total temperature, and 
static temperature is represented by the first law of thermody¬ 
namics. If ir is the enthalpy in the total state and iat the 
enthalpy in static state, the first law of thermodynamics for a 
steady gas flow without addition or subtraction of heat and 
external work gives 

ir = ^ (185) 

By expressing the enthalpy by the specific heat Cp and the tem¬ 
perature we get 

72 

^dy = tr iat ~ *^gc (185(l) 

^ D. S. Venant and Wantzel, Journal de VScole polytechnique, 116, (1839). 



152 INTRODUCTION TO THE TRANSFER OF HEAT AND MASS 


For air the specific heat is 

Cp = 0.24 Btu/(lb)(F) = 187 ft-lb/(lb)(F) 
and the dynamic temperature increase in degrees F becomes 

~ 12;^ 

if the velocity V is introduced in feet per second. As Eq. (185) 
is derived from the first law of thermodynamics, it holds true not 
only for isentropic changes of the velocity but always when the 
velocity is diminished to zero without addition or subtraction of 
heat and without external work. Tn the boundary layers on sur¬ 
faces the velocity is diminished by friction forces and its kinetic 
energy is transformed to heat. This process is connected, how¬ 
ever, with exchange of heat and work between the different gas 
layers even when the solid surface does not exchange heat with 
the gas. Therefore the temperature of the gas layer immediately 
on the surface whose velocity is zero may be greater or smaller 
than the total temperature in the gas stream. The wall assumes 
the same temperature if it is not heated or cooled either by radia¬ 
tion or by heat flow through the surface into the interior of the 
wall. We call this temperature w^hich an unheated wall in a gas 
stream assumes the adiabatic wall temperature tad and denote the 
difference between this temperature and the static temperature 
tti in the gas stream by ^ad- This temperature difference follows 
the law 

^ (186) 

The factor <r was calculated by E. Pohlhausen^ for a plate in 
longitudinal laminar flow with subsonic velocities. His results 
can be expressed by the equation <r = \/Pr for Prandtl numbers 
smaller than 10. L. Crocco^ extended the calculation to high 
Mach numbers and found that the equation holds true also for 
supersonic velocities. For air with Pr = 0.72 the equation gives 
<r = 0.84. E. Eckert and W. Weise^ measured the value <r for 

1 E. Pohlhausen, Z. angew. Math. Mech. 1, 115-121 (1921), 

* L. Crocco, PubL dell institvio per le applicai on del calcolo consigtio maison- 
ale deUe richerche^ No. 120, Roma, 1942. 

* E. Eckert and W. Weise, Forach. Oehiete Ingenieurw.y 18, 240-254 (1942). 
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subsonic velocities and flow along a cylinder (Fig. 82). For 
laminar boundary layers the calculated value <t = 0.84 was con¬ 
firmed. In the turbulent boundary layer the o- value increases 
Avith the Reynolds number up to approximately 0.90. These 
values were confirmed also by experiments at supersonic veloci¬ 
ties. For other bodies however the results of experiments do not 
yet agree so well. At the stagnation point, the total tempera¬ 
ture is reached as long as temperature equalization within the 
body by conduction is negligible. Approximately the same 
values can be expected in a tube as on the plate. 

For temperature measurements in high-velocity gas streams 
two instruments proved suitable, the cylinder thermometer' 



Fio. 82. Recovery factor o- for flow along a cylinder. [According to E, Eckert 
and W. Weise, Forach. Gebiete Ingenienrw,, 13 , 246-264 (1942).] 

(Fig. 83) and the diffuser thermometer^ (Fig. 84). The cylinder 
thermometer measures the surface temperature on a cylinder in 
longitudinal flow. Since the boundary-layer thickness is small 
compared with the cylinder diameter the a values for the flat 
plate (Fig. 82) can be used and the static temperature calculated 
from Eq. (186) when the velocity is known. The diffuser ther¬ 
mometer (Fig. 84) measures the total temperature. The gas 
enters the diffuser through the opening b and is decelerated in 
the tube a. The temperature of the gas is measured by the 
thermocouple d. Afterwards the gas escapes by the small holes 
c. If the holes were not present, the gas in the interior would 
cool off and would indicate an erroneous temperature. The 
static temperature can be calculated with Eq. (185a) where the 

' E. Eckert, Z. Ter. deut, Ing., 84 , 813-817 (1940). 

* A. Franz, Jahrh, 1938 devi, Luftfahrt^Forach.t 11, pp. 215-218. 
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Fig. 83. Cylinder thermometer. [From E. Eckert, Z. Ver. dent. Ing., 84, 813 
817 (1940).1 

(a) Thin-walled tube; (b) copper bar; (c) thermocouples. 



Fig. 84. Diffuser thermometer. {From A, Franz, Jahrb. 1938 devi, Liiftfahrt- 
Forach. II, pp. 215-218.) 

velocity in the gas stream is known. Both thermometers have 
their field of application. The advantage of the diffuser ther¬ 
mometer is that it measures immediately the total temperature. 
On the other hand the cylinder thermometer can be made in 
very small dimensions and follows changes in gas temperature 
very rapidly. 
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As soon as the surface temperature of a body deviates from its 
adiabatic wall temperature, heat transfer arises between the body 
and the flowing gas. The temperature profiles in the boundary 
layer for heat transfer to and from the wall are shown in Fig. 85. 
The horizontal tangent of curve a on the wall shows that no heat 
exchange occurs between the gas and the wall. The static tem¬ 
perature, which has the value U in the outside flow, rises within 
the boundary layer and on this curve reaches the adiabatic wall 
temperature tad at the wall. As soon as the wall temperature is 



Fig. 85. Temperature profiles in the laminar boundary layer of a heated or 
cooled plate in a high-velocity gas stream. 

lower heat flows from the gas into the wall. This holds for the 
temperature profiles below curve a in Fig. 85. At wall tempera¬ 
tures higher than the adiabatic, the heat flows in the opposite 
direction from the wall to the gas. The heat flow q per unit 
surface area must be calculated with the equation 

q = h(t. - tad) (187) 

that is, with the difference between the real surface temperature 
and that temperature which the surface would assume in the gas 
stream without heat transfer. For the plane plate in longitudinal 
flow with laminar boundary layer, E. Eckert and 0. Drewitz^ 

1 E, Eckert and O. Drewitz, Forach. Gehiete Ingenieurw.f 11, 115-124 
(1940). 
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showed that the heat-transfer coefficient h for subsonic velocities 
is independent of the Mach number and can be calculated with 
the equation presented in Sec. 20 for low velocities. Also, for 
supersonic velocities and turbulent flow the influence of the Mach 
number is small. Figure 86 show's a comparison between the 
values calculated with the formulas for low velocities and the 
results of experiments on a flying V-2 rocket by Fischer and 
Norris.^ The measurements were made on different places of 
the conical head of the missile. The different symbols distin¬ 
guish these places. The lower line represents the heat-transfer 



Fig. 86. Comparison between calculated and measured film heat-transfer 
coefficients for high-velocity flow. {From W. Fischer and R. H, Norris, Trans. 
ASME, 71 , 457-469 (1949).] 


values as expected from the formulas for low velocities with 
laminar boundary layer. On the cone they are greater by the 
factor -\/3 than on the plane plate because the surface increases 
in downstream direction and the boundary layer therefore does 
not grow so fast. The higher line holds for heat transfer with 
turbulent boundary layer as calculated with the formulas for 
small velocities [considering Eq. (187)]. It can be seen that the 
measured points follow the laminar line for small Reynolds 
numbers and with increasing Reynolds number change over to 
the turbulent line. The transition depends obviously^ on some 
characteristic value other than the Reynolds number. Johnson 
and Rubesin^ showed by an analysis of values calculated by dif- 

^ W. W. Fischer and R. H. Norris, Trans, ASME^ 71, 457-469 (1949). 

* See page 94. 
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ferent authors for laminar boundary-layer flow on a flat plate 
that the reference temperature i* for the property values in the 
heat-transfer equations is given by 

= 0.58(i,. - U) + 0M{tad - ts) 

This reference temperature was used in the preparation of Fig. 86. 
For streamlined bodies the heat-transfer coefficient calculated 
with the formulas for low velocities can be used in the same way 
as for the plate for subsonic and supersonic velocities. The need 
to explore the field of heat transfer at high velocities is of a com¬ 
paratively recent origin. In the Velox steam boiler the heating 
surface was considerably decreased, by using gas velocities of 
some hundred feet per second. The development of the gas 
turbine brought up cooling problems for the turbine blades and 
for other parts washed with fast-flowing gases. Modern air¬ 
planes approaching or exceeding the speed of sound are heated 
by the aerodynamic heating effect to such a degree that cooling 
has to be provided for the cabin and sometimes for the structural 
parts. The cooling of rockets and missiles becomes critical at 
low altitudes. At very high altitudes where the density of the 
air is exceedingly small the heat transfer from the heated bound¬ 
ary layer to the rocket wall is decreased because of this fact and 
is partially compensated for by radiation of heat to the universe. 
An example in the next chapter will deal with these conditions. 

A problem very similar to those mentioned in the above para¬ 
graph is the cooling of the oil film in bearings running at high 
velocity. 

Example. A plate a; = 4 in. long is suspended in an air flow with 

= 400 mph = 586 fps. The temperature of the plate is — 196 F, 
the air temperature L = 79 F, its pressure 14.2 Ib/in.* The heat trans¬ 
fer from the plate to the air is to be calculated. 

First we must determine the adiabatic wall temoerature of the plate 
in the air stream. The Reynolds number is 


Re 


u,x 

V 


586 X (4/12) 
21,2 X 10-® 


= 9.22 X 10» 


From Fig. 82 takecr = 0.88. Equation (186) gives 

586* 

12,000 


tad = 79 + 0.88 X 


= 79 + 25.2 = 104.2 F 
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This is the temperature the plate assumes if it is not heated. The heat- 
transfer coefficient can be calculated with Eq. (160). The local value is 
h = 71.6 Btu/(hr)(ft2)(F). The average value is 

h = 1.25/1 = 89.5 Btu/(hr)(ft2)(F) 

The heat flow per unit area is, by Eq. (187), 

q = 89.5(196 - 104.2) = 8200 Btu/ft^ 

The values assumed for this calculation correspond approximately to 
those of a fast airplane flying near the ground. The cabin of such an 
airplane assumes without cooling a temperature of approximately 
104.2 F when the air temperature is 79 F. 

FREE CONVECTION 
30. Vertical plate and horizontal tube 

Free-convection flow which is caused by temperature differ¬ 
ences only in a gas or liquid also builds boundary layers on the 
surfaces of solid bodies. Because of the low velocities encoun¬ 
tered, the thicknesses of these boundary layers are greater than 
those in the examples treated up to now. ''The boundary-layer 
equations for momentum and heat flow' can be used again to cal¬ 
culate the heat transfer in free convection. In this chapter there 
may be solved the simplest problem, namely, that of the vertical 
plate. ^ If such a plate is heated, the gas or liquid in its immediate 
neighborhood experiences an increase in its temperature by heat 
transfer from the plate and begins to flow in an upward direction. 
In this way a boundary layer arises with the thickness zero at 
the lower edge and with an increasing thickness in the upward 
direction. The distance along the surface from the lower edge 
may be called x, the distance from the plate surface y. Within 
the boundary layer, the temperature decreases from the value 
on the plate surface to the uniform value which the gas or liquid 
has outside the heated region. The temperature of the plate 
may be constant over the whole surface and steady. The dif¬ 
ference between this value and the temperature outside the 
boundary layer is designated as 0. The difference between the 

^ An analogous calculation for gases was made by Squire in S. Goldstein, 
** Modern Developments in Fluid Dynamics,” Oxford University Press, 
New York, 1938. 
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temperature at any point within the boundary layer and the tem¬ 
perature outside it may be The temperature field in the 
neighborhood of the plate must 


have the shape sketched in Fig. 
87. In the figure, 5 is the 
boundary-layer thickness. The 
velocity u must be zero on 
the plate surface and outside 
the boundary layer. Therefore, 
the velocity field must have the 
shape sketched in Fig. 87. To 
solve the boundary-layer equa¬ 
tion the temperature profile is 



Flo. 87. Temperature and velocity 
profile in free-convection flow on a 
vertical wall. 


approximated by a parabola 



(188) 


This equation already fulfills the boundary conditions = 0 for 
y — 0 and == 0 for 2 / = 5. A velocity profile similar to the 
one shown in Fig. 87 is represented by the equation 



(188a) 


The maximum value of the velocity u arises, according to this 
equation, at the distance y = 5/3 from the wall. Its value is 
Umax = (4/27)wi. The boundary-layer thickness is assumed to 
be the same for the temperature and the velocity. This assump¬ 
tion has its justification in that the results of the calculation 
performed with it agree quite well with experimental results.^ 
On the other hand it is to be expected from what we learned 
about the boundary layers for laminar forced convection that at 
high Prandtl numbers the velocity boundary layer is thicker than 
the temperature boundary layer. Probably the inner part of 
the velocity profile from the value zero at the wall to the maxi¬ 
mum changes little with the Prandtl number in its relation to the 
temperature profile, since the driving force for the flow lies in the 
temperature differences and only the outer part of the velocity 
profile from the maximum on becomes thicker for viscous fluids 
(high Prandtl numbers). 

* Y. S. Touloukian, G. A. Hawkins, and M. Jacob, Trans, ASME^ 70, 
13 (1948). 
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The momentum equation (111) must be expanded by a sum¬ 
mand which expresses the buoyancy force. This force is 7 / 3 ?^ 
per unit volume of a small particle (see page 137). There acts 
on a volume element of height dx and length I (greater than the 

boundary-layer thickness, Fig. 50) the force dx yP dy. If 

this summand is added to Eq. (Ill) and it is considered that at 
the small velocities connected with free convection, the pressure 
may be assumed as constant and that the velocity u outside the 
boundary layer is here zero, there is obtained 

E /„' '‘o - /o' (e). 

The heat-flow equation (135) remains in its old form 

S-“(I). <***“> 

The temperatures are replaced here by the temperature difference 
f^. The integrals in Eqs. (189) and (189a) may be solved by 
introducing the temperature and velocity profiles (188) and 
(188a). 



Now the boundary-layer equations assume the form 


To solve these equations let us try ui and 5 as exponential func¬ 
tions of x: 

Ux ^ C\X^ 5 = C^x^ 

Introducing these expressions we get 

= 9/30 y 
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Since these equations must be valid for any value a;, the exponents 
must have the same value for every summand: 

2m + n--l=n = m — n 
m + n — 1 = —n 

This gives 

wi = and ^^ = K 

Introducing these values into the above equation gives 



Now the maximum velocity within the boundary layer is 


W = ^ Ml = O (o.952 + a:H (189b) 

and the boundary-layer thickness 

5 = 3.93 (o.962 + ( 19 O) 


Again it is useful to make the boundary-layer thickness dimen¬ 
sionless by dividing it by the distance x from the lower edge of 
the plate. In this equation there appears the Grashof number 
Gvx = built up with the temperature difference between 

the plate and gas or liquid and the distance Xy [(Eq. (174)], and the 
Prandtl number, Pr == v/a: 


- = 3.93Pr-M(0.962 + Pr)M(G!r,)-M (191) 

X 


The specific heat flow from the plate surface is represented by the 
equation 

dA 
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From Eq. (188) if the minus sign is neglected there is obtained 


On the other hand for the specific heat flow there is the equation 
by which the film heat-transfer coefficient is defined: 

q = /i0 

Therefore 

7 2A: / ^ 


and in dimensionless form 


hx 

T 


By introducing the boundary-layer thickness there is obtained 
Nu:. = 0.608Pr^(0.962 + Pr)-’H(Gr,)^'^ (193) 

The local film heat-transfer coefficient decreases according to 
Eqs. (190) and (192) with increasing distance x. It is inversely 
proportional to the fourth root of x. By integration over the 
distance the average heat-transfer coefficient is found: 

h = %h 

This means that the average heat-transfer coefficient of a vertical 
plate with a height x is ^ the local value at the point x. For 
ideal gases the relationship = 1/T holds true (page 137). As 
long as the temperature differences are small there can be written 
= l/To, where To is the absolute temperature in the gas outside 
the boundary layer. For air with a Prandtl number Pr = 0.714, 

Nu = 0.378((?r,)^-‘ (194) 

For this medium the heat transfer was calculated exactly by E. 
Pohlhausen in collaboration with E. Schmidt and W. Beckmann.^ 
This resulted in a numerical value of 0.360 instead of 0.378 as 
in Eq. (194). The approximate treatment agrees therefore quite 
well with the much longer exact calculation. A comparison 
between the values calculated here and those measured and cal¬ 
culated by E. Schmidt and W. Beckmann^ is presented in Figs. 88 
and 89. In the calculations, the property values were introduced 


' E. Schmidt and W. Beckmann, Tech, Mech, u, Thermodynam,, 1,1-24 
(1980). 
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Fig. 88. Comparison between the measured and calculated temperature profile 
in free-convection flow on a vertical plate. {Measured values accordmg to E. 
Schmidt and W. Beckmann, 8olid4ine exact solution hy E, Schmidt and E. Pohl-^ 
hausen, dashedrline approximate solution according to Squire.) 



Fig. 89. Comparison between the measured and osculated velocity profile 
in free-oonvection flow on a vertical plate. {Measured values according to E. 
Schmidt emd W, Beckmann, solid4ine exact solution hy E. Schmidt and E. 
Pohlhausen, dasheddine approximate sdlulion according to S^re.) 
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at the plate temperature. A. Saunders^ made experiments with 
air, water, and mercury. These measurements also prove Eq. 
(193). The agreement with this equation is slightly better 
than with the formula Nu = C(Pr Gr)y^^ which is mostly used and 
which was derived by a generalization of the experiments with 
air on the assumption that the velocities 
are so small that the inertia forces may 
be neglected (page 138). 

-/Beside the vertical wall the horizontal 
tube is important for industrial applica¬ 
tions. The boundary-layer equations 
were solved for this problem by R. Her¬ 
mann. ^ The solutions agree well with 
the experimental results found by K. 
Jodlbauer.® The result can be summar¬ 
ized in the following way: the average 
film heat-transfer coefficient on a circular 
tube with the diameter d has the same 
value as the average film heat-transfer 
coefficient on a vertical wall with the height 2.5d (see Fig. 90). 

For thin wires, the assumption that the boundary-layer thick¬ 
ness is small compared with the diameter does not hold true. 
The boundary-layer calculations of R. Hermann are based on 
this assumption, however. To take into account this fact we 
will follow an idea first developed by Langmuir^ and taken up by 
Rice.^ We idealize the boundary layer as a stationary cylindrical 
air layer around the wire through which the heat given off by 
the wire must flow by conduction. Equations (34) and (35), 
therefore, determine this heat flow, with n equal to the radius of 
the wire (in this paragraph the diameter d = 2ri is used), Uoi the 
wire temperature, and the outside air temperature. On the 
other hand the definition equation 

~ ^o) 

holds. Equating this expression with Eq. (34) gives 

' A. Saunders, Proc, Roy, Soc, {London)^ A172, No. 948, 55-71 (1939). 

^ R. Hermann, Z, angew, Maih, Mech,f 18 , 433 (1933). 

» K. Jodlbauer, Forach, Gehiete Ingenieurw,^ 4 , 157 (1933). 

^ I. Langmuir, Phya, Rev,, 84 , 401 (1912). 

»C. W. Rice, Trana, AIEE, 48 , 653 (1923). 



«si 


Fig, 90. Horiaontal tube 
and vertical plate with 
equal average film heat- 
transfer coefficient in free 
convection. 
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Considering Eq. (35) leads to 

2 _ 2 

" km Va- r, In (ra/Ti) In (1 + 26/d) 

where 6 = ra — u is the thickness of the idealized boundary 
layer. This thickness is so determined that for a boundary layer 
whose thickness is small as compared with the wire diameter the 
equation transforms into an expression derived from Eq. (194). 
By changing to the average film heat-transfer coefficient and 
introducing the diameter (d = 2.5x) we get 

= OAOOiGraV^ 

For small values of h/d the denominator In (1 -f 26/d) transforms 
to 26/d and therefore Nud into d/6. Therefore d/6 = 0.400(Grd)^^ 
and introducing this into the above equation gives 

_ 2 

Nud — / 2 \ 

V 0.400((?rd)>7 

This equation gives excellent agreement with experimental 
results. 

The dimensions of the boundary layer and the temperature field 
can be readily observed in schlieren or interference photographs. 
A schlieren method which can be realized by very simple means 
was described by E. Schmidt.^ An example of this method is 
shown in the photograph (Fig. 91), demonstrating free convec¬ 
tion on a horizontal cylinder. A light source arranged at a great 
distance from the heated cylinder so that its light rays are parallel 
to the cylinder axis produces on a screen, without other means, 
the picture shown in Fig. 91. A light ray in passing through a 
field with a density gradient normal to its direction is bent 
through a certain angle. Therefore, the light rays which traverse 
the heated boundary layer are deflected away from the cylinder, 
and the dark zone surrounding the contour in Fig. 91 indicates 
the boundary layer. It was shown by E. Schmidt that the dis- 

* E. Schmidt, Forach, Oehiete Ingenieurw.f 8, 181-189 (1932). 
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tance of the heart-shaped bright line from the cylinder contour 
is proportional to the heat-transfer coefficient. The principle of 
an interferometer according to Zehnder-Mach^ is shown in Fig. 
92. Light from a monochromatic source A is made parallel by 



Fio. 91. Visualization of the boundary layer and film heat-transfer coefficient 
around a horizontal tube in free-convection flow by a sohlieren photograph. 
[From E. Schmidt, Forseh, Gebiete Ingenieurw., 3, 81-89 (1932).] 

a condensing lens B. It then falls on a plane glass plate c whose 
surface is coated in such a way that half the light is reflected, the 
other half transmitted. The reflected part strikes the mirror D, 
is reflected by it and falls on the glass plate F, which is coated in 
the same way as plate C. That part of the light which is trans- 

' H. Schardin, Z. Ifutrumentenk., 6S, 396-408,424-436 (1033). 
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mitted through this plate is united with the second light beam 
which is transmitted through plate C and reflected by mirror E 
and plate F. If the four plates C, D, J?, F are exactly parallel to 
each other all light rays in the two beams have the same path 
length. On a screen G there can then be observed a dark or a 
bright field depending on 


whether the path lengths of 
the two beams vary by half a 
wave length or an odd multi¬ 
ple of it thus extinguishing 
each other, or by a full wave 
length or a multiple thus aug¬ 
menting each other. 

If a heated body, e.g.y a 
cylinder is placed in one of 
the light beams, the tempera¬ 
ture and therefore the den¬ 
sity of the air are changed 
in the neighborhood of the 
body. Since the wave length 


;a 


i 

* 

_1 


> 

S' 


hrrd 
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Fig. 92. Principle sketch of an 
interferometer according to Zehnder- 
Mach. 



Fio. 93. Isotherms around a horizontal 
tube in free-convection flow as revealed 
by an interference photograph. {Photo¬ 
graph by E. Eckert and E. Soehngen.) 


of light varies with density, there are now rays in the two beams 
which differ by one or more full wave lengths and others which 
differ by an odd number of half wave lengths. As a consequence 
of this there can now be observed on the screen 0 a field of dark 
and bright bands around the shadow of cylinder H, The sharp¬ 
ness of this shadow can be improved if a lens is placed between 
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plate F and the screen, which depicts the central plane of the 
cylinder on the plane in which the screen G is located. Figures 
93 and 94 show photographs made in this way. Figure 93 repre¬ 
sents the free convection around a horizontal tube and Fig. 94 
free convection along a vertical plane. The dark interference 
bands are lines of constant air density, and as the pressure can 



Fig. 94. Isotherms around a vertical plate in free-convection flow as revealed 
by an interference photograph. {Photograph by E. Eckert and E. Soehngen.) 

be assumed constant these lines are isotherms. The temperature 
difference between any two successive bands can be easily cal¬ 
culated from the length of the cylinder or plate in light-ray direc¬ 
tion and the data of the interferometer. From the photograph 
the temperature gradient in the air along the surface and there¬ 
fore the heat-transfer coefficient can be determined. As the 
boundary-layer thickness is also seen this method is very useful 
for investigating heat-transfer problems. The interferometer 
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was first described by Zehnder and Mach. It was used for 
aerodynamic studies by T. Zobel.^ Studies in heat transfer 
were made by R. B. Kennard^ and E. Eckert and E. Soehngen.^ 

In the examples considered so far the boundary layers were 
always laminar. The boundary layers which arise by free con¬ 
vection also change to turbulent flow when they have reached a 
certain thickness. In air the change occurs at a critical Grashof 
number around Gr = 10®. This corresponds to a Reynolds num¬ 
ber, ItecT — u„Mx^/v = 550. The transition therefore takes place 
at a lower Reynolds number in free convection than in forced 
convection. Figure 95 is an interference photograph of a heated 
vertical plate of sufficient length to produce a turbulent boundary 
layer (3 ft). The interference lines represent again isotherms, 
the figures indicate the distance from the lower plate end in 
inches. It can be seen that the flow is smooth and laminar near 
the lower end. At some distance, however, waves of long wave 
lengths start, since the boundary-layer flow becomes unstable 
against transverse oscillations at a certain boundary-layer thick¬ 
ness. These waves increase their amplitude in the downstream 
direction, become irregular, roll up into vortices, and break up 
into a coarse turbulence. The region shown in the photograph 
comprises only the first part of the transition zone to turbulent 
flow. It gives a very clear impression of the beginning of tur¬ 
bulence. It can be shown experimentally that even strong dis¬ 
turbances do not influence the laminar flow near the lower plate 
end but start waves at some distance from it. The fluctuations 
are felt through the whole boundary layer up to the plate sur¬ 
face and cause the heat transfer to fluctuate periodically with 
time.^ 

The heat transfer in turbulent free-convection flow is, according 
to A. Saunders,® represented by the equation derived from 
experiments: 

Nu, = C{PrGr)^ (195) 

^ T. 2k)bel, Z. Ver, deut. Ing., 81, 503 (1937). 

* R. B. Kennard, Bur. Standards J. Research^ 8, 787 (1932). 

3 E. Eckert and E. Soehngen, USAF Tech. Rept. 5747, 1949, Wright Pat¬ 
terson Air Force Base, Dayton, Ohio. 

^E. Eckert, Heat Transfer and Fluid Mechanics Institute, Berkeley, 
Calif., 1949, published by ASME. 

® A. Saunders, Proc. Roy. Soc. (London)^ A167, 278-291 (1936). 
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plate end in inches. (Photograph by E. Eckert and E. Soehnyen.) 
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The constant C has the value 0.10 for air and 0.17 for water. In 
industrial heat exchangers utilizing free convection, the boundary 
layers are usually laminar. 

Example. A vertical wall is heated from one side by steam to a 
temperature of 200 F. On the other side is air at 14.5 Ib/in.^ pressure 
and 68 F temperature. The local heat-transfer coefficient for free 
convection at a distance of 8 in. from the lower edge is to be calculated. 

The experiments of E. Schmidt and W. Beckmann^ showed that the 
property values are introduced most advantageously at the surface 
temperature. From the Appendix: 

= 25.1 X 10-6 ftVsec, k = 0.0186 Btu/(hr)(ft)(F), Pr - 0.690 


The expansion coefficient is = l/7’o = 1/528 1/deg R). Therefore 

__ _ 32.2 X 132 X — 37 K v 

(rt- - --- - 37.8 X 10 


The boundary layer therefore is laminar. Equation (191) gives 
- = 3.93 (0.952 + 0.690) X 37.8-H X 10-'»* = 0.0682 

X 0.6901^ 


The boundary-layer thickness is 6 = 0.545 in. The film heat-transfer 
coefficient is, according to Eq. (192), 

A = 21 = 2 X12 ^ ^ gg Btu/(hr)(ft^)(F) 

d 0.545 

The average heat-transfer coefficient over the length of 8 in. is 

= 1.09 Btu/(hr)(ft2)(F) 

— If 

The average hoat-transfer coefficient on a horizontal tube with a diam¬ 
eter d = 8/2.5 = 3.2 in. has the same value. The maximum velocity 
within the boundary layer at a distance 8 in. from the bottom edge can 
be derived from Eq. (1896). By introducing the Grashof number, this 
equation becomes 

= 0.766 - (0.952 + Pr)-H((7r)H 

X 

= 0.766 (0.952 + 0.690)-l< X 37.8« X lO^* = 1.38 ft/sec 

H2 

As a consequence of the low velocity, small additional air velocities 
increase the heat transfer considerably. This fact must be kept in mind 
when considering industrial applications. 

^ E. Schmidt and W. Beckmann, Tech, Meeh. u, Thermodynam.y 1, 1-24 
(1930). 
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CONDENSATION AND EVAPORATION 
31. Condensation 

If vapor is contained in a vessel whose walls have a temperature 
lower than the saturation temperature, the vapor condenses on 
the wall. The heat liberated by this process must be led away 
through the walls. The heat transfer connected with this process 
was calculated in 1916 by W. Nusselt^ by 
his liquid-film theory. Nusselt starts with 
the conception that the condensed liquid 
forms a continuous film on the wall and 
that the heat flow is determined by the 
thermal resistance of this film. Again, the 
simplest case will be calculated, the con¬ 
densation on a vertical wall at a constant 
temperature The condensed liquid 
builds up a film which flows by gravity 
downward and is continuously renewed by 
newly condensing vapor. The film has 
zero thickness at the upper edge of the 
wall and the thickness increases in a down¬ 
ward direction as is indicated in Fig. 96. 
At a distance x from the upper edge the film thickness may be 5. 
The velocity profile within the film can be assumed as a parabola: 

In this equation, y is the distance from the wall and U is the down¬ 
ward velocity of the liquid at the border adjacent to the vapor. 
Nusselt showed that the parabola exactly represents the real 
velocity profile. As the heat of condensation flows normal to 
the velocities in the film the temperature profile must be essen¬ 
tially linear, with a temperature Uo at the wall and the saturation 
temperature U at the border of the film adjacent to the vapor. 
It is surprising perhaps that the temperature field has here 
another shape than in the boundary layer of a liquid or gas 
(Sec. 20 or 30). This is explained by the fact that the entire 
amount of heat flow to the wall originates in the boundary layer 



Fig. 96. Condensate- 
film thickness, velocity, 
and temperature profile 
for film condensation on 
a vertical wall. 


> W. Nusselt, Z, Ver. deut. Ing,, 60, 641 (1916). 


HEAT TRANSFER BY CONVECTION 173 

in the previously investigated problems, whereas here all the heat 
is generated at the outer border of the liquid film by condensation 
of the vapor. 

The heat flow through an element of the film with the height 
dx and unit dimension in the horizontal direction along the wall 
is therefore 

dQ = I dx{i. - Uc) (197) 

Again a film heat-transfer coefficient h is defined by the equation 
dQ = h dx(ts — Uv) 

and therefore 

(198) 

The velocity with which the liquid film flows down the plate can 
be calculated from the equilibrium condition for the element of 
film under consideration. The weight of this film element must 
be counteracted by the shearing stress at the wall: 

yd dx = Tw dx 

Acceleration and pressure forces are neglected as small. By 
introducing Newton^s law (109) for the shearing stress and solving 
the above equation for the velocity gradient at the wall there is 
obtained 

/^\ ^ ^ ^ 75 
\dy/w 5 M 

and therefore 



Equation (196) therefore changes to 



The average velocity Um at the cross section x is two-thirds the 
maximum value since the velocity profile is a parabola: 



( 199 ) 
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The weight of liquid flowing through the cross section x is 

G = yu„S = ^ 

3jll 

Through the cross section at a distance dx in the downward direc¬ 
tion the weight flow is greater by the amount 

dG = dd (200) 

This amount must be generated by condensation of vapor. With 
the equation dQ = r dGy in which r is the heat of condensation 
per pound of liquid, there is obtained from Eq. (197), 

dG == ^^dx(t. - tu,) (201) 


and by equating (200) and (201) the formula 


d8 _ juA; 


= 


dx ry^ 


{t. - tui) 


is obtained. Integration gives 


— = a — t 

4 y.y2 

If the dynamic viscosity fi is replaced by the kinematic viscosity 
V there is obtained for the thickness of the liquid film 




^Avk{U — Uo)x 


gyr 


and for the film heat-transfer coefficient, 


i, _k _ *1 k»ffry 

s yjMt. - 




In dimensionless form it may be written 


( 202 ) 

(203) 


Nu. 





g-yri® 


4vk(t. - t„) 


(204) 


Equation (203) gives the local heat-transfer coefficient at a dis¬ 
tance X from the upper edge of the plate. The average value 
along the distance is found by integration: 


B = 


(205) 
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According to Eq. (204), the Nusselt number depends on the 
dimensionless value on the rightr-hand side of the equation. No 
name or symbol has been given to this value. The property 
values of the condensate must be introduced into the equation. 

The liquid film changes to turbulent flow when its thickness 
exceeds a certain value. Heat transfer through the turbulent 
film can be calculated in the same way as for turbulent flow of 
liquids or gases along a plate. Such a calculation was done by 
U. Grigull.^ The result shows that in the turbulent film, the 
Nusselt number is a function of the dimensionless value in Eq. 
(204) and of the Prandtl number of the condensate. The equa¬ 
tion for heat transfer in a turbulent film is rather complex. It is 
therefore better to take the heat-transfer coefficient from Fig. 97. 
In this figure the Reynolds number of the film is plotted over the 


dimensionless value 


— tj)x 


with the Prandtl number as a 


parameter. The Reynolds number is built with the film thick¬ 
ness 6 and the average velocity in the film 


= 




(206) 


From this, the average heat-transfer coefficient can be calculated 
by the fact that the heat flowing to the wall over the height x 
originates from the heat of condensation of the condensate passing 
through a cross section of the film at the point x: 


Therefore 


hx{te — Uv) — yUntSr 


Re, 


hx{tg 

^ grtx 


(207) 


The Reynolds number calculated from Eq. (204), 
flow is 



for laminar 


(208) 


This equation is represented in Fig. 97 by the dashed line. For 
turbulent flow, two bundles of lines are inserted in Fig. 97. One 
is calculated with a critical Reynolds number Rccr == 400, the 
other with Rear = 300. The great number of inserted points 


1 IT. Grigull, Forach, Oehiete Ingenieurw,^ 13 , 49-57 (1942). 
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Fig. 97. Film condensation with laminar and turbulent film. [From U. 
OriguUt Forach. Gebiete Ingmieurw,^ 18, 49-67 (1942).] 


representing experimental results indicate that Re„ = 300 con¬ 
forms better with reality. In the laminar region, Nusselt’s 
theory is proved by the experiments. 

Nusselt also calculated the heat transfer by condensation on a 
horizontal circular tube. The result can be expressed simply so 
that the average film heat-transfer coefficient on a tube with 
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diameter d has the same magnitude as the average film heat- 
transfer coefficient on a vertical wall with the height x = 2.5d. 
If more tubes are arranged one above the other, the condensate 
from the highest tube flows to the next underlying, etc. (Fig. 98). 
By this action the heat transfer of every successive tube is dimin¬ 
ished. Nusselt's calculations showed that the heat flow of the 
second tube is only 60 per cent of the first. This decrease in the 
heat flow can be greatly diminished by an arrangement proposed 
by Ginabat (Fig. 99). 



Fig. 98. Film condensation on three Fig. 99. Film condensation on a 
tubes above each other. tube arrangement used in the Gina¬ 

bat condenser. 

Most experiments confirmed Nusselt's liquid-film theory. 
Sometimes, however, much higher values were measured. E. 
Schmidt, W. Schurig, and W. Sellschopp^ showed that this is 
because the vapor sometimes condenses not as a connecting film 
but in the form of small droplets which increase in size with time 
until they are so heavy that they run down the wall. In so doing 
they sweep their paths free of droplets. On these places the 
formation of new tiny droplets begins immediately. Figure 100 
shows a photograph of this type of condensation. It can be 
easily understood that heat transfer for this type of condensation 
is much greater than for filmwise condensation. A great number 
of American experiments were conducted which analyze the 

' E. Schmidt, W. Schurig, and W. Sellschopp, Tech. Mech. u. Thermo- 
dynam.f 1, 53 (1930). 
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conditions under which the condensation will be filmwise or drop- 
wise. Pure vapor on clean surfaces condenses always as a film. 
Impurities in the vapor or on the wall, especially of fatty acids, 
lead to condensation in the form of droplets. The formation of 

droplets is easier on rough sur¬ 
faces than on smooth ones. On 
steel or aluminum tubes under 
ordinary conditions one must 
always expect filmwise conden¬ 
sation. Since it is difficult to 
predict with certainty the forma¬ 
tion of dropwise condensation, 
it is recommended that calcula¬ 
tions always be made with the 
equation for film condensation. 

Superheated vapor has practi¬ 
cally the same film heat-transfer 
coefficients as saturated vapor. 
If a non condensing gas is present 
together with the vapor, an addi¬ 
tional resistance to the heat flow 
arises by concentration of the 
gas near the liquid-film surface. The heat transfer is thus much 
decreased. This problem is discussed in the last paragraphs 
dealing with mass transfer. 

Example. Saturated water vapor condenses as film on a vertical 
wall. The film heat-transfer coefficient at a distance of 3 in. from the 
upper edge is to be calculated. The steam pressure is 1.43 Ib/in.*; the 
corresponding saturation temperature t, = 114 F. The wall tempera¬ 
ture is tu, = 105 F. 

From steam tables take the heat of evaporation, r = 1029 Btu/lb, 
and the specific weight 7 = 62 Ib/ft®. The property values k and v 
can be found in the Appendix: 

V = 0.654 X lO-*^ ftVsec 

k = 0.367 Btu/(hr)(ft)(F). The dimensionless value in Eq. (204) is 
Qyrx^ _ 32.2 X 62 X 1029 X 3^ X 3600 . ^ 



Fig. 100. Dropwise condensation. 
[Photograph by E. Schmidt, W. 
Schurig, and W, Sellschopp, Tech. 
Mech. u. Thermodynam, 1, 53 (1930) .1 


and the Nusselt number is Nu = ^1.34 X W* 1.08 X 10®. The 
local film heat-transfer coefficient is 
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0 ^fi7 V 12 

h = - -— X 1.08 X 10« = 1580Btu/(hr)(ft*)(F) 

and the average value along the height of 3 in. is 

h = (4/3) X1580 - 2110 Btu/(hr)(ft2)(F) 

The average film heat-transfer coefficient on a horizontal tube with e. 
diameter d = 3/2.5 = 1.2 in. has the same magnitude. It can be seen 
that the heat-transfer coefficients connected with condensation are 
very great. 

32. Evaporation 

Among all the different kinds of heat transfer the one concerned 
with the evaporation of a boiling liquid is least explored. A gen¬ 
eral treatment by calculation is therefore not possible now and 
one can rely only upon the numerous experiments. Since the 
evaporation process is rather complex and the relative importance 
of the different physical laws connected with it is not known, it is 
neither possible to generalize the results of experiments on certain 
liquids by dimensional analysis nor to transfer these results to 
other liquids in this way. The basic work on this kind of heat 
transfer was done by M. Jakob and his coworkers. 

Most of the experiments were done on horizontal heating sur¬ 
faces at ambient pressure and 210 F temperature. Figure 101 
shows the temperature field measured in boiling w^ater above a 
horizontal electrically heated plate. ^ It can be seen that in a 
thin boundary layer on the surface a steep temperature gradient 
arises. Outside this boundary layer the temperature in the boil¬ 
ing water is practically constant, but higher by 0.7 F than in the 
steam above the water surface. The explanation for this fact is 
that the pressure in the steam bubbles generated in the water is 
higher than in the liquid, since the surface tension in the surface 
of the bubbles tends to reduce the size of the bubbles and must be 
counteracted by a higher pressure inside the bubble. For this 
higher pressure there must occur a higher evaporation tempera¬ 
ture. The pressure difference between the bubble interior and 
the surrounding liquid is the greater, the smaller the size of the 
bubble. Therefore, bubbles can originate in a liquid only where 
starting places in the form of small gas bubbles or roughness of 
the walls are present. The evaporation can therefore be influ- 

^ M. Jakob and W. Fritz, Forsch, Oehiete Ingenieurw.^ 2, 435 (1931). 
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enced by the quality of the surfaces and the purity of the liquid 
and surfaces. Generally the bubbles originate on the heated sur¬ 
faces. They continue to grow, however, during their ascent 
through the liquid. The termal resistance in the evaporation 
process is concentrated essentially in the boundary layer at the 
heated surface. The generation and growth of the bubbles is of 
secondary importance to the magnitude of the heat flow from the. 



distance from hot ptato 

Fig. 101. Temperature profile in boiling water above a horizontal heating plate. 
{According to M, Jakob and W. Fritz^ from M, ten Boachy **Die Wdrmeiihertra- 
gung,” 3d ed.^ Springer-Verlagy Berlin, 1936.) 


heated surface. The thickness of the boundary layer and there¬ 
fore the film heat-transfer coefficient are determined by the 
natural convection currents arising within the liquid at small 
heat-flow values. In the range of heat flow q up to 3700 Btu/ 
(hr)(ft^), the film heat-transfer coefficient can be represented by 
the equation^ 

h = (209) 

^ W. Fritz, Z, Ver, devt. Ing., Beiheft Vcrfahrenstechnik, No. 5, 1937, pp. 
149-166. 
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For an evaporation temperature of 210 F, the constant C has the 
value 274 ~ The film heat-transfer coefficient in this equation 

is formed with the difference between the temperatures of the 
heated surface and the temperatures wdthin the liquid outside 
the boundary layer. It can be shown that Eq. (209) can be 
transformed into a dimensionless expression of the form 

Nu = CfiGrPr) 

and that the results of experiments with different liquids lead to 
the same dimensionless equation. By this fact, the assumption 
that the heat transfer is determined by the free-convection cur¬ 
rents within the liquid is proved. 

Of greater industrial importance is the heat transfer at higher 
specific heat flow. In this range, the boundary-layer thickness 
is determined by the stirring action of the steam bubbles. 

Measured film heat-transfer coefficients are shown in Fig. 102. 
Figure 102a gives the variation of h with the temperature dif¬ 
ference between the heating surface and the boiling licjuid for 
water boiling under 1 atm pressure. The range of heat flow 
under the stirring action of the bubbles is indicated by the steeper 
increase of h with At. The film heat-transfer coefficient reaches 
a maximum and decreases thereafter. In the region behind the 
maximum the heat-transferring surface is covered by a steam 
film and the higher heat resistance of this film is the reason for 
the lower h values. The phenomenon that a vapor film separates 
heating surface and licjuid was described by Leidenfrost in 1756. 
The influence of pressure or boiling temperature on the film heat- 
transfer coefficient is shown in Fig. 1026. The two sets of experi¬ 
mental results at low and higher temperature difference do not 
agree well. They show, however, that the h value increases with 
increasing boiling temperature (pressure). No great differences 
exist between the film heat-transfer coefficient on horizontal 
plates (curve A in Fig. 102a) or on horizontal tubes (curves B 
and C). Neither has the number, diameter, and arrangement of 
tubes or the horizontal or vertical position of the heating surface 
in an evaporator an appreciable influence on it. Only in the 
lower range can the h values be improved substantially by stir¬ 
ring. At higher heat-flow rates the velocities produced by the 
stirring do not penetrate into the thin thermal boundary layer on 
the heating surface. 
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Fig. 102. Heat-transfer coefficients for water boiling on horisontal tubes (^i) 
and horizontal plates (B and C). Figure a at 1 atm. (From TT. H. McAdams, 
''Heat TransmieaionN 2d ed,, McGraw-Hill Book Company^ Inc., New York, 
1942.) 
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Evaporators in which the liquid is evaporated inside tubes and 
which work with forced convection evaporate usually only a few 
per cent of the circulated liquid. The film heat-transfer value 
can in this case be calculated using the formulas of flow through 
tubes without boiling. The stirring action of the vapor bubbles 
increases the h values by 25 to 40 per cent. Water boiling in 
tubes under natural convection has heat-transfer values which 
were summarized by W. Fritz^ in Table 10. These values are 
valid for velocities of the liquid less than 3 fps. 

Table 10. Approximate Valles for Heat-transfer (\)efficients to 
Boiling Water at Normal Pressure* 


Specific heat flow 

Horizontal plate, 
vessels 

h, Btu/(hr)(ft2)(F) 

Tube, 1-2 in. diani 
to 6 ft long, natural 

q, Btu/(hr)(ft2) 

(areulation 
h, Btu/(hr)(ft*)(F) 

5,000 

420 

550 

10,000 

660 

850 

20,000 

1,100 

1,350 

30,000 

1,500 

1,800 

40,000 

1,800 

2,200 

50,000 

2,150 

2,600 

60,000 

2,450 

2,950 

70,000 

2,750 


80,000 

3,100 


90,000 

3,400 


100,000 

3,600 

i 



* W. Fritz, Z. Ver, deut. Ing., Beiheft Verfahrenatechnik, No. 1, 1943, pp. 1-14. 

A more extensive treatment of evaporation and a compilation 
of numerical values for different liquids is found in W. H. 
McAdams, “Heat Transmission,^^ 2d ed., McGraw-Hill Book 
Company, Inc., New York, 1942. Local boiling near the sur¬ 
face increases the heat transfer considerably when a liquid cools 
a surface whose temperature is above the saturation point. Use 
is made of this cooling method in rockets. ^ 

Example. As a synopsis of the facts discussed in the chapter on heat 
transfer by convection, the heating surface of a condenser may be calcu¬ 
lated. The condenser is to condense 20,000 Ib/hr of water vapor at a 

‘ W. Fritz, Z. Ver. devi. Ing.y Beiheft Verfahrenstechnik^ No. 1, 1943, pp. 
1-14. 

* F. Kreith and M. Summerfield, Trans, ASME^ 48-A-38. 
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pressure of 1.43 Ib/in.^ To this pressure there corresponds an evapora¬ 
tion temperature of = 114 F. The heating surface may be built up 
with brass tubes having 1.2-in. internal diameter and 0.04-in. wall 
thickness. The tube length is 9 ft. The amount of cooling water is 
W = 800,000 Ib/hr, its temperature twi — 80 F. The velocity of the 
cooling water in the tubes is 6 fps. 

The heat of evaporation of water at 1.43 Ib/in.^ is 1029 Htu/lb; there¬ 
fore the heat flow in the condenser is 


Q == 1029 X 20,000 = 20,580,000 Btu/hr 

Since this amount of heat must be absorbed by the cooling water, its 
temperature in leaving the condenser can be calculated from the 
equation 

Q = W{twe — twi) tue “ ^ ~ 800 00 ^ + 80 = 25.7 + SO 

= 105.7 F 


Outside the tubes, the temperature of the steam along the whole heating 
surface is 114 F (the small influence of the air contained in the steam 
may be neglected). The logarithmic mean temperature difference is 
therefore, from Fiq. (24) (calculated with Table 2), 


AUn 


(tj - ~ 

\ti(u — — 


tv,.) 34 - 8.3 

Q " In 34/8.3 


18.2 F 


To calculate the heating surface with Eq. (23), the over-all heat-transfer 
coefficient must be known. This consists, according to Eq. (116), of the 
two film heat-transfer coefficients h on both sides of the heating surface 
and of the value k/b for heat conduction through the tube wall. To 
calculate the film heat-transfer coefficient hw from the cooling water to 
the tube inside, the Reynolds number is constructed: 


Umd ^ 6 X (1.2/12) 
V 0.708 X 10"^ 


84,700 


The flow therefore is turbulent, and because of l/d = 90 it is also fully 
developed. The film heat-transfer coefficient therefore is to be calcu¬ 
lated with Eq. (157). With a Prandtl number Pr = 4.34, 

^ ^ Nu 0.0396 X 84,700-H 

RePr i + 1.6 X 84,700“!^ (4.34 - 1) 

= 0.00101 and Nu = 372 


With a thermal conductivity A; = 0.363 Btu/(hr) (ft) (F) there is obtained. 



0.363 X 12 


1350 Btu/(hr)(ft2)(F) 


1.2 
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The film heat-transfer coefficient on the outside surface of the tubes 
caused by the condensing steam was calculated in the previous para¬ 
graph. It was found that = 2110 Btu/(hr)(ft2)(F). The thermal 
conductivity of brass is A: = 65 Btu/(hr)(ft)(F). Therefore the over-all 
heat-transfer coefficient U is given by 

I 16 1 1 0.04 1 1 

U h. 1,350 i2 X 65 2,110 790 


and U = 790 Btu/(hr)(ft2)(F). From the equation it can be seen that 
the greatest thermal resistance which determines the heat flow is that 
on the water side. The thermal resistance of the brass wall is negligibly 
small compared with the other resistances. The heating surface A is 
finally, from Eq. (23), 


Q 20,580,000 
- 790 X 18.2 


1,430 ft* 


1 2 X TT 

Since the surface of one tube is --- — 9 = 2.82 ft*, 508 tubes are 

necessary. The film heat-transfer coefficient outside the tubes is greatly 
diminished by the presence of entrained air in the steam. If entrained 
air is to be expected, the heating surface must be increased by a certain 
amount. 


33. Heat transfer in gases at low densities 

In this book the media which transfer heat are considered as 
continua. This is permissible as long as the volume elements 
which are used in the calculations still contain a large number of 
molecules. Even in gases where the distances between the 
molecules are much larger than in solids or liquids, the mean 
intermolecular distance is very small as compared with those 
dimensions with which we are usually concerned in our heat- 
transfer calculations, and therefore the above condition is well 
fulfilled. Only at very low pressures and corresponding low 
densities does the distance between the molecules become com¬ 
parable with the other dimensions, and then the effect of the 
molecular structure makes itself felt in flow and heat transfer. 
The manner in which this occurs will be explained later in this 
section. The explanation will make it possible to estimate the 
point at which the ordinary formulas developed in the previous 
chapters become invalid; however, no equations for the deter¬ 
mination of heat flow in gases of low density will be presented. 
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The knowledge in this field has been very sparse up to now. Only 
recently, because of the possibility of attaining very high altitudes 
in the flight of rocket-powered missiles, has research been insti¬ 
gated in this direction.^ 

The tool in dealing with these low-density phenomena is the 
kinetic theory of gases, developed in a quantitative way first 
by D. Bernoulli in 1738. This theory considers the gases as 
consisting of molecules, each of which flies rectilinearly until it 
collides with another molecule. Their average kinetic energy 
determines the temperature of the gas. In the collisions the 
molecules exchange their energies according to the laws of elastic 
impacts. The average length of the straight-line paths which the 
molecules follow between the impacts is called the mean free path. 
The velocity of a molecule changes with each impact; therefore, 
at any specific moment, there are molecules with all sorts of 
velocities present. Most of them, however, have velocities in the 
neighborhood of a mean value. Very few have exceedingly 
small or exceedingly large velocities. The distribution function 
of the velocities in a gas in equilibrium was calculated by J. C. 
Maxwell (1859). We will denote the mean molecular velocity 
by V and the mean free path length by X. 

One of the early successes of the kinetic theory was that it 
predicted the astonishing fact that the dynamic viscosity and the 
thermal conductivity of gases are independent of pressure. This 
means, for instance, that a certain amount of heat is conducted 
through a stagnant gas layer under fixed temperature conditions, 
regardless of the pressure of the gas. Using simplified concepts 
we will derive approximate expressions for the viscosity and 
conductivity. The kinetic theory explains the shearing stresses 
in a flowing gas by the fact that molecules move constantly back 
and forth between the layers flowing with different velocities. 
In this way momentum is exchanged between these layers. The 
same swirling motion of the molecules causes an exchange of their 
energy when there are temperature differences in the gas. It will 
be recalled that a similar concept was used in explaining turbulent 
shearing stresses and heat flow. Figure 62 illustrated the manner 
in which fluid masses t// were carried by the turbulent motions 

^ S. A. Schaaf, D. O. Homing, and E. D. Kane, Design and Initial Opera¬ 
tion of a Low Density Supersonic Wind Tunnel, Heat Transfer and Fluid 
Mechanics Institute, Berkeley, Calif., 1949, published by ASME. 
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through an arbitrarily selected plane aa and carried with them 
the temperatures and velocities from planes 1-1 and 2-2 from 
whence they originated. In this way these fluid masses exchanged 
heat and momentum. 

Now we consider the laminar flow of a gas parallel to a wall 
with a velocity and temperature gradient normal to the wall. 
Molecules pass constantly through an arbitrary plane aa parallel 
to the wall (Fig. (12). During the time interval dr, molecules with 
a velocity component ux normal to plane aa will pass that plane 
when they are within a distance uxdr of that plane. The number 
of molecules per unit volume may be n. The average velocity 
component toward plane aa of all molecules will be some frac¬ 
tion of the mean molecular velocity.^ Therefore all the mole¬ 
cules within the volume i^v dr will pass a unit area of the plane. 
Their number is i^nv dr^ and the number of molecules passing a 
unit area of plane aa per unit time from one side is i'nv. The 
molecules carry with them the flow velocity u from their last 
collision until their next collision. On the average, therefore, 
they transport the flow velocity from plane 1-1 to plane 2-2 
through a distance which must be connected with the mean free 
path length. We will write for it with a numerical factor j 
which cannot be very different from 1. A molecular stream of 
equal magnitude passes plane aa in the opposite direction and 
carries the flow velocity u' from plane 2-2 to plane 1-1. The 
exchange of momentum connected with this process is 


i'nvm{u — u') 


with m denoting the mass of one molecule. When the velocity 
gradient at plane aa in a direction normal to that plane is du/dy^ 
then {u — w') can be expressed as jiK{du/dy), Therefore the 
exchange of momentum per unit area, or the shearing stress, is 

r = i'jnmv\{du/dy) = inmv\{du/dy) 

when the product i'j of dimensionless factors is combined into i 
whose value must be of the order of magnitude 1. On the other 
hand the viscosity y is defined by the equation t = ii{du/dy). 

* More extensive calculations result in t' * See E. H. Kennard, 
“Kinetic Theory of Gases,” p. 60, McGraw-Hill Book Company, Inc., 
New York, 1938. 
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Equating both results in 

H = inmv\ 

the product nm is the mass p per unit volume. A thorough 
calculation for spherical molecules by S. Chapman and D. 
Enskog, which took into account the distribution of velocities 
and path lengths, gave for the numerical factor i the value 0.499 
and therefore for the dynamic viscosity 


fx = 0.499puX 


The kinetic theory shows that the product pX is independent of 
pressure, and for the mean molecular velocity it gives the expres¬ 


sion 


*' = >/■ 


'8gRT 


where R is the individual gas constant, T is 


the absolute temperature, and g is the acceleration of gravity). 
Therefore jjl is, according to the preceding equation, independent 
of pressure. If the mean free path is known, the viscosity can be 
calculated from this formula. Normally it is used, however, to 
calculate the mean free path from measured viscosity values. 
For air at normal pressure and 68 F, the value X = 2.5 X 10-® in. 
is found in this way, and at 900 F, X = 8.2 X 10“® in. 

When a temperature gradient dt/dy is present in the gas, 
internal thermal energy is exchanged in the same way by the 
molecules. With Cm, the specific heat per molecule, this heat 
exchange per unit area of plane aa is 


q = invCm^{dt/dy) 


With the specific heat for constant volume, c„, per unit weight 
nCm = 7 Ct,. On the other hand the thermal conductivity k is 
defined by the equation q = k(dt/dy). Therefore 


k = iyCvv\ 


The exact calculation by S. Chapman determined the numerical 
factor i for monatomic gases. It is somewhat different from the 
factor for the viscosity and has the value i =* For molecules 
with more atoms, A. Eucken developed by plausible deductions 
the formula i = J^(9/c — 5), in which k is the ratio of specific 
heats at constant pressure and volume. 
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Introducing the viscosity into the formula for the thermal con¬ 
ductivity gives 


k = 



gcrti 


or 


k 9 k - 5 


Thus the kinetic theory leads to an expression for the Prandtl 
number which is generally in good agreement with measured 
values. The kinetic theory also gives an interesting interpreta¬ 
tion to the Reynolds number Introducing n results in 


Re 


1 VL 
0.499 u X 


The Reynolds number, therefore, is the ratio of the macroscopic 
flow velocity V to the mean molecular velocity v times the ratio 
of the characteristic length L to the mean molecular path X. 
Similarly, from the expression for the sound velocity 


7 . = Vg^cRT 


it follows that v = 



and therefore 



The Mach number is essentially the ratio V/v oi the flow velocity 
V and the molecular velocity v. 

Now the conditions within a gas—either stagnant or flowing— 
with a temperature gradient normal to a wall in the immediate 
neighborhood of this wall will be studied using the conceptions 
of the kinetic theory. A stream of molecules, which continuously 
crosses the control plane aa (Fig. 102c) situated just in front of the 
wall in a direction toward the wall, is reflected from the wall and 
crosses the plane a second time. The gas temperature in the 
plane aa is the average of the temperatures of both molecular 
streams. Therefore this temperature cannot be equal to the 
wall temperature even when the reflected molecules have assumed 
the wall surface temperature since the stream coming from the 
gas has a higher temperature. There must be a temperature 
jump at the surface. If the wall is removed and the gas extends 
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beyond its surface, then the temperature gradient as found some 
distance from the wall, where it is not yet affected by the surface, 
would extend as indicated by the dashed line and the wall tem¬ 
perature would be reached at a distance I from the surface which 
has approximately the length of the mean free path. This fol¬ 
lows immediately from a comparison with Fig. 62 and the con¬ 
siderations which led to the formulas for the viscosity and thermal 
conductivity. In reality the molecules will not assume exactly 
the wall temperature in the process of reflection. This fact is 
expressed by the accommodation coefficient as introduced by 
Knudsen.^ This coeflScient is the ratio a = (Ti — Tr)/{Ti — Ty.) 
where Ti is the temperature of the molecules before they impinge 

on the wall, Tr is the tempera¬ 
ture of the molecules aftc^r 
reflection, and is the wall 
temperature. The accommo¬ 
dation coefficient is unity when 
the molecules assume wall tem¬ 
perature upon reflection and 
less than unity otherwise. 
Values between 0.1 and 1 have 
been measured. The accuracy 
of the measurements, however, 
is not very satisfactory, and the results are partially contradic¬ 
tory. The value depends on the gas and the nature of the 
wall and its surface. Hydrogen, for instance, seems to have 
an especially low accommodation coefficient. More recent 
experiments by Wiedman^ gave values of 0.87 to 0.97 for air. 
The gaskinetic calculation of the length I (Fig. 102c) resulted in 

2 - a 1.996#c 2 



I'lG. 102c. Temperature jump on a 
surface at low pressures. 


i = 


K + 1 Pr 


Since In reality the molecules have different path lengths, the 
temperature field in the gas in the immediate proximity of the 
wall is influenced within a distance of the order of magnitude of 
the mean free path length, in the way indicated in Fig. 102c. 

The mean free path for air at barometric pressure and normal 
temperature is 2.5 X 10“* in. It is exceedingly small. There- 

* Knudsen, Ann. Phytik, S4, 693 (1911). 

* See H. S. Tnen, /. Aeronaui. 8ci., IS, 663-664 (1946). 
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fore the assumption which has been made in the book that the 
gas approaches the wall temperature at the surface is well justi¬ 
fied at normal pressures. Only at very low pressures does the 
temperature jump at a surface become recognizable. Its exist¬ 
ence was revealed for the first time by experiments of M. Smolu- 
chovsky.^ It can easily be seen that the heat flow by conduction 
through a gas layer between two plane walls separated by the 
distance L is changed by 2 per cent by the temperature jump 
when the ratio of the length Z to the distance L is 0.01. Generally 
the influence of the temperature jump on the heat flow depends 
on the ratio of the mean free path X to the characteristic length 
L of the special problem. This ratio is called Knudsen number 
(Kn). It is assumed that the normal heat-flow formulas become 
inaccurate when the Knudsen number exceeds a value of approxi¬ 
mately 0.01. In boundary-layer flow it is apparently opportune 
to use the boundary-layer thickness as characteristic length. 
The Knudsen number can be expressed by the Reynolds and 
Mach numbers. Using the relations on page 189 we find 

” 0.499 Re 

The limit where the molecular structure of the gas begins to 
affect the heat transfer can be approached either by high Mach 
numbers or by low Reynolds numbers. The influence of the 
temperature jump is felt at comparatively high pressures when 
the characteristic length L is small, for instance, in heat conduc¬ 
tion through gases which fill the open spaces in a pulverized 
material. 

In aerodynamics the assumption is made that the velocities 
approach the value zero at the surface of a stationary wall. This 
is not strictly true either, because the molecules which cross a 
control plane immediately in front of the wall in the direction 
toward the wall have a finite flow velocity parallel to the wall. 
Even when they lose this velocity completely upon reflection, the 
average of the flow velocities of all molecules crossing the refer¬ 
ence plane has a finite value. The gas dips on the surface of the 
wall. In reality, the molecules do not lose their flow velocity 
completely upon reflection. This fact is expressed by the 

1 M. Smoluchovski, SitzungsberidUe Wiener Akad,^ 107, 304 (1898); Am, 
Akad. Wise, Krakau, A, 6, 129 (1910). 



192 INTRODUCTION TO THE TRANSFER OF HEAT AND MASS 


so-called slip coefficient /,. This coefficient gives the fraction of 
momentum in a tangential direction given off by the molecules 
in the reflection process. The slipping of the flow was found by 
A. Kundt and E. Warburg (1875) in experiments at low pressures, 
and the slip coefficient was introduced by T. C. Maxwell (1879) 
who presented a gaskinetic theory of this phenomenon. Meas- 
sured values for the slip coefficient range from 0.8 to 1. The 
velocity profile looks similar to the temperature profile in Fig. 
102c. If the trend of the profile at some distance beyond the 
mean free path is extrapolated it reaches the value zero at a dis¬ 
tance I beyond the wall surface. MaxwelFs theory gave for this 
length the formula 

I = 0.998 X 
J» 

Again the length I and therefore the slip are negligible at normal 
pressures. When the pressure is lowered it begins to affect the 
flow at approximately the same values of the Knudsen number 
as the temperature jump begins to affect the heat transfer. The 
flow regime (characterized by a certain range of the Knudsen 
number), where only the immediate neighborhood of solid walls 
is affected by the molecular structure of the flowing gas in the 
sense of the above considerations, is called slip flow regime.^ 
When the pressure is lowered still further the molecular mean 
free path and the region near the solid surfaces which is influenced 
grows more and more. Finally the pressure becomes so low that 
collisions between the molecules are very rare (the mean free 
path length is large as compared with the characteristic length). 
This flow regime is called free molecular flow. It may be encoun¬ 
tered by high-altitude rockets. In this region the calculation of 
drag and heat transfer becomes possible again. The nature of 
the calculations has more similarity with radiation calculations 
since the molecules move on straight paths (collisions with other 
molecules are neglected) until they hit a solid surface. Heat 
transfer to surfaces in this flow regime was calculated by Stalder 
and Jukoff.2 

^ H. S. Tsien, Superaerodynamics, Mechanics of Rarified Gases. J, Aero¬ 
naut. Set., 13, 653-664 (1946). 

‘ J. R. Stalder and D. Jukoff, Heat Transfer to Bodies Traveling at High 
Speed in the Upper Atmosphere. J. Aeronaut, Sct.^ 16, 381-391 (1948). 



CHAPTER 4 

THERMAL RADIATION 

34. Basic conceptions 

Heated solid bodies and liquids as well as some gases transmit 
heat also in the form of radiation. The heat rays emitted by 
such materials are electromagnetic waves. Their nature is the 
same as that of other electromagnetic waves, such as X rays, 
visible light, and the waves used in wireless transmission of 
signals. All these rays differ only in wave length. The human 
eye is sensitive to rays in the range from 0.35 up to 0.75 
Thermal radiation comprises rays Avith wave lengths 0.3 to 10 /x 
and more. If radiation impinges upon a body, one part is 
reflected from the surface and the other part penetrates into the 
interior of the body. The reflection occurs in such a w^ay that 
the angle between the reflected beam and the normal to the sur¬ 
face equals the angle made by the impinging beam with the same 
normal. This reflection is called specular or regular. On rough 
surfaces, however, the incident ray is distributed into all directions 
after reflection. This kind of reflection is called diffuse reflection. 
The radiation penetrating into the body is partially absorbed on 
its way. The remainder leaves the body through another sur¬ 
face. The ratio of the reflected radiation to the incident radia¬ 
tion is called reflectivity and is denoted by p. The ratio of the 
absorbed radiation to the incident radiation is the absorptivity a, 
and the ratio of the transmitted radiation to the incident radia¬ 
tion is the transmissivity r. Therefore 

p -f- a -f- r == 1 (210) 

Solid and liquid bodies absorb practically the entire heat radia¬ 
tion penetrating through the surface into the interior in a very 
thin layer. Electric conductors need a layer of the order of 
magnitude 1 p for this absorption. Electric nonconductors 
absorb with very few exceptions the entire radiation in layers 

U M - 0.001 mm - 3.94 X 10~* in. 
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approximately 0.05 in. in thickness. Since the thicknesses of 
materials used for industrial purposes are almost always greater, 
it can be written for these, 

p + a = l (211) 

The laws governing the radiation emitted by a heated body are 
especially simple if no radiation is reflected from its surface 
(p = 0, a = 1). Such a body is called black body. The name 
comes from the fact that a surface which absorbs all light rays 
appears black to the eye. A surface can absorb practically all 
thermal radiation, however, without absorbing all light rays and 
therefore without appearing black to the eye. For instance, a 
whitewashed wall is nearly black for thermal radiation. Totally 
black surfaces do not exist in nature since a certain percentage of 
the incident radiation is always reflected, but there are surfaces 
which reflect only a very small portion of the incident radiation. 

A surface which is very nearly black is snow, 
with an absorptivity of 0.985 for thermal 
radiation from a body whose temperature 
is not too high. Although no totally black 
surfaces exist in nature, the conception of a 
black body is a useful one because the laws 
governing its radiation are comparatively 
simple, and because it can be proved that 
no surface radiates more heat than a black 
one. This is the content of the KirchhofI law. To prove this law 
it is necessary to imagine a hollow space {hohlraum) (Fig. 103) 
whose walls have a uniform temperature. Within this space is 
situated a body 1 with black surfaces. The body may have the 
same temperature as the walls. Then the heat radiated by the 
body must be equal to the heat radiated by the walls and absorbed 
by the body. If the two amounts of heat were not equal, the 
body would cool off or heat up. An isolated system of uniform 
temperature in which there arise spontaneously temperature dif¬ 
ferences is expressly forbidden by the second law of thermody¬ 
namics. The heat which is radiated per unit time from a unit 
surface is called emissive power and is denoted by e. If the black 
body 1 radiates eh, the amount of heat radiated from the surround¬ 
ings and impinging on a unit surface of body 1 must be et as well. 
Now remove body 1 and replace it with a body 2 of the same 
shape and magnitude but with an absorptivity a. From the 



Fig. 103. Derivation of 
Kirchhoflf’s law. 
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walls of the hollow space the same heat Cb as before is radiated 
against a unit surface of body 2. The body absorbs the amount 
aeb. The emissive power e of body 2 must have the same magni¬ 
tude according to the second law of thermodynamics: 

e = acb (212) 

This is the mathematical expression for the Kirchhoff law. In 
words we can state that the ratio of the emissive power eh of a 
black body to the emissive power e of another body at the same 
temperature equals the absorptivity of the second body. The 
ratio of the emissive power of any body to the emissive power of a 
black body of equal temperature is called emissivity €. The 
Kirchhoff law may also be written in the form 

€ = a (213) 

It is therefore only necessary to know either the emissivity or the 
absorptivity of a surface. For solid and licjuid bodies then the 
reflectivity is also known according to Etj. (211). 

For most materials the emissivity € depends on the tempera¬ 
ture. In this case the Kirchhoff law only holds true for a certain 
temperature. Therefore it gives the absorptivity only for the 
temperature at which the emissivity was measured. Another 
limitation to the law must be made when the emissivity and 
absorptivity differs for different wave lengths. Then Eq. (213) 
applies strictly only for monochromatic radiation. 

THE EMISSION OF THERMAL RADIATION 


36. The black body 

A surface element of a black body radiates in all directions. 
The heat flow per unit surface area 
leaving the body per unit time by 
this radiation is its emissive power 
6. The heat radiation from unit 
surface in a certain direction can 
be measured by determining the 
heat flow dq radiated per unit area 
of the radiating body and passing 
through an element of the surface 
of a sphere constructed with the 
radius r = 1 around the radiating 
surface element (Fig. 104). The area of such a surface element 



Fio. 104. Determining the radi¬ 
ation in different directions. 
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on the sphere has the same numerical value as the solid angle 
dct). The radiation in the contemplated direction is defined as 


i = 


do) 


(214) 


and is called radiation intensity. For a black body, the radiation 
intensity n is given by the Lambert cosine law 

ih = ihn cos ^ (215) 

where ihn is the radiation in direction of the normal to the surface 
element and is the angle between the radiation % and the nor¬ 
mal. The total heat radiated per unit of the black surface ele¬ 
ment, its emissive power, can be found by integration: 

eb = j ib do) = 2wibn cos ^ sin d0 — iribn (216) 

Since the radiation intensity 4 is constant in all directions com¬ 
prised in a conical surface with the opening angle (Fig. 104) 
a solid angle corresponding to the ring-shaped surface of the 
sphere 2ir sin p dfi could be used in carrying out the integration. 
The total heat radiated from the unit surface area of a black body 
is therefore t times the heat radiated in normal direction. 

The heat radiated from a body always comprises rays of differ¬ 
ent wave length. The amount of heat di radiated within an 
infinitesimally small wave-length range is also an infinitesimally 
small quantity. The fraction 



however, is a finite quantity and is called monochromatic radiation 
intensity. Calculation of the heat radiated by a black body 
as a function of the wave length instigated Max Planck to 
formulate the concept of his famous quantum theory. It so 
became the origin of modem physics. Planck^s law for the mono¬ 
chromatic thermal radiation intensity of a black body in normal 
direction is 


, _ 2Ci 

- 1 ) 


(218) 


where T is the absolute temperature in degrees Rankine, v^hich is 
equal to the temperature in degrees Fahrenheit plus 460. Equa- 
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lion (218) is represented in Fig. 105 as a function of the wave 
length X with the absolute temperature T as parameter. From 
Fig. 105 it can be seen that at any temperature heat is radiated 
in a wide range of wave lengths. The maximum value for the 
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Fig. 106 . Black-body radiation as a function of the wave length for different 
temperatures. 

radiation moves with increasing temperature to shorter wave 
lengths. This is described by Wien’s law, 

' XmaxT = 5,190 M deg R (219) 

where Xm«* is the wave length for the maximum of radiation. The 
visible range of wave lengths is indicated in Fig. 105 as a shaded 
band. It can be seen that with increasing temperature an 
increasingly greater part of the whole radiation falls into the visi¬ 
ble range. As the human eye can determine very small energies, 
the small radiation in the visible range at 1800 R, or 1340 F, is 
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seen as dark glowing red. With increasing temperature, the 
visible part of the radiation becomes greater, and therefore the 
brightness increases. But even at a temperature of 5000 R this 
visible part is comparatively small. The filament of a tungsten 
lamp has this temperature; therefore the efficiency of such a lamp 
is poor. Only at the temperature of the sun (approximately 
10,000 R) does the maximum value of the monochromatic radia¬ 
tion intensity lie within the visible range. 

The radiation intensity in the whole range of wave lengths, 
which is of most interest for industrial calculations, can be found 
from Planck’s law by integration: 

ibn ~ ‘i'hXn 

The integration is possible by introducing x = 1/X: 

£2 

ibn = 2Ci - ])~^dx 

= 2(7i x^{e + e ^ + e + • • •) dx 

Each single integral jo x^e ^ d.x(i = 1,2,3 * • •) can be solved 
by partial integration. It gives Therefore 

+ + ( 220 ) 

This is the Stephan-Boltzmann law, found experimentally by 
Stephan and proved theoretically by Boltzmann. According to 
this law black-body radiation is proportional to the 4th power of 
the absolute temperature. The emissive power of a black body 
is v times the radiation as presented by Eq. (220). Therefore, it 
can be written 

eb=-<rT^ (221) 

The numerical value of the Boltzmann constant <r was deter¬ 
mined by very accurate measurements. The resulting value 
<r = 0.173 X 10”® Btu/(hr)(ft®)(R^) is slightly greater than the 
value resulting from Eq. (220). 

In nature there does not exist an exactly black surface. It can 
be approached however to any desired degree in the following 
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way. Kirchhoff’s law states that a body which absorbs all 
impinging radiation radiates as a black body. We can realize a 
black body therefore by using a hollow space in which there is a 
small opening (Fig. 106) (a hohlraum). The walls of the space 
must be kept at uniform temperature. Radiation which streams 
through the opening into the hollow space is reflected repeatedly 
before it leaves the space again 
through the opening. If the surface 
of the space has a great absorptivity, 
then at every reflection the major part 
of the radiation is absorbed, so that 
after several reflections almost all 
radiation is absorbed. The opening 
of the hollow space therefore acts like 
a black surfac^e. By decreasing the 

size of the opening the black body can he approximated as 
closely as is desired. If the hollow space is heated, then the 
opening emits black-body radiation according to Kirchhoff^s law. 



Fig. 106 . Radiation 
hollow space. 


36. Solid and liquid bodies 

All solid and liquid bodies reflect a fraction of impinging ther¬ 
mal radiation and therefore according to the KirchhofT law radiate 
less heat than the black body. With respect to their thermal 
radiation properties, there is a principal difference between elec¬ 
tric conductors and nonconductors. The conductors reflect the 
major part of impinging radiation and radiate therefore com¬ 
paratively little heat. Nonconductors absorb the major part of 
impinging radiation and radiate comparatively much heat. For 
both groups, the absorptivity and emissivity change with wave 
length. Figure 107a shows the reflectivity p\ of monochromatic 
radiation for aluminum as an example of metals, and Fig. 107/> 
for some nonconducting surfaces of industrial importance, accord¬ 
ing to W. Sieber.^ Figure 107c represents the absorptivity ax of 
water, which was measured by Aschkinass.^ The polished alu¬ 
minum surface has a smaller reflectivity for shorter than for 
longer wave lengths. The reflectivity of metal surfaces as a 
function of wave length can be calculated by the electromagnetic 
theory of light. The trend for all metals is the same as that for 

1 W. Sieber, Z. tech. Phyaik, 22, 130-135 (1941). 

*E. Aschkinass, Wied. Ann., 60, 404 (1895). 
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Wave length X 


Fig. 107. Reflectivity and absorbtivity as a function of wave length for 
different materials. {From W. Sieher, Z. tech. Phyaik, 22, 130-135 (1941).] 


aluminum. Equation (211) shows, on the other hand, that the 
absorptivity of metals is greater at shorter wave lengths. The 
variation of the reflectivity of electric nonconductors with wave 
length is much more irregular. The oxide film of the anodized 
aluminum surface (Fig. 107tt) corresponds more to the noncon¬ 
ductors. A characteristic feature of nonconductors is the fact 
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that the reflectivity is lower at longer wave lengths. Especially 
surfaces which have a bright color have high reflectivity at short 
wave lengths. The reflectivity determines the absorptivity and 
emissivity according to Eqs. (211) and (213) for any wave length 
exactly, however, at only one certain temperature. 

A surface whose absorptivity is constant for all wave lengths 
Is called a gray surface. The surfaces represented in Fig. 107/; 
approximate a gray surface but imperfectly. Good approxima¬ 
tions of a gray surface are slate, tarboard, and dark linoleum. 
These materials absorb in the range of wave lengths between 0.5 
and 9 y from 85 to 92 per cent of the incident radiation. 

For industrial calculations, the data for the total radiation 
integrated over the wave-length range are most important. 
The absorptivity for the total radiation can be determined from 
the monochromatic absorptivity in the following way. The dis¬ 
tribution of the incident radiation over the wave-length range 
must be known. Then any ordinate of this curve must be mul¬ 
tiplied by the absorptivity a\ belonging to that same wave length. 
The area under the resulting curve divided by the area of the 
incident-radiation curve gives the absorptivity a. If the radiator 
is a black body, Fig. 105 gives its distribution curve. Every 
ordinate of this curve has to be multiplied by the corresponding 
absorptivity {e.g,, taken from Fig. 107). The resulting curve 
must be planimetered and divided by the area under the radiation 
curve in Fig. 105. In this way the absorptivity and reflectivity 
values in Fig. 108 were determined by W. Sieber. In the curves, 
the difference between electric conductors (represented by alu¬ 
minum) and nonconductors can be observed. For noncon¬ 
ductors, the absorptivity decreases with increasing temperature; 
for conductors it increases. Industrial radiators have temper¬ 
atures between 500 and 2500 R. For such radiation, the absorp¬ 
tivity of nonconductors is much greater than the values for con¬ 
ductors, The sun has a temperature of 10,000 R. At this 
temperature nonconductors with white surfaces absorb less of the 
radiation than metal surfaces. Only a few metals, e.g., silv^er, 
also have very small absorptivity in the range of visible radiation. 
Silver has a value for the reflectivity in this range of p = 0.96. 

If the monochromatic absorptivity ax of a surface for incident 
black radiation is independent of the surface temperature, the 
integrated absorptivity a is exactly equal to the total emissivity 
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for radiation radiated by the same surface where it is heated to 
the temperature of the black radiator. In most cases, however, 
the absorptivity of a surface depends on its temperature. Then 
the values of the total absorptivity a {e.g., in Fig. 108) give only 
a first approximation of the emissivity value. 

Lambert^s cosine law is not fulfilled exactly for materials 
present in nature. Figures 109 and 110 show the emissivity in 
the different directions for a number of electric conductors and 
nonconductors. If the cosine law were strictly fulfilled, all dis- 
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Fio. 108. Reflectivity and absorptivity of different materials as a function of 
temperature. [According to W. Sieber, Z, tech, Physik, S2, 130-135 (1941).] 

(1) white fire clay; (2) asbestos; (3) cork; (4) wood; (6) porcelain; (6) concrete; (7) 
roof shingles; (8) aluminum; (9) graphite. 

tribution curves would be semicircles. It can be seen in the 
figures that nonconductors have smaller emissivities for emission 
angles in the neighborhood of 90 deg than would be expected from 
the cosine law. For conductors, the emissivity first increases and 
afterwards decreases as the emission angle approaches 90 deg. 
As a consequence of this behavior, the average emissivity € for 
radiation in all directions differs somewhat from the emissivity 
€n in the direction normal to the surface. In Table 18 (Appendix) 
both values are compiled for different materials at room tempera¬ 
ture. According to Fig. 108 the emissivity is to be expected to 
increase with temperature for metals and to decrease for noncon¬ 
ductors. Measured values in a greater temperature range can 
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he found in a paper by H. Schmidt and E. Furthmann.^ From 
the emissivity e the heat radiated per unit surface area at the 
absolute temperature T —the emissive power e —can be calculated 
bv the formula 

e = (222) 


It was mentioned that the absorptivity a cannot be calculated 
exactly from the emissivity t with Eq. (213) when it depends on 



Fig. 109. 
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Figs. 109 and 110. Emissivity of materials in different directions. [From E. 
Schmidt and E. Eckert, Forach. Gehiete Ingenieurw., 6, 175-183 (1935).] 

(o) wet ice; (5) wood; (c) glass; (d)Jpaper; (e) clay; (/) copper oxide; (g) aluminum 
oxide. 

temperature. A detailed investigation* shows that for metals 
the following rule is valid. The absorptivity of a metal surface 
with the temperature Ti for black-body radiation at the tempera¬ 
ture T 2 is equal to t he em issivity of the same surface at the 
temperature Ts = y/TiTi. For nonconducting surfaces the 
temperature dependency is usually small and can be neglected 
as long as the temperature is not too high (Fig. 108). 

^ H. Schmidt and E. Furthmanni Die Gesamtstrahlung fester K6rper, 
MiU. K, Wilhelm Inst. Eiaenforachung, Dlisseldorf, 1928. 

* E. Eckert, Forsch, Oehiete Ingenieurw,, 7, 265-270 (1936). 
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Fig. 112. 

Figs. Ill and 112. Reflectivity of materials for black-body radiation. [From 
E. Eckert, Forach. Gehiete Ingenieurw., 1, 26&-270 (1936).] 

(o) aluminum paint; (6) iron scraped; (c) black iron; (d) copper oxide; (c) cast 
iron; (/) clay; (g) wood, p/s measured reflectivity, pfiw reflectivity of a completely 
diffuse surface with a » 1. 
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With respect to the distribution of reflected radiation there 
were discerned specular and diffuse reflection. These two con¬ 
ceptions are ideals which are only approximated more or less in 
reality. Figures 111 and 112 represent measured distribution 
curves for black-body radiation at 500 F impinging normally on 
different surfaces. The incident-ray bundle had an opening 
angle of 6 deg. From Fig. Ill it can be seen that surfaces which 
appear specular to the eye reflect much more thermal radiation 
in the proximity of the regularly reflected ray than in the other 
directions. In Eqs. (211) and (213) the average reflectivity over 
all directions must be inserted. 

37. Gases 

Some gases absorb and radiate heat. The radiation of the 
gases originates from oscillations of the atoms within the mole- 
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Fig. 113. Absorption bands of carbon dioxide. (MeasuremerUs by E. F. Barker, 
(r. Hertz, C. Schaefer, and B. Philipps,) 

(1) 5-cm; (2) 3-cm; (3) 6.3-cm; (4) 100-cm layers. 

cules. The oscillations arise by collisions of the molecules. 
Since electric charges are associated with the atom, the molecules 
act as small transmitters of waves. Elementary gases, which 
consist of atoms all of the same kind, have no free electric 
charges connected with the atom. Such gases as hydrogen, 
oxygen, and nitrogen radiate no heat and are perfectly trans¬ 
parent to foreign heat radiation. For industrial calculations, 
the radiation of carbon dioxide and of water vapor are most 
important, since-these gases are good radiators and are present 
in combustion gases in high concentration. Carbon monoxide, 
sulfur dioxide, and methane also radiate well but are generally 
present only in small concentrations. Figures 113 and 114 show 




m 



1 

■ 



1 

li 



■ 

■ 

1 

■ 

■ 

1 

1 

1 

■ 

El 

II 

li 

1 




■ 




■ 



1 

11 

m 


■ 

■ 

1 

I 

■ 

1 

1 

1 

i 

ii 

II 

II 

1 




■ 



i 

1 



1 

if 

iii 


■ 

! 

1 


■ 

1 

1 

1 

1 


11 


1 




■ 



\z 

a 



1 

li 

in 


1 

i 

■ 


■ 

1 

I 

1 

E 

r: 

H 

li 


i 




■ 



III 

■ 



1 

II 

in 


■ 

■ 



I 

1 

I 

I 



li 


1 




m 



11 

■ 



1 

II 

in 


■ 

■ 




1 

1 

11 



nil 


a 




m 



II: 

■ 



1 


in 


! 

■ 




1 

1 

1 



£li 


1 




m 



II. 

■ 



1 


in 


i 

■ 




■ 

1 

1 



III 


1 




if 



II: 

■ 



■ 


IIH 

c 

■ 

■ 




1 

1 

1 



III 


« 


M 


Ifl 



!l 

■ 



1 

II 

in 

m 

■ 

■ 




■ 

■ 

1 



11 


i 

1 










206 INTRODUCTION TO THE TRANSFER OF HEAT AND MASS 


the absorption spectra of carbon dioxide and water vapor. It 
can be seen that gases are different in their behavior from solid 
and liquid bodies in so far as they radiate and absorb radiation 
only within certain limited wave-length ranges. For water vapor 
these ranges lie comparatively close together. The radiation 
takes place essentially at wave lengths longer than 1 it is, there¬ 
fore, invisible. From the figures it can also be seen that gases, in 
contrast to solid and liquid bodies, need great thicknesses to 
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Fig. 114. Absorption bands of water vapor. 

(a) 127 C and 109 cm; (b) 127 C and 104 cm; (c) 127 C and 32.4 cm; (d) 81 C and 
32.4 cm at 4 cm atm; (c) room temperature and 220 cm at 7 cm atm. {From E. 
Schmidt, Forach, Gehiete Ingenieurw,, 3, 57 (1932).] 

absorb the major part of incident radiation. The monochro¬ 
matic absorptivity a\ is determined by the following law (Beer’s 
law): 

ox = 1 (223) 

with 8 as the path length of the radiation in the gas. The value 
a\ is essentially proportional to the number of molecules per unit 
volume. Since this number for mixtures of gases is proportional 
to the partial pressure of the radiating gas, it follows from (223) 
that the absorptivity and, according to Kirchhoff’s law, also the 
emissivity, are functions of the product of partial pressure times 
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path length. This is the content of Beer’s law. This law has 
exceptions. It does not hold true for very high pressures, and 
not for all gases. From the monochromatic absorptivity ax, the 
monochromatic emissivity ex can be strictly calculated with Eq. 
(213) only for that temperature at which the absorptivity was 
measured. 

For industrial heat-transfer calculations, the total radiated 
heat integrated over all wave lengths is most important. There¬ 
fore, a number of extensive experimental investigations were 
carried out in this field after A. Schack^ had emphasized the 
importance of gas radiation for heat transfer in furnaces and 



Fia. 115. Emissivity of carbon dioxide. This plot is in the metric system 
(1 cm *= 0.394 in.). {From E. Eckert^ VDI-Forschungaheft 387, 1937.) 


steam boilers. Measurements on carbon dioxide were made by 
H. C. Hottel and H. G. Mangelsdorf^ and by Eckert.® Figure 
115 shows the emissivity of carbon dioxide for different tempera¬ 
tures and thicknesses. The emissivity is determined in the same 
way as for solid bodies, by comparing the radiation of the gas 
with black-body radiation at the same temperature [Eq. (222)]. 
E. Eckert made measurements with carbon dioxide-nitrogen 
mixtures of various partial pressures and thicknesses and proved 
Beer’s law for carbon dioxide. Hottel and Mangelsdorf used 
carbon dioxide-air mixtures. Both experimental results agree 
fairly well. Only the extrapolated values for higher temperatures 
show greater differences. Hottel’s values are smaller. Since a 
theoretical investigation by Schwiedessen showed also that the 

1 A. Schack, Z. tech. Phyeik, 6, 267-278 (1924). 

® H. C. Hottel and H. G. Mangelsdorf, Trans. Am. Inst. Chem. Engrs., 
81, 517-649 (1935). 

• E. Eckert, VDDForschungsheft 387, 1937. 
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emissivity decreases at higher temperatures, the curve for 1000 C 
in Fig. 115 is taken from HotteFs values. 

The first measurements on water vapor were done by E. 
Schmidt.^ He investigated various thicknesses of pure water 
vapor. Experiments by Hottel and Mangelsdorf^ with water 
vapor-air mixtures of 22-in. thickness agree with Schmidt^s values 
at high partial pressures of the water vapor but are much lower at 
low partial pressures. Measurements by E. Schmidt and E. 



Fig. 116. Emissivity of water vapor. This plot is in the metric system 
(1 cm = 0.394 in.) {According to measurements by E. Schmidt^ H. Hottel, 
H. Mangdsdorf, and E. Eckert,) 


Eckert^ brought out the explanation for these differences. They 
showed that Beer’s law is not valid for water vapor, that the emis¬ 
sivity of this gas at a constant product of partial pressure times 
thickness is smaller for small partial pressures. This can be ac¬ 
counted for if the emissivity of pure water vapor is multiplied by a 
reduction factor less than 1 as soon as the partial pressure is less 
than 1 atm. Figure 116 shows the emissivity of pure water vapor 
according to the measurements of Schmidt. The small diagram 

1 E. Schmidt, Forsch, Gebiete Ingenieurw,, 3, 57-70 (1932). 

*H. C. Hottel and H. G. Mangelsdorf, Trans, Am, Inst, Chsm, Engrs,^ 
81, 617-549 (1936). 

* E. Schmidt and E. Eckert, Forsch, Gebiete Ingenieurw,, 8 , 87 (1937). 
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gives the reduction factor. The measurements of Hottel and 
Mangelsdorf give higher values for the reduction factor than the 
measurements of Eckert. The factors in Fig. 116 are mean 
values derived from a paper by Schwiedessen, ^ who compared all 
measurements and extrapolated them to higher temperatures. 
As the scale of the diagram is logarithmic it may be used in the 
following way. To determine, for instance, the emissivity of 
water vapor at a partial pressure p = 0.711 Ib/in.^ = 0.05 atm, a 
thickness of the gas layer s = 6.56 ft = 200 cm, and a tempera¬ 
ture of 1830 F = 1000 C build the product ps = 10 cm atm. 
Pure water vapor would have an emissivity at the same value ps 
which is determined by point c in the large diagram. The re¬ 
duction factor is represented in the small diagram. If from this 
diagram the length ab is taken and plotted in the large diagram 
downward from point c, point d is reached, which determines the 
emissivity e = 0.082 of water vapor with p = 0.05 atm and s = 
200 cm. The method used in Fig. 116 assumes that the reduction 
factor does not depend on the product ps. In the range of the 
full lines in Fig. 116 this was proved by experiments. In the 
range of the dotted lines no experimental investigations are 
available. Hottel assumes, from experiments by Eberhardt on a 
furnace, that at great thicknesses and high temperatures no 
reduction is necessary. 

All measurements were carried out at a total pressure of the 
mixtures equal to 1 atm. At higher pressures the radiation 
increases because the number of radiating molecules in a given 
thickness of the layer increases. It is probable, however, that 
the radiation of any molecule also increases with pressure. No 
measurements are available for gas radiation at higher pressures. 
Radiation at higher pressures is important for analysis of heat 
transfer in the cylinders of internal-combustion engines and 
rockets. 

The emissivities in Figs. 115 and 116 introduced into Eq. (222) 
give the amount of heat which is radiated from a volume of gas, 
with the shape of a hemisphere, to a surface element dA, per unit 
area of this surface (Fig. 117a). Only in this case do all rays 
coming from different directions have the same path length. In 
all other cases, e.gr., in Fig. 1176, the path lengths differ in dif¬ 
ferent directions and the radiation must be determined by inte¬ 
gration. Such calculations were made by Nusselt, Jakob, E. 

1 H. Schwiedessen, Arch. EUenhmenw., 14 , 9-14,146-163,207-210 (1940). 
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Schmidt, Hottel, and Eckert. Hottel showed that the radiation 
from a gas volume of any shape can be replaced by the radiation 
from a hemisphere with an equivalent radius. The values of this 



Fig. 117. Equivalent radius for different gas shapes. 


equivalent radius for different shapes are compiled in Table 11. 
H. Hausen^ and F. M. Port^ found that the formula 


Le 


= 0.9 


4F 

A 


in which Le is the equivalent radius, V the volume, and A the 
surface of the gas volume, can be used as a fairly good first 
Table 11. Equivalent Radii L« or Gas Volumes of Different Shape t 


Shape of gas volume L,, 

Circular cylinder: height = diameter = d 

Irradiation into the center of the base. 0.77d 

Circular cylinder; height = «?, diameter = d 

Irradiation into the convex surface. 0. 95d 

Cylinder: height *= «, base semicircle with radius r 

Irradiation into the center of the plane rectangular surface. 1.26r 

Sphere: diameter =* d 

Irradiation into the surface. 0. 65d 

Volume between two infinite planes separated by distance I 

Irradiation into the planes. 1.8/ 

Circular cylinder; height = diameter = d 

Irradiation into the center of the base. 0.9d 

Tube bundle:* 

In triangular arrangement, « «* d. 3.08 

s - 2d . 3.8s 

In square arrangement, s ... 3.5s 

Cube; length — a 

Irradiation into each surface plane. 0.66a 

*s distance of tubes, d >■ diameter, 
t According to H. 0. Hottel and E. Eckert. 

^ According to a communication in a letter. 


*F. M. Port, **Heat Transmission by Radiation from Gases,” Sc.D. 
thesis, Mass. Inst. Technology, 1939. 
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approximation. The formula is similar to the one giving the 
hydraulic diameter of a tube. 

HEAT EXCHANGE BY RADIATION 
38. Black bodies 

When different heated bodies are arranged so that they can see 
each other, every body radiates heat to the others and absorbs 
heat radiated from the other bodies. The hotter bodies lose more 
heat by radiation than they absorb. For the cooler bodies the 
inverse is true. In this way a 
heat flow from the hotter to the 
cooler bodies arises which will be 
calculated in the following para¬ 
graphs. In this chapter it is 
assumed that the surfaces of the 
radiating bodies are black. In 
Fig. 118, dAi and dAi may repres¬ 
ent surface elements of two radi¬ 
ating bodies. The distance be¬ 
tween them is s, and the angles 
between any of the two normals 
to the surfaces and the connecting 
line s are and /Sa, respectively, 
per unit time from surface dAi within the solid angle under which 
dA^ is seen from dAi is, according to Eqs. (214) and (215), 

dQi = in\ cos d<j)\ dA\ (224) 

where ini is the radiation intensity of dAi in the normal direction, 
and do)i is the solid angle under which dA 2 is seen from dA 1. The 
expression 

do,, . (225) 

gives this angle. Equation (224) becomes 

. cos cos 1^2 j t . 
dQi = ini -^ dAi dAi 

In the same way the heat dQi radiated from dAi to dAi is 

dQt = tn> COS = im dArdA, (225a) 



Fiq. 118. Heat exchange by radi¬ 
ation of two small surfaces. 


Then the heat dQi radiated 
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This amount of heat is absorbed by the black surface dAi. The 
flow from dAi to dA^ originated by the exchange of thermal 
radiation is therefore 

dQ — dQi d(^2 — ^* 12 ) 2 dA\ 2 

The radiation intensity ini of the black surface in a direction 
normal to the surface is given by 

tnl = - Tx* (22fi) 

TT 

An analogous equation holds for the radiation intensity ?„ 2 . 
Therefore 

^ po _ s cos J ^ (227) 

S TT 

By this equation the heat exchange of two small surfaces with 
arbitrary positions can be calculated. By integration it is possi¬ 
ble to calculate the heat exchange of surfaces whose sizes are not 
small when compared with the distances between them. For 
simplifying these calculations it is useful to introduce a new 
conception, the geometrical factor F, The geometrical factor 
dFi _2 of dAi with respect dA^ is the heat dQifdAi radiated per 
unit area from dAi to dA 2 , divided by the emissive power Ci of 
dAi. The latter is Ci = Trtni. Dividing Eq. (224) by this expres¬ 
sion, there is obtained 

dFi _2 = ~ cos fix dwi (228) 

IT 

Therefore the geometrical factor is fixed by a pure geometrical 
relation. The heat radiated from dAx and intercepted by dA 2 
can now be written as 

dQi = cx dF 1-.2 dAx 

In the same way, the heat radiated from dA 2 and intercepted by 
dAx is, according to Eqs. (225a) and (225), 

dQ 2 = i «2 cos fix do3x dAi = C 2 dFx ^2 dAx 

and the heat exchange is 

dQ == {fix C 2 ) dF 1-.2 dAx — (r dF i «2 dAx {Tx^ — 2^2^) (229) 

The calculations can be referred in the same way to the surface 
element dA 2 , and thus is obtained 
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(IQ = (ei — 62 ) dF2~\ dAi — (T dF^^i dA2 (Ti^ ~ 7V) (230) 
The geometrical factor dF^ \ of f;?i4 2 Avith respect to dAi is 

dF 2 ~i = - cos 02 du )2 

TT 

The heat exchange by radiation between two surfaces whose size 
is not small when compared with their distance apart can be 
determined by double integration of Eq. (227). Results of such 
integrations can be found in the different books dealing with heat 
transfer.^ The numerical integration can be replaced by a 
graphical procedure first mentioned by R. A. Hermann (1900). 
According to Eq. (228) the geometrical factor of a surface element 
dA 1 with respect to a finite surface A 2 is 

Ei_2 ^ ~ J (231) 

The expression under the integral sign cos 0 i do)i is the projection 
of the solid-angle element dwi on the plane of the radiating sur¬ 
face dAi. The integral is the 
sum of the projections of all 
solid-angle elements dwi, or the 
projection of the solid angle 
corresponding to the whole sur¬ 
face A 2 on the plane of dAi, 

From this the following con¬ 
struction arises: we must pro¬ 
ject by central projection the 
surface A 2 (denoted by 1 in Fig. 

119) to the surface of a hemis¬ 
phere with the radius R, This 
projection 1 ' must be projected 
once more by normal projection 
to the plane of the radiating 
surface dAi. The area of this 
second projection 1 " divided 
by the area of the circle flV gives the geometrical factor F 1-.2 
as can be seen from Eq. (231). This graphical construction can 

1 For example, W. H. McAdams, ‘‘Heat Transmission,” 2d ed. McGraw- 
Hill Book Company, Inc., New York, 1942; E. Eckert, “Technische 
Strahlungsaustauschrechnungen,” Berlin, 1937. 



Fig. 119. Determination of the geo¬ 
metrical factor for a surface 1. 
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be replaced by a simple mechanical integrator^ or by optical 
projection.^ For this purpose a point lamp is arranged in th(* 
center of the hemisphere in Fig. 119. The area 1, the geometrical 
factor of which is to be determined, is made of cardboard and 
arranged in the proper position. It is projected by the point 
lamp as shadow to a milk-glass hemisphere. When this hemi¬ 
sphere is photographed from a great distance in direction of the 
arrow the ratio of the shadow of the cardboard area to the area 



Fig. 120. Photographic determination of the geometrical factor of the radiation 
cooling surface in the furnace of a steam boiler as seen from the center of the 
stoker. [From E. Eckert, Z. Ver. deut, Ing., 79, 1495-1496 (1935).] 

of the circle representing the glass sphere is the geometrical fac¬ 
tor. Figures 120 and 121 show two such photographs. Figure 
120 determines the geometrical factor of the radiation cooling 
surfaces in the furnace of the steam boiler (Fig. 124) as seen from 
the center of the stoker. Figure 121 determines the geometrical 
factor of the tungsten spiral as used in an electric bulb. It was 
produced by arranging the model of the spiral in a short distance 
before the point lamp.* To determine the geometrical factor 
for a finite surface Ai against a finite surface A 2 , the surface A 1 
must be divided into small areas of equal size and the construc- 

^ H. Hottel, Mech, Eng,, 52 (1930); V. H. Cherry, D. D. Davis, and 
L. M. K. Boelter, Tram, lUum. Eng, Soc, {N,Y,), 1939. 

»E. Eckert, Z. Ver. deut, Ing., 79 , 1495-1496 (1936). 

nbid. 
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tion shown in Fig. 119 performed for the centers of every one of 
these areas. The average value of all the geometrical factors 
determined in this way is the geometrical factor Fi _2 of Ai 
against A 2 ^ With this factor the heat exchange Q between the 
two surfaces is 

0 = Fi_2Ai(t(Tj^ - T 2 ") (232) 

The construction can be made also for small areas into which 
surface A 2 is divided. The average value of all the geometrical 



Fig. 121. Photographic determination of the geometrical factor of the tungsten 
coil in an electric bulb. [From E. Eckert, Z. Ver, dent, Ing„ 79, 1495-1496 
(1935).] 

factors determined in this way gives the geometrical factor F 2-1 
of A 2 against A\. Now the heat exchange Q can be written 

Q = F2-iA2fT{T^^ - T2^) (233) 

Therefore, the heat flow Q can be calculated with either of the 
surfaces Ai or A 2 with the corresponding geometrical factor. It 
is advantagous to use that one of the two possibilities for which 
the geometrical factor is easier to calculate. Where, for instance, 
the surface Ai is completely surrounded by the surface A 2 and 
everywhere convex, it can be stated at once that the geometrical 
factor Fi ^2 of A 1 is equal to one since all heat rays emitted from 
Ai impinge on the surface A 2 . 

39. Solidi liquid, and gaseous bodies 

If the surfaces which exchange heat by radiation are not black, 
conditions become more involved, since part of the thermal radia- 
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tion is reflected by the surfaces. Some of the radiation travels 
in this way to and fro between the surfaces until it is finally 
absorbed. The influence of this action on the heat flow can best 
be studied with two parallel surfaces whose distance apart is 
small compared with their size, so that practically all radiation 
emitted by one surface falls upon the second. The geometrical 
factor of either surface is therefore one. In Fig. 122 , the travel 
of a heat ray emitted by the surface 1 is traced. The emissive 
power of the radiation emitted from this surface per unit time 
and area is ei. From it a part a 2 Ci is absorbed on surface 2, a 
part p 2 ei is reflected back to surface 1. Here a part aip^ei is 



f lo. 122. Kadiant heat exchange between two parallel surfaces. 

absorbed; piP 2 ei is reflected to surface 2, etc. The amount of 
heat which left surface 1 per unit time and area is therefore 

= (1 — aip2 — aiPiP2^ — aiPiV2® ““ ’ * 

= [1 — aiP 2 (l + PiP 2 + Pi^P2^ + • ' 

The series within the parentheses gives 1/(1 — P 1 P 2 ), since pi and 
P 2 are smaller than one. Therefore 

\ 1 P1P2/ 

For bodies opaque to thermal radiation, Eq. (211) holds true^ and 
for thermal radiation generally, Kirchhoff’s law, Eq. (213). By 
substituting the emissivity € instead of a and p the equation is 

^ fl “ € 2 ) 1 ^ _ €2 

— 1--T--^- I Cl — —- Cl 

On the other hand, surface 2 emits radiation of emissive power 62 . 
From it, aie 2 is absorbed by surface 1 . The rest is reflected, 
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impinges on surface 2 , and is there partly reflected back to sur¬ 
face 1. Here the part aipiP 2«2 is absorbed, the rest reflected, etc. 
By summing up all radiation absorbed by surface 1 there is 
obtained 

^2 = «l(l + PlP2 + Pl^p2^ + • • *)^2 


which gives as before, 


^2 = 


0^1 

1 — Plp2 


C2 = 


Cl 

Cl + €2 — Ci€2 


^2 


The heat flowing from surface 1 to surface 2 per unit time and 
area is 


q = qi - qi 

The emissive power ei is 


C2^1 “ cie2 


Cl + C2 — ei€2 

Cl = 


and an analogous expression holds true for 62 . Introducing these 
we obtain 


q = 


i + L _ 1 

Cl C2 


(Ti^ ~ 7^2^) 


(234) 


The fraction is called the interchange factor and is denoted by € 1 - 2 . 
Therefore 

q = €i_ 2 (r(ri^ ~ 2^4) (235) 

For two parallel walls, 

— = i + i - 1 (236) 

Cl-2 Cl €2 

For two coaxial spheres, or cylinders whose surfaces radiate dif¬ 
fusely, the interchange factor was calculated as 


€ 1-2 



(237) 


where is the surface of the smaller body, and Eq. (235) gives 
the heat flow leaving this body per unit time and area.' When 
the cylinders or spheres reflect specularly Eq. (236) holds true 
for them also. 


1 E. Eckert, op, cit. 
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For two surfaces whose size is small compared with their dis¬ 
tance apart (Fig. 118), the fraction of the reflected radiation 
which falls back to the radiating surface becomes so small that 
it can be neglected. The interchange factor then becomes 

€i_2 = €i€2 (238) 


This equation generally gives a lower limit for the interchange 
factor. The upper limit is 1. 

In a way similar to the radiation exchange between two parallel 
walls the interchange between a gas and the enclosing walls (;an 
be calculated if it is assumed that the walls have gray surfaces.^ 
The interchange factor between the gas and the w^all is 


1 


tg—vo 



^0 


1 




(239) 


if eg is the emissivity of the gas (see Figs. 115 and 116) and eg^ is 
the emissivity of the same gas with an infinitely thick layer. 
tg^ can be determined in Figs. 115 and 116 by extrapolation. 
€«, is the emissivity of the walls. The heat flow per unit wall 
area is 

q = tg^aTg^ - e^;_«.or7V‘^ (240) 

Into the first summand eg and c«t have to be introduced at gas 
temperature, into the second at wall temperature. When the 
emissivity of the walls is great (in the neighborhood of 1), the 
interchange factor can be calculated with the simpler equation 

~ ^g^w (241 ) 


Example. The heat exchange by radiation between the two walls of 
a Thermos bottle is to be calculated. The walls may be silvered on the 
sides turned toward each other. The content of the bottle may have a 
temperature of t\ = 212 F, the ambient temperature is <2 = 68 F. The 
inner and outer walls have practically also these temperatures. The 
emissivity of silver is € = 0.02 (see Table 18). As the surfaces reflect 
specularly, Eq. (236) must be used to determine the interchange factor. 

€ i _! 0.02 ^ 0.02 0.01 


The heat flow per unit area of the inner wall is 

q = 0.01 X 0.173 X 10-H(212 + 460)* - (68 + 460)*1 

= 2.19 Btu/(hr)(ft*) 
* E. Eckert, VDI-Forsehungeihefi 887, 1937, p. 19. 
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To get the same insulation effect by a cork layer, its thickness must be 

This gives 

h 

It can be seen that the insulating effect of the Thermos bottle is excellent 
even though it must be kept in mind that some additional losses by 
(conduction in the glass walls occur. The loss by radiation can be 
decreased by arranging walls silvered on both sides between the inner 
and outer wall. With n additional walls the heat loss is decreased by 
the factor l/(n + 1). 

The small radiation exchange between metal surfaces is utilized in 
Alfol insulation. This insulation is built up from aluminum foils which 
surround the body to be insulated at approximately >^-in. distance from 
each other. The total heat flow through the insulation is by radiation, 
conduction through the air space between the foils, and convection. 
The convection parts are comparatively small as long as the distance 
between the foils is kept low enough and the conduction is small since 
air is a good insulator. 

40. Radiation of flames 

From the emissivity charts for carbon dioxide and water vapor, 
the radiation of combustion gases after completion of combustion 
can be calculated, e.g,, the heat transfer by radiation within the 
convective heating surface of water-tube boilers. The radiation 
of flames is mostly considerably greater than the radiation as 
computed from the carbon dioxide and water molecules present. 

Most fuels burn with a luminous flame. The yellow glow of a 
flame comes from the hydrocarbons which are evaporated from 
the fuel and are gradually split up in the flame. Thereby are 
formed molecules which have an increasing percentage of carbon, 
and there occur carbon particles which glow in the flame and give 
it the yellowish color. These particles also emit considerable 
thermal radiation. All bituminous fuels, c.^., wood, lignite, and 
the younger coals, and all gasolines burn in this way with lumin¬ 
ous flames. Only anthracite, coke, and some gases (generator 
gas, hydrogen, blast-furnace gas) have nonluminous flames. 
The faint bluish shine which these flames emit and which is 
called chemoluminosity arises from the chemical reactions within 
the gaseous components. It is not connected, however, with 


- ti) with k = 0.025 Btu/(hr)(ft)(F) 

0.025(212 ^ 68) . _ 

= = 1.65 ft 
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any thermal radiation worth mentioning as was proved by several 
investigations. The emission of a luminous flame depends on 
the number of carbon particles, and this number varies greatly 
with the conditions under which the combustion occurs. It is 
influenced, for instance, by the mixing of air and the combustible 
gases and by the temperatures of both components. As long as 
these conditions cannot be predicted in a furnace there is no 
possibility of calculating the radiation of a flame exa(;tly. For a 
first approximation, the flame may be considered as a Vjlack body, 
and the fact that this is not entirely true may be corrected for by an 
empirical factor p, smaller than 1. This gives for the heat flow 
Q per unit time to the furnace wall the equation 

Q = pe^crAiTf^ - Tu^) (242) 

where is the emissivity (equal to the absorptivity) of the fur¬ 
nace walls, Tf the absolute temperature of the flame, Tw the 
absolute wall temperature, and A the area of the wall. On the 
other hand this heat is taken from the enthalpy content of the gas: 

Q = WiitK - if) (243) 

where W is the gas weight per unit time, ith is the enthalpy con¬ 
tent of the gas at the theoretical combustion temperature, and if 
is the enthalpy content at the flame temperature. (It is assumed 
that the gases leave the furnace wdth this temperature and that 
the heat loss of the gases by convection within the furnace can be 
neglected when compared with the radiated heat.) For such 
calculations enthalpy-temperature diagrams of combustion gases 
are very useful.^ 

The empirical factor p depends mainly on the fuel and on the 
size of the furnace. For large furnaces p is nearly unity. In 
water-cooled furnaces of steam boilers, the radiation from the 
flame to the cooling surface is increased by the radiation from the 
refractory-lined walls and from the fuel layer of the stokers and 
grates. The factor p therefore is greater in furnaces in which 
only a small part is water-cooled than in furnaces whose walls are 
entirely lined with cooling surfaces. In furnaces of usual size, 
p lies between 0.6 and 1. If the radiation of a cooling surface 
consisting of a row of tubes before a refractory wall is to be cal- 

1 R. Fehling, Z. Ver. deut Ing., 71, 383 (1927); also **Das I-t Diagram der 
Verbrennung,*' Berlin, 1929. 
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culated with Eq. (242), there arises the question as to which area 
is to be used for A, Investigations on this difficulty were made 
by H. C. HotteP and E. Eckert.^ According to them, the area 
A is determined by multiplying the area of the furnace walls 
before which the tubes are arranged by a factor This factor 
is represented in Fig. 123. 



1.0 15 2.0 2.5 3.0 3.5 4.0 3. 6^0 

a total irradiation into the tube bank corresponding to / 

b ** tt » » n M w tt 2. 

c tf *t » » >» » »3, for curye c,e 

d immediate ** *• » » ** »* /. u. 2. 

e w u u m n n » » 



123. Kadiation factor 'I' for a row of tubes before a refractory wall. [From 
E. Eckert^ Arch, Waermewirt,, 13 (1932).] 


Different authors, of whom the most important are Wohlen- 
berg® and HotteF with their coworkers, give more detailed treat¬ 
ments for radiation calculations in furnaces. 


Example. The heat absorption by the cooling surface in the combus¬ 
tion chamber of a steam boiler is to be calculated. Figure 124 shows this 
cooling surface to consist of rows of tubes before the refractory walls. 
The steam pressure of the boiler may be 1,000 Ib/in.* To this pressure 
there corresponds a saturation temperature 544.6 F. The external tem¬ 
perature of the tube walls is somewhat higher; it may be assumed to be 
600 F. The flame temperature may be 2500 F. The spacings of the 
tubes along the cooling surface may be 2d (d = diameter). 

1 H. C. Hottel, Mech, Eng., 62, 699 (1930); Trans. ASME, 6S, 265 (1931). 

* E. Eckert, Hauptverein deutscher Ingenieure MiU,, 1931, pp. 483-486; 
Arch. Wdrmewirt., 18, 241 (1932). 

»W. J. Wohlenberg and H. F. MulUkin, Trans. A8ME, 67, 531-540 
(1935). 

♦H. C. Hottel, Trans. ASME, 68, 265-273 (1931); Mech. Eng., 62, 699 
(1982). 




222 INTRODUCTION TO THE TRANSFER OF HEAT AND MASS 


First of all the surface area A which is to be introduced into Eq. (242) 
must be calculated. From Fig. 123, on the line a is found ^ == 0.88 (the 
distance of the tubes from the wall may be > s). The area of the wall 
w^hich is lined with cooling tubes is 

5.25 X 14.75 + 5.25 X 17.4 = 168.7 ft.^ 

The surface A is 168.7 X 0.88 = 148.4 ft.^ The factor p in Eq. (242) 
may be 0.87. The emissivity €«, of the tubes is taken from Table 18 as 



Fio. 124. Steam boiler with radiation heating surface. 


€y> * 0.8 since the tube surface is covered with the scale in the rolling 
process and often with slag. Now Eq. (242) gives 

Q « 0.87 X 0.8 X 0.173 X 10-« X 148.4[(2500 + 460)^ ~ (600 + 460)^] 

« 13,430,000 Btu/hr 

The heat of vaporization at 1,000 Ib/in.* is 649.4 Btu/hr. Therefore the 
cooling surface generates 13,430,000/649.4 = 20,700 Ib/hr of steam. 
The surface of the tubes is greater than the area of the wall which is 
lined with the tubes by the factor dir/a. The tube surface therefore is 
(ir/2) 168.7 » 265 ft*, and the steam generation per square foot of the 
tube surface is 78.2 lb/(hr)(ft*). The heat absorption per square foot 
of tube surface is 13,430,000/265 « 50,700 Btu/(hr)(ft*). 
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41. The heat-transfer coefELcient for radiation 

Often heat transfer occurs simultaneously by convection and 
radiation. As long as the radiation takes place between solid 
surfaces neither mode of heat transfer interferes with the other. 
In heat transfer between a gas and a wall exchanging heat by 
radiation and convection some interference between both ways 
of heat exchange occurs but it is very difficult to calculate this 
effect. Therefore usually both parts of the total heat flow are 
calculated separately and summed up. Since the heat flow by 
convection is expressed by a film heat-transfer coefficient, it is 
useful in many cases to build a heat-transfer coefficient hr for 
the radiated heat in the same way, by dividing the heat flow per 
unit area q by the temperature difference: 

hr = T,) (243o) 

— 12 i 1 — i 2 


Contrary to the convection heat-transfer coefficient this one 
depends very much on the temperatures Ti and 
The temperature function 


/(ri, T2) 


Ti - T2 


is tabulated in Table 12. This function must be multiplied by 
the interchange factor €i_ 2 , by the Stephan-Boltzmann constant 
or, and by the geometrical factor Fi ^2 in order to get the radiation 
heat-transfer coefficient. This coefficient increases very much 
with the temperatures. 


Example. The combustion-chamber walls of modern steam boilers 
are lined with cooling tubes, which absorb heat radiated from the flame 
and decrease the flame temperature. Through these cooling tubes 
circulates the boiling water contained in the boiler. Here arises the 
interesting question as to how the total heating surface must be divided 
into this cooling surface and the convective surface in order to get the 
steam generation per unit heating surface as high as possible. To see 
this it is necessary to calculate the heat-transfer coefficients for the 
radiation cooling surfaces and the convective surface. The tubes of the 
boiler may be of 2-in. diameter. For the convective surface these tubes 
may be arranged on the corners of triangles with equal sides 4-in. long 
(Fig. 125). Let the velocity of the combustion gases at the entrance of 
the convective surface be 15 fps, and consider the gases to contain 




12. Temperature Factor {T\^ — T2^)/{Ti — T*) X 10 * for the Radiation Heat-transfer Coefficient 
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14 per cent carbon dioxide and 7 per cent water. Ilie surface tem¬ 
perature of the tube walls may be 600 F. 

The heat absorption of one tube of the radiation surface is given by 
Eq. (242). The area A for 1-ft tube length is (s = distance of tubes). 
The heat-transfer coefficient by radiation is found by dividing the heat 



Fig. 125. Comparison of radiation heat-transfer coefficients K and convection 
heat-transfer coefficients he as functions of the gas temperature. 


flow Q by the tube surface area and by the difference between the flame 
temperature Tf and the surface temperature of the tube: 


peu^l/sa Tf* — TJ 
^ ~ Tf - 


The combustion chamber may be large; therefore p = 1 aild €« — 0.94. 
Otherwise, the same numerical values are used as in the previous example: 


hr 


0.94 X 0.88 X 0.173 X 10-« X 2 (2,500 + 460)* - (600 + 460)* 
TT ~ ' " ■ 2,500 - 600 


36.3 Btu/(hr)(ft2)(F) 


By introducing other values for the ratio r/d of tube distance to tube 
diameter and for the flame temperature, the heat-transfer coefficients 
hr in Fig. 125 were determined. 

Now the heat-transfer coefficient hb for the tubes within the convec¬ 
tive surface must be calculated. This coefficient comprises heat transfer 
by gas radiation and heat transfer by convection. For calculating the 
radiation of carbon dioxide and water in the combustion gases the 
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equivalent length L of the gas layer must be known. From Table 11 
take L = Sd — (3 X 2)/12 = 0.5 ft, for the arrangement of tubes used 
here. The partial pressure of the carbon dioxide is equal to p — 0.14 
atm for a total pressure of 1 atm; therefore the product pL is 0.07 ft-atm. 
The gas temperature may be assumed to be 1800 F. From Fig. 115 the 
emissivity of carbon dioxide at 1800 F is ccoj = 0.06 and eco, = 0.055 
for 600 F. The emissivity of the tube wall is €« = 0.8; therefore, the 
interchange factor becomes 0.8 X 0.06 = 0.048 for 1800 F and 

0.8 X 0.055 = 0.044 for 600 F 

Now Eq. (240) gives the specific heat flow by the carbon dioxide 
radiation: 

9 co. = 0.173 X 10~« X 0.048(1,800 + 460)^ - 0.173 X lO^* 

X 0.044(600 + 460)^ = 2065 Btu/(hr) (ft^) 

For water vapor, the partial pressure is p = 0.07 atm; therefore the 
product pL = 0.035 ft atm. From Fig. 116 we take in the small 
diagram the distance of the curve 0.07 atm at 1800 F from the hori¬ 
zontal 100 per cent line and plot it downward in the main diagram from 
the intersection between the isotherm 1800 F and 600 F, respectively, 
and pL = 0.035 ft atm. This gives the emissivity ch,o = 0.0156 for 
1800 F, and €Hao = 0.0444 for 600 F. The interchange factors are 
0.8 X 0.0156 = 0.0125 and 0.8 X 0.0444 = 0.0355. The specific heat 
flow by water radiation is 

qjuo = 0.173 X 10-“« X 0.0125(1,800 + 460)^ - 0.173 X 10”« 

X 0.0355(600 - 460)^ = 487 Btu/(hr)(ft2) 

and therefore the total heat flow by gas radiation is 

487 + 2,065 = 2552 Btu/(hr)(ft2) 

and the heat-transfer coeflicient by gas radiation is 

O KKO 

= 1:8^666 = 2.12 Btu/(hr)(ft»)(F) 

The heat-transfer coefficient by convection can be calculated with Eq. 
(180) and the values in Table 9. It is found to be 

h » 8.14 Btu/(hr)(ft*)(F) 

Therefore, the total heat-transfer coefficient for the convective surface is 
he « 2.12 + 8.14 « 10.26 Btu/(hr)(ft*)(F) for 1800 F gas temperature. 
For other gas temperatures the values are found in Fig. 125, 
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A comparison between the values K for the radiation cooling surface 
and the values K for the convective surface in Fig. 125 shows that only 
for very small ratios of a/d (tube distance to tube diameter) and flame 
temperatures under 1800 F does the convective surface have greater 
heat-transfer coefficients than the radiation cooling surface. It is there¬ 
fore advantageous to line the whole combustion chamber with narrowly 
spaced cooling tubes as long as other considerations (difficulties in 
ignition, etc.) do not prevent this. 



CHAPTER 5 

THE EXCHANGE OF MASS 


42. Basic equations for mixtures of two components 

When some moist material is dried by an air stream flowing 
over it, the vapor rising from the surface is carried away with the 
air. But first the vapor must penetrate the boundary layer of 
the air. This process has great similarity to the exchange of heat 
from a solid body to a liquid or gas flow, and it has proved very 
useful to use this similarity in calculating the transfer of matter- 
connected with the described drying process or with similar 
processes (absorption, dissolving of a solid body in a liquid, com¬ 
bustion of solid fuels, etc). In this chapter only the absorption 
of humidity by a solid body from an air stream and the evapora¬ 
tion of humidity into an air stream will be dealt with. First, 
the basic equations of humid air are compiled. 

Humid air may be regarded as a mixture of air and water vapor. 
At normal pressures both components behave as ideal gases. For 
a mixture of ideal gases which do not react chemically, Dalton^s 
law applies: where different gases are present in the same room, 
every gas fills the whole room as if the other gases were not pres¬ 
ent. The pressure which any of the gases creates according to 
the gas law is its 'partial pressure. The total pressure of the mix¬ 
ture of gases equals the sum of all partial pressures. If the par¬ 
tial pressure of air is denoted by Pa and the partial pressure of the 
water vapor by pv, the total pressure p of the humid air is 

p = Pa + Pv (244) 

Now consider a volume V in which the air weight Wa and the 
vapor weight Wv are present at the temperature T, For air, 
according to Dalton^s law the following equation is valid: 

PaV = WMaT = W, T (245) 

in which Tta is the gas constant for air, (R the universal gas con¬ 
stant, and Afo the molecular weight of air. In the same way, for 

228 
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the water vaper, which may also he considered as an ideal gas, 


7)„r = WrU.T = W. T 


(246) 


where Rv and are the gas constant and the molecular weight 
of water vapor, respectively. The universal gas constant has 
the numerical value (R = 1,545.4 ft-lb/lh mole, F. 

For calculations with humid air it is useful to base all equations 
on one pound of dry air as the water-vapor content changes. 
The weight of water vapor per pound of dry air is called specific 
humidity and it is denoted by s. 

From the above equation follows, 


IF. ^ 

IF. Ma Va 


(247) 


The molecular weight of water ^'apor is 18; the molecular weight 
of air 29. Therefore 

« - 0.622 ^ = 0.622 (248) 

Va V - Va 

At a certain temperature, air can hold only a certain maximum 
content of water vapor. Air with this maximum content is said 
to be saturated. The saturation point is fixed by the condition 
that the partial pressure of the water vapor cannot be greater 
than the saturation pressure of water vapor corresponding to the 
air temperature. The saturation pressure belonging to different 
temperatures can be found in the s-i diagram Fig. A (page 254). 
The specific humidity of saturated air is fixed by the equation 


s, = 0.622 ■ (249) 

V - V> 

where denotes the saturation pressure. 

The humidity of the air is often expressed by the ratio of the 
actual vapor pressure pv to the saturation pressure p, at the air 
temperature. This ratio is called relative humidity and denoted 
by r: 

r = ^ (250) 

Va 

Sometimes the ratio of the specific humidities is used instead of 
the ratio of the partial pressures. This ratio, 
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(251) 


can be expressed by the partial pressures of the water vapor. 
At low temperatures, the partial pressure of the vapor is very 
small as compared with the total barometric pressure. It can 
then be written instead of Eq. (248): 


and for saturated air 


s « 0.622 ^ 
V 


Therefore 


s. « 0.622 ^ 
V 



At low temperatures there is therefore no difference between the 
two ratios r and p. 

An amount of water exceeding the specific humidity at satura¬ 
tion can be held in the air only in liquid form as water droplets 
(fog) or in solid form as snow. The amount of water in 1 lb of 
dry air is (s — s,). 

For the following calculations the enthalpy of moist air is 
needed. As long as the specific humidity does not exceed the 
saturation point, the enthalpy of moist air consists of the enthalpy 
of the dry air and the enthalpy of the water vapor. Now there 
arises the difficulty that commonly the temperature 0 F is used 
as a datum for air; however, the melting point (32 F) of ice is 
used as a datum point for water vapor. We will use here the 
temperature fo = 32 F as a datum for both air and water vapor. 
With the specific heat c^a of air at constant pressure the enthalpy 
of the dry air is ia = Cpjji — to). The enthalpy iv of water vapor 
at low temperatures can be expressed in the form 


*“ Cpv(,t to) “f" ^VtO 


with Cpv the specific heat of water vapor at constant pressure, and 
ip,o the heat of vaporization at 32 F. The enthalpy of moist air is 


f, ss "-j- sss Cpa(^t ““ to) “f” to) “j- (252) 


with the numerical values Cpa = 0.240 Btu/(lb)(F), Cp^ = 0.44 
Btu/(lb)(F), and — 1076 Btu/lb. When the air is super- 
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saturated with water vapor the enthalpy of the liquid water 
if ^ t -- to must be added. This gives 

i = Cpa{t - Iq) + Ss[Cpv(t - to) + iv,o] + (s - Ss)(t - ^o) (253) 

The enthalpy of ice is ii = — i«,o + Ci{t — to) with the heat of 
fusion is,o equal to 143 Btu/lb, and the specific heat of ice co¬ 
equal to 0.5 Btu/(lb)(F). The enthalpy of ice has a negative 
value since the enthalpy of liquid water at 32 F is fixed to be zero. 
The enthalpy of air with ice fog is 

i Cpa(i to) *4” S«[Cpv(/ ^o) "4“ ^’U.o] 

~ (s — — Ci{t — ^o)] (254) 

Equation (252) must be applied as long as s < s,. For s > s* 
and ^ > 32 F Eq. (253) must be used, and for s > Ss and t < 32 F 
Eq. (254) holds true. 

In nonsaturated air, the water vapor is present in a super¬ 
heated condition, since the vapor pressure is smaller than the 
saturation pressure corresponding to the air temperature. Under 
special conditions air may hold an amount of water vapor greater 
than that belonging to the saturation point. This is possible, 
for instance, if the air is cooled very rapidly (by adiabatic expan¬ 
sion, e.g,, in a nozzle) or if the air does not contain any solid 
particles (dust, soot) on which the formation of droplets could 
start. This condition is called supersaturated. For industrial 
calculations this condition is of minor importance. We will 
assume therefore in the following calculations that no super- 
saturation occurs. 

43. The s-i diagram for humid air 

Drying and moistening processes are usually studied with the 
help of the psychrometric chart of humid air. In this chart 
the temperature (dry-bulb temperature) is used as abscissa and 
the specific humidity as ordinate. R. Mollier^ introduced 
another diagram which uses the enthalpy instead of the tempera¬ 
ture. This diagram has the advantage that processes of mixing 
two or more air streams or of admixing moisture as water or water 
vapor to air can be solved exactly by simple geometrical con¬ 
structions in this diagram, whereas such constructions give only 
approximate solutions in the psychrometric chart. Moreover 

» R. Mollier, Z. Ver. deut. Ing., 67,869-872 (1923); 78, 1009-1013 (1929). 
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such Mollier diagrams can be generalized for mixtures of two 
materials other than air and water. In the original Mollier 
diagram the specific humidity is the abscissa and the enthalpy 
the ordinate. We shall turn it around so that the enthalpy is 
the abscissa and the specific humidity the ordinate. In this 
presentation the diagram is very similar to the psychrometric 
chart, the only difference Vjeing that the lines of constant tempera¬ 
ture which are vertical in the chart are straight lines slightly 
inclined by varying angles in the Mollier diagram. In the fol¬ 
lowing pages this diagram for humid air will be developed. 



tBO^F 



Fig. 126. Specific-humidity-enthalpy diagram for moist air. {According to 
R, Mollier.) 


If the specific humidity s is used as ordinate and the enthalpy i 
as the abscissa, Fig. 126a arises. In the figure are shown some 
isotherms, which are composed of straight lines. The isotherm 
for ^ = 32 F has, for example, in the range of unsaturated air 
the inclination 1076 Btu/lb toward the ordinate up to the satura¬ 
tion limit. For higher humidities s, the isotherm is a vertical 
line according to Eq. (253). If the superfluous water is contained 
in the air as ice, the isotherm above the saturation limit is given 
by Eq. (254). It has therefore a negative inclination of 143 
Btu/lb toward the ordinate. The isotherms for positive tempera¬ 
tures are inclined toward the right; the 32 F isotherm for foggy air 
(s greater than s,) is vertical. The isotherms for negative tem¬ 
peratures are inclined toward the left. By connecting all points 
which correspond to the saturation limit at different temperatures 
the saturation curve in the diagram arises. As the saturation 
humidity depends on the total pressure according to Eq. (249), 
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this curve, and therefore the whole diagram, holds only for a 
certain pressure. 

The saturation curve separates the regions of unsaturated and 
foggy state. At the point of intersection with the 32 F isotherm, 
the saturation curve has a slight break since for temperatures 
above 32 F it is fixed by the equilibrium between water and its 
vapor, and for temperatures below 32 F by the equilibrium 
between ice and water vapor. In the form shown in Fig. 126a 
the diagram has the disadvantage that the region of unsaturated 
air is comparatively small. This can be avoided by using a sys¬ 
tem of oblique-angled coordinates. Mollier proposed to give 
the s axis such a direction that the 32 F isotherm is vertical in 
the unsaturated range. Such a diagram is shown in Fig. 1266. 
The lines i = constant are in this diagram a group of parallel 
oblique lines. Such a diagram on an increased scale is added to 
the book as an Appendix. 

This diagram will now be used to work some examples. The 
condition of humid air at a certain pressure is given by two state 
functions, e.g.^ by the temperature 
h and the specific humidity Si. In 
Fig. 127 this fixes the point of state 
1 . We can immediately determine 
the value p by following the iso¬ 
therm h up to the point of intersec¬ 
tion with the saturation curve and 
reading the saturation humidity s,i. 

The value is pi = Si/Ssi. For not 
too high temperatures, the relative 
humidity r has the same value. 

For higher temperatures it must 
be determined from the partial 
pressures. The s-i diagram (page 254) shows curves r = con¬ 
stant. When air with the state 1 is cooled, its humidity does not 
change as long as the air is not saturated. This means that in 
the diagram the state moves on a horizontal line. The relative 
humidity increases with decreasing temperature and at point 2 
saturation is reached. This point is called the dew point and the 
corresponding temperature, dew-point temperature. When the 
air is cooled to still lower temperatures part of the water vapor 
condenses in form of small droplets (fog). At state point 3 the 



Fig. 127. Determination of the 
state of moist air in the Mollier 
s-i diagram. 
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temperature I3 is reached. Of the total humidity Si, a part 5,3 is 
present as vapor, the rest as liquid. The vapor part Saz is fixed 
by the intersection of the isotherm through point 3 with the 
saturation line. The liquid part of the water can be removed 
from the air, for instance, by waiting until the droplets sink to 
the ground. In this way the humidity of the air has been 
decreased from Si to Saz- The corresponding state point in the 
diagram is point 4. In this way, therefore, air can be dried. 
If, for instance, air with the state 1 must be dried to the specific 
humidity s«3, the air must be cooled to the temperature tz. By 
this the dew point is first reached, and afterwards point 4 when 
the liquid water is separated. Now the air can be heated again 
to the initial temperature so that the final state 5 has the same 
temperature but a lower humidity than the original state 1. 
This method is applied very often in air conditioning. 

As a second example, the state may be determined which arises 
by mixing two amounts of air with different temperatures and 
humidities. The weight of air Wi may have a temperature h 
and a specific humidity Si; the weight of air W 2 may have a tem¬ 
perature ti and a specific humidity S 2 . 

By mixing there results a weight of air W with a temperature t 
and a specific humidity s. The following equations hold true: 

Wi + W 2 = W (weight balance for air) (255) 

WiSi + 1^252 = Ws (weight balance for water) (256) 
Will + 1 ^ 2 X 2 = Wi (heat balance) (257) 

where the values i are the enthalpies of the moist air. They can 
be read from the diagram. By eliminating W with the help of 
the first equation there is obtained 

Wi{8 - Si) 

Wi{i ~ ii) 

and by division 

s — Si 
i — ii 

From this equation it follows that in the s-i diagram the state 
point M for the mixture must be situated on a straight line 1-2 
connecting the two initial points (Fig. 128). The location of 
point M on the line follows from the equation 
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Wi _ S 2 — s 
W 2 ~ s — Si 


(259) 


The ratio of the distance M-2 in Fig. 128 to the distance ilf-1 
must therefore be equal to the ratio of the weights TF 1 /TF 2 . If 
air with the state 3 is mixed with air of the state 4 the resulting 
state of the mixture lies on line 3-4 (Fig. 128). It can be seen 
that the mixture may lie in the foggy range. A very common 
example of this fact is the visibility of the exhaled air in cold 
weather. The warm, wet air from the lungs mixes with the cold 
outside air and there arise supersaturated mixtures whose water 
content is visible as fog. 



Fio. 128 . Mixing of air streams in the Moilier s-i diagram. 


Another example is the moistening of air with liquid water or 
with steam. The initial state of the air may be determined by 
its amount TTi, its temperature fi, and its humidity Si. The 
water weight mixed with the air may be W and its enthalpy 
Then 

TTiCs — Si) = IT (weight balance) (260) 

W\{i — ii) = Wiw (heat balance) (260a) 

By dividing both equations there is obtained 


i — it 

8 — Si 


= iv, 


(261) 


By this equation, the direction is fixed in which the state of the 
air moves in the s-i diagram during moistening. The ratio of 
the enthalpy change {i — ii) to the change (s — Si) in specific 
humidity must be equal to the enthalpy of the water. This 
gives the angle a a certain value. In order to find this direction 
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easily in the Mollier diagram (Fig. 129), a scale is inserted 
along the edge. The rays of this scale originate in point 32 F 
and 5 = 0 and are denoted by the corresponding enthalpy. If a 
straight line is drawn through point 1 giving the state of the ait- 
before the humidification in the direction which is taken from 
the edge scale, this line gives the change of the state of the air. 
The final state on this line is fixed by the amount of water 
admixed. Equation (260) gives 

s - Si = ^ (202) 


and fixes the final point of state. The enthalpy of steam has the 
order of magnitude 1000 Btu/lb. From the large s-i diagram it 
can be seen that the direction of this change of state is approxi¬ 
mately vertical. If unsaturated air is humidified with steam its 

temperature changes therefore 
only very little. Foggy air is 
heated by steam. The en¬ 
thalpy of water equals its tem¬ 
perature. The direction of a 
change of state produced by 
injecting water into air has a 
strong inclination to the left. 
In the unsaturated range air 
therefore cools by injection of 
water. It may seem strange at 
first that air can be cooled by 
injection of water also where 
the water is warmer than the 
air. The reason is that the 
water evaporates and takes its heat of evaporation from the air. 
Other examples for the use of the diagram are given in the follow¬ 
ing paragraphs. For mixtures of two materials other than air 
and water similar diagrams have proved very useful.^ 



Fia. 120. Moistening of air 
steam or water in the Mollier 
diagram. 


with 


44. Diffusion 

When a wet surface is dried by an air flow, the vapor escaping 
from the surface is carried away in the air flow by convection. 

^ A description of the construction and use of such diagrams is found in 
F. BoSnjakovic, **Technische Thermodynamik,” Vol. 2, Dresden, 1937. 
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First, however, it must penetrate the boundary layer on the sur- 
fac.e by diffusion. The mass flow arising by diffusion is given by 
Fichus law, which is much the same as the heat-conduction equa¬ 
tion. We will acquaint ourselves with this law by describing a 
simple experiment. A glass tube closed on one end may be 
filled at the l^ottom with a little Avater (Fig. 130). Over the open 
end of the tube an air flow is blown with a certain concentration 
of water vapor. The air velocity may be small. The total pres¬ 
sure within the tube is then constant and ecpial to the outside 



Fig. 130. Diffusion of water vapor through air. 

pressure. The partial pressure of the water vapor outside the 
tube is generally different from that over the water surface. The 
partial pressure of the Avater vapor over the Avater surface equals 
the saturation pressure at the surface temperature.^ The partial 
pressure at the upper end of the tube is fixed by the partial pres¬ 
sure in the air flow. Within the tube the partial pressure may 
be as shown in Fig. 130. The AA^eight floAV of Avater vapor per 
unit of the area 1-1, the Aveight A^elocity connected with the dif¬ 
fusion process is, according to Fick's laAv, 

W, = -D^' (263) 

^ Theoretically the vapor pressure over the surface is slightly lower than 
the saturation pressure as soon as a mass flow from the surface occurs, but 
the difference is very small and can be neglected in industrial calculations. 
On the other hand the evaporation uses up heat, which must, in many cases, 
flow from inside the liquid to the surface. This results in a temperature 
gradient in the liquid near the surface and a surface temperature lower than 
the average liquid temperature. 
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where Cv is the concentration of the vapor (in pounds per cubic 
foot), D the diffusion coefficient, and dc^ldx the gradient of the 
concentration along the tube axis. The diffusion coefficient 
depends on both masses which diffuse into each other. Accurate 
values for this coefficient are scarce. Some are tabulated in the 
Appendix. The best known is the diffusion coefficient for water 
vapor in air.^ The dimension of the diffusion coefficient is, in 
accordance with Eq. (263), square feet per hour. 

The concentration can be expressed by the partial pressures 
Pv rising the values introduced in the previous paragraphs in the 
following way: 



Vv 

R,T 


(264) 


With this Fick’s law becomes 




D dp„ 
R^T dx 


(265) 


Only in this form Fick^s law is also valid for great temperature 
differences. At extremely high temperature differences there is 
added to the diffusion given by Eq. (265) a second kind of dif¬ 
fusion which arises at constant partial pressure, and which is 
called thermodiffusion. 

Since the partial pressure of the water vapor and the partial 
pressure of the air pa add up to the total pressure p, and since the 
total pressure is constant, there corresponds to a gradient of the 
vapor pressure a gradient of the partial pressure of the air. As 
Eq. (265) must also be valid for the air, a mass flow of the air 
must arise which is in the opposite direction to the vapor flow. 
No air can leave the tube at the bottom, however, as it is closed 
there. Therefore a convective flow in an upward direction must 
be present within the tube, which compensates for the diffusive 
air flow. The velocity of this convective flow may be v. The 
amount of vapor which is transported by this convective flow 
through the cross section 1-1 per unit area and time is There¬ 
fore the whole weight velocity of the water vapor in the cross 
section 1-1 is 


_ _ + 

.R,Tdx^ R,T 


(266) 


^ R. Schirmer, Z. Ver, detU, Ing., Beiheft Verfahrenstechnikf 1938, pp. 170- 
177. 
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The same relation must be valid for the resulting air flow. Since 
the flow is zero the resulting equation is 


D dpa . Pa 

~ RaT ~dx RaT~^ 


This equation gives the velocity: 


— H. 

Pa dx 


The partial pressure of the air can be expressed by 
Pa = P - Pv 


dpa 

dx 


dpv 

dx 


This gives 


V = — 


D dpv 


p — Pv dx 

and for the weight velocity of the vapor, 

D p dp„ 
R.T p - p. dx 


(267) 


(267a) 


(268) 


This equation is called Stefan^s law,^ 

When the cross section of the tube is constant over Xj Eq. (268) 
can be integrated, since Wv is then independent of x. Also the 
velocity v is then constant. By separating the variables there 
results 

dpv _ _ 

p - Pv'^ Dp 

and by integration between x = 0 and x = Z, 


or 


Zn£-=^ 

P - Pv2 


= W: 


I R,T 


^ D 


P 




D P 
1 R,T 


In 


P - Pn 

P - Pv2 


(269) 


With this equation the weight velocity can be calculated from the 
partial pressures at both ends of the tube when the diffusion coef¬ 
ficient is known. Inversely, such an experiment can be used to 
determine the diffusion coefficient by measuring the partial pres- 

^ Stefan, Wiener Berichtef 68 , 385-425 (1874). 
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sures and the weight evaporated per hour. As long as the dif¬ 
ference in the partial pressures is small when compared with the 
total pressure, Eq. (269) can be simplified into 

This equation has exactly the same form as Eq. (2) for heat con¬ 
duction in a plane wall. In the same way Stephan's law, Eq. 
(268), transforms into Pick's la\v, Ecjs. (265) and (263) respectively, 
at small partial pressure differences, and then has the same shape 
as the general equation for heat conduction, Eq. (31). 

The previous calculations were made for the evaporation of a 
liquid in order to connect them with a concrete example. They 
can be applied generally, however, to the diffusion of two gases. 
Only for Eqs. (266) and (269) must the condition be fulfilled that 
through the interface (in the above case the surface of the liquid) 
there penetrates only one of the gases (in our case the vapor). 

There are cases where both gases penetrate the interface. 
For instance, during the combustion of solid carbon, the oxygen 
diffuses to the surface of the fuel and the carbon monoxide or 
carbon dioxide generated by the combustion on the surface 
diffuses away from it. 

Example. A vertical tube with 0.775 in.^ cross section is filled with 
water at the bottom. The distance from the water surface to the 
open end of the tube is 2.527 in. Over the open end a flow of perfectly 
dried air is blown and the tube is held at a constant temperature of 
87.5 F. The water evaporated is measured by weighing and is found to 
be 5.165 X lO"® Ib/hr. From this experiment the diffusion coefficient 
of water vapor in air is to be calculated. 

The weight velocity is 

w. = — = 1.043 X 10-* lb/(hr)(ft*) 

The saturation pressure of water vapor at 87.5 F can be found in the 
steam tables. It is pvi = 0.6453 Ib/in.* The gas constant of water 
vapor is obtained from its molecular weight M = 18.016 and the univer¬ 
sal gas constant (R « 1545.4 ft-lb/(lb-mole)(R): 

p (R 1,545 
~ ■“ 18.02 “ 


85.80 ft-lb/(ib)(R) 
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Solving Eq. (269) for D gives 

D IRvT 

p lnp/(p - Ppz) 

1.043 X 10-*^ X 2.527 X 85.80 X (459.7 + 87.5) 

“ 12 X' 14.22 X 144 X In 14.22/(14.22 ~ 0.6453) 

Two facts must be watched, which may falsify the result of the experi¬ 
ment. The temperature of the water surface may be lower than the 
surrounding and there may occur free convection within the tube, since 
humid air is not so heavy as dry air, so that the air in the bottom is 
lighter than near the upper end. Both errors can be kept small by 
using a tube with a small diameter. 

45. The boundary-layer equations of mass transfer 

When the air above the wet surface is not in a state of rest as in 
the example considered in the preceding paragraph but flows 
along the surface, humidity is also transported away by convec¬ 
tion. The diffusion process is then confined to a small zone in 
the proximity of the surface. The process is essentially analo¬ 
gous to a heat-transfer process where the heat is transported by 
conduction through the thermal boundary layer and outside it 
by convection. The zone within which a measurable gradient 
in partial vapor pressure arises may be called the boundary layer 
for mass transfer. At the same time there is on the surface a 
boundary layer of the velocity field. The thicknesses of these 
boundary layers may be different. Very often a heat flow takes 
place simultaneously with the mass transfer. In drying proc¬ 
esses, for instance, heat is afforded to evaporate the liquid and 
this heat must be transported to the surface. We have therefore 
often three boundary layers superimposed—the velocity bound¬ 
ary layer, the thermal boundary layer, and the mass-transfer 
boundary layer. The last can be calculated with an equation 
similar to the momentum equation and the heat-flow equation 
for the two other boundary layers. The velocity field and the 
temperature field near the surface are changed by the mass trans¬ 
fer. There will be considered here only two-dimensional prob¬ 
lems of forced convection. Consider an elementary volume with 
the dimensions dx and I near the surface from which the mass flow 
originates (Fig. 131). Normal to the plane of the drawing the 
dimension may be 1. The length I may be greater than any of 
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the boundary-layer thicknesses. The state of the air outside 
the boundary layer is fixed by its velocity w, (in x direction), the 

temperature the partial 
pressure of the vapor or 
the vapor concentration 
On the surface the velocity is 
zero {u = 0). The tempera¬ 
ture may be the vapor pres¬ 
sure and the vapor con¬ 
centration respectively. 
At the distance y from the 
surface, within the boundary 
layer, the respective values 
may be w, /, Pv, and Ct,. The total pressure p can again be 
assumed constant on any normal to the surface within the 
boundary layer because of the small boundary-layer thickness. 

First the continuity equation may be set up for the volume ele¬ 
ment, The mass flow through the area 1-2 is pii dy. Through 



Fig. 131. Deriving the boundary-layer 
equations of mass transfer. 


the length dx it changes by the amount 


steady state this same amount must enter the volume through 
the areas 1-3 and 2-4. On the surface (area 1-3) there exists a 
normal velocity whose magnitude was calculated in the pre¬ 
vious section. The velocity through the area 2-4 may be vi; 
therefore the continuity demands 


1^1 


r 

dx Jo ^ 


dy 


(271) 


It is assumed that the density p is constant in the whole field. 
The equation of momentum (Sec. 15) is now 



By introducing the continuity equation there is obtained 

<■ s ^ ^ S' X (i). ‘ s 

(272) 

' The shearing stress on the wall is substituted by the velocity 
gradient with the equation = ti{du/dy)^. The equation of 
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momentum has changed as compared with Eq. (Ill) by the 
summand pv^Ug. The assumption that the density may be 
regarded as constant is fulfilled when the two diffusing compon¬ 
ents differ little in specific weight. For the mixing of water vapor 
with air this holds true. 

To write the mass-flow equation for the vapor the fact must be 
expressed that in steady state the difference between the vapor 
mass carried by the flow into the volume element through area 
1-2, and out of it through 3-4, must come into the volume by 
area 1-3 and 2-4. The weight velocity of the vapor on the solid 
surface may be w^w. This gives 




_d 

dx 



c^u dy — vic^g 


Pkpressing the velocity Ux by the continuity equation (271) and 
using the partial pressures instead of the concentration gives 


A 

dx 


/: 


(pt;« dy VwPvK 


— HvTwvw 


For the introduction of the partial pressures into the equation 
it was assumed that the temperature differences are small com¬ 
pared with the absolute temperatures. Elimination of the weight 
v elocity Wvw of the vapor on the solid surface by Eq. (266) leads to 

S jo ~ dy = I> ?*») (273) 

and with the velocity Vw in Eq. (267a), 


L jo (w).c 

The heat-flow equation is found in the same way by a heat 
balance in the volume element. The heat flow per unit area of 
the solid surface is q^. Then 

d 

2^ / Cptu dy Cj^tVi = Qw 

Heat is transferred from the solid surface not only by con¬ 
duction but also by convection with the evaporating componmt. 
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Therefore 

+ Cplu,Vu, (275) 

Here the specific heat Cp at constant pressure per unit volume is 
used. Assuming it to be constant and introducing Vi from the 
continuity equation gives 

s /„'«■ - '*>’ - “ (S). + ^ 

The boundary-layer equations (273) and (276) for mass transfer 
differ from the corresponding equation for heat transfer alone by 
the addition of the summand with the velocity The equa¬ 
tions can be solved in the same way as in Sec. 19 by introducing 
proper expressions for the velocity, the temperature, and the 
partial-pressure profile, and calculating the boundary-layer thick¬ 
nesses. In order to increase the accuracy of this approximate 
solution it is usefull to fulfill for the assumed profiles the boundary 
conditions on the solid surface which are valid for the real pro¬ 
files. In Sec. 19, the fact that the second derivative of the tem¬ 
perature to the wall distance must be constant on the solid sur¬ 
face was derived from the condition that is constant in the 
immediate proximity of the wall. For the heat flow during mass 
transfer Eq. (275) holds true. Again, in the immediate proxim¬ 
ity of the wall the heat flow must be constant. Therefore 

For the weight velocity of the vapor Eq. (266) is valid. Also the 
weight flow must be constant in the proximity of the wall. By 
differentiating Eq. (266) in which x must be replaced here by y, 
there is obtained 

^ Uj/* A r \ dy A WA t WA 

If the temperature is constant, which means that only mass 
transfer occurs, Eq. (278) simplifies to 
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(279) 


For the shearing stress r„, without diffusion, Eq. (109) holds true. 
If a mass flow originates from the wall this equation changes. 
Imagine a plane in the proximity of the solid surface and parallel 
to it; then, within this plane a shearing stress arises by the viscos¬ 
ity of the air flowing along the surface. But in addition, there 
exists a virtual shearing stress caused by the transport of momen¬ 
tum with the vapor passing the plane. This shearing stress has 
the same magnitude as the one which arises by turbulent mixing 
and which was calculated in Sec. 23. The total shearing stress 
therefore is 


r 



Wv 


Q 


where g is the acceleration of gravity. This shearing stress must 
again be (ionstant in the immediate proximity of the wall. So 
its derivative to y at the wall is zero: 



The calculations become much simpler when the partial-pres¬ 
sure differences within the boundary layer are small compared 
with the average pressure of the air. In this case the velocity 
v-u, normal to the wall is small and can be neglected in Eqs. (272), 
(273), and (276). The equation of momentum (272) and the 
heat-flow equation (276) have then the same shape as for heat 
transfer alone (Secs. 15 and 19). This means that the flow and 
the heat transfer are not influenced by the mass transfer. For 
the calculation of the mass transfer Eq. (273) holds true; but this 
equation need not be solved, because the result can be determined 
directly by similarity conditions.^ 

A calculation of mass transfer without heat transfer for the 
flow along a plane surface in the range of the laminar boundary 


1 The similarity considerations were given by E. Schmidt, Geaundh. Ing., 
52 , 525-529 (1929), and W. Nusselt, Z, angew. Math. Mech., 10 , 105-121 
(1930). G. Ackermann, VDI-Forschungsheft 882 , 1937, gave approximate 
correction values for high partial pressures. 
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layer by solution of the above equations was given by E. p]ckeri» 
and V. Lieblein.^ 

The calculation shows that the mass transfer depends on two 
dimensionless values. The first is ^4 = {D/v){Mv/M) with D 
the diffusion coefficient, v the kinematic viscosity, M the molecu¬ 
lar weight of the mixture between the vapor and the gas passing 
by, and Mv the molecular w^eight of the vapor evaporated or 
absorbed by the plane surface. Since for the derivation of the 
above equations it was assumed that the molecular weights of 
both components do not differ greatly, the value A is essentially 
the same as the ratio D/v which occurs again in the following 

paragraph. The second dimensionless value B = is 

P Pvw 

the ratio of the difference in partial vapor pressures outside the 
boundary layer (in the free stream) and on the plane surface to 
the difference between the total pressure and the partial vapor 
pressure on the surface. The numerical computations were 
made for evaporation or absorption of water vapor from a surface 
in an air stream, the flowing air being at 68 F and 14.2 Ib/in.'-^ 
pressure. The dimensionless value A is 1.04. From the results, 
Figs. 132 and 133 are presented here. Figure 132 shows the 
velocity profile and the partial-pressure profile for the water 
vapor in the boundary layer. 6 means the thickness of the 
boundary layer for the velocity profile and the thickness of the 
mass-transfer boundary layer for the partial-pressure profile, 
respectively. The characteristic values K ior the velocity pro¬ 
file, and Kp for the partial-pressure profile are the following func¬ 
tions of the dimensionless values A and B: 

^ 4 - 2 V4 - 6B „ ^ 3A(2- ^4 - 6B) &/S, 

” B a{ 2- S/Sp - 4 

where 5 is the boundary-layer thickness for the velocity, and 6p 
the boundary-layer thickness for the partial pressures. The 
ratio 6/dp of the two boundary-layer thicknesses is unity for 
evaporation of the water from the wall and increases up to 2 for 
absorption of the steam by the wall with great partial-pressure 
differences. For mass transfer from the wall (evaporation) K 
has positive values, and for mass transfer to the wall (absorption) 

' E. Eckert and V. lieblein, Farsch. Qebiete Ingenieurw,, 16^ No. 2 (1949). 
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negative values. The line for = 0 gives the velocity profile 
for the flow along the wall without mass transfer and approxi¬ 
mately the velocity and the partial-pressure profiles for very 
small partial-pressure differences. It can be seen from the figure 
that both the velocity and the partial-pressure profile change 
considerably at higher partial-pressure differences. The line 



Fio. 132. Velocity and partial-pressure profile in the laminar boundary layer 
on a flat surface absorbing or evaporating water into an air flow. (According to 
E. Eckert and V. Lieblein, Forsch. Oebiete Ingenieurw.^ 1949.) 


X = Kp = 3 is valid for a partial pressure of the air equal to 
zero at the wall, which means for a boiling-water surface. The 
mass flow from or to the wall can be determined with Fig. 133. 
The value hn on the ordinate gives the mass-transfer coefflcient, 
which is analogous to the heat-transfer coefficient and will be 
explained in detail in the next section. The value hj^lD is the 
dimensionless mass-transfer coefficient and corresponds to the 
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Nusselt number in heat transfer. This value increases with the 
square root of the Reynolds number. The same relation was 
valid for heat transfer in flow along a plate with laminar boundary 
layer. As a parameter, the ratio of the partial pressure (p — pvw) 
of the air at the wall to the total pressure p arises. Only the 



Fig, 133. Dimensionless mass-transfer coefficient for a flat surface absorbing or 
evaporating water into a laminar air flow. {According to E. Eckert and V. Lieh^ 
lein, Forach, Gebiete Ingenieurw,^ 1949.) 

curves above the dashed line have any physical reality. The 
values for the mass-transfer coefficient at low partial-pressure 
differences lie on the vertical line Kp = 0. It can be seen that 
the mass transfer depends considerably on the value Kp, which 
means on the partial-pressure differences. Positive values of 
Kp hold for evaporation, negative values for absorption of the 
steam on the wall. 
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46. Similarity relations for mass transfer^ 

As long as the differences in partial pressures are small com¬ 
pared with the total pressure the summand with the velocity 
Vu, can be neglected in Kqs. (273) and (276). Both equations then 
appear in the same form as the heat-flow equation (135). This 
can be seen from the following comparison. 


Heat-flow equation: 

E(I). 


Mass-flow equation: 


As a consequence of their similar form the solutions for both 
equations must also be similar. There is obtained, therefore, 
from the solution of the heat-flow equation, the solution of the 
mass-transfer equation when the partial pressure Pv is substituted 
for the temperature t, and the diffusion coefficient Z> for the ther¬ 
mal diffusivity a. There is also an analogy to the general heat- 
flow equation (171) in mass transfer: 


dx 


= D 


dx^ 


+ 


In Sec. 27 it was derived that the temperature fields in the 
neighborhood of similar bodies transmitting heat by forced con¬ 
vection can be represented in the following way: 

t?' = / (y', Re, ^ = f{y', Re, Pr) (281) 

where r5^' is a dimensionless value giving the difference between 
the temperature < of a point with the dimensionless distance 
from a surface and the temperature of any arbitrary reference 
point U divided by any arbitrary reference temperature differ¬ 
ence, as, for instance, the difference between the temperature is 
of the flowing medium at a great distance from the body and the 
temperature tw of the body. Re is the Reynolds number and v/a 
the Prandtl number. For the same body we get the partial- 
pressure field by substituting partial pressures for the tempera¬ 
tures (pi = — - ^^1 and the diffusion coefficient D for the 

\ Pvi - Pvu,/ 

thermal diffusivity a: 

^ These relations were first derived simultaneously by E. Schmidt, loc, cit, 
and by W. Nusselt, loe. eit. 
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V'.^f {y', Jie, iy', Re, Sc) (282) 

The dimensionless value v/D is called the Schmidt number. The 
function / has the same form in both Eqs. (281) and (282). 

In heat-transfer problems, Ave are primarily interested in the 
specific heat flow q^v per unit of the surface area of the body. It 
can be calculated from the film heat-transfer coefficient h by the 
equation 

Qw ~ h(^ts tw) 


On the other hand there is the equation 


Therefore 



(283) 


In an analogous manner, the mass flow per unit area is charac¬ 
terized by a mass-transfer coefficient Hd defined by the equation 


The dimension of the mass-transfer coefficient is feet per hour. 
By introducing the partial pressures instead of the concentra¬ 
tions, the above equation becomes 



Itvl 


(284) 


This equation was first used by E. Dalton (1788). On the 
other hand, the mass flow per unit area is described by the 
equation 


Wvw = — 


D /dpA 

RvT\dy /y, 


Neglecting the minus sign it follows that 


hjD(j)vg Pvto) — D 



(285) 


From Eq. (283) the dimensionless film heat-transfer coefficient 
becomes 


JU 


/m'\ 
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with the dimensionless temperature difference and the dimen¬ 
sionless distance y' = y/l from the solid surface. According to 
Eq. (281) the last equation becomes 

^ = f{Re, Pr) (286) 

In the same way, a dimensionless mass-transfer coefficient can 
be built up by dividing the partial pressure Pv in Fjq. (285) by the 
difference (pvs — Pvw)^ and by dividing the coordinate y by the 
reference length h 



By differentiating Eq. (282) with respect to y\ there is given 
at the distance t/ = 0, 

^ =f{Re,^=fiRe,Sc) (288) 

The functions in both Eqs. (286) and (288) have the same shape. 

Any of the equations in Chapter 3 for heat transfer, therefore, 
gives also the solution for a corresponding mass-transfer problem 
if the Nusselt number hl/k is replaced by the dimensionless mass- 
transfer coefficient hnllDy and the Prandtl number v/a by the 
dimensionless value v/D,^ 

If, for a gas mixture, the diffusion coefficient D equals the 
thermal diffusivity a, the two dimensionless transfer coefficients 
are equal for a given Reynolds number. By substituting for the 
diffusion coefficient D, the thermal diffusivity a = kfycp = k/Cp 
(Cp == specific heat per unit volume at constant pressure) we get 

= = = (289) 

This law was derived by Lewis^ and is therefore called the Lewis 
relation. For turbulent exchange according to Fig. 134, the fol¬ 
lowing conditions apply. V' denotes the gas volume exchanged 
between the two planes 1 and 2 per unit time and area, and t and 

' This law was verified by a number of experiments. See, for example, 
T. K. Sherwood, Trans, Am, Inst, Chem. Engrs.j 36 , 817-840 (1940); also 
A. P. Colburn, Ind, Eng, Chem,y 22, 967-970 (1930). 

• W. K. Lewis: Trans, Am, Inst, Chem, Engrs,, 20, 9 (1927). 
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temperatures and concentrations 
in both planes. Then the heat 
flow per unit area from plane 1 to 
plane 2 associated with the tur¬ 
bulent exchange is 

qt = rc,{t ~ n 

If this heat flow is characterized 
by a turbulent film heat-transfer 
coefficient ht, it may be written 

h,(t - n = V'Cp{t - t') (290) 

In the same way, the mass flow Wt per unit area associated with 
the turbulent exchange is 

wc - - 4 ) 

and expressed in terms of a turbulent mass-transfer coefficient 
hvu is 

hmic. - 4) = 7'(c. -- 4) (291) 

Dividing Eqs. (290) and (291) by each other gives 

h,n = ^ (292) 

One can see that the Lewis relation holds true in turbulent flow 
regardless of whether the ratio a/D equals 1 or not. For the 
laminar sublayers which always arise in turbulent flow in the 
immediate neighborhood of solid surfaces, the Lewis relation is 
valid only for a/D = 1. 

Heat transfer by free convection can be represented by the 
following equation, according to Sec. 27: 

Nu = /(Gr, Pr) (293) 

where Nu is the dimensionless heat-transfer coefficient hl/k^ Gv 
the Grashof number and Pr the Prandtl number v/a. 

In the Grashof number, the product of the thermal expansion 
coefficient and a reference-temperature difference 0 took the 
place of the ratio of the specific weights ( 7 , — yw)/yw. As for 
diffusion processes, where the buoyancy forces are generated by 
the difference in specific weight of the different mixtures, the 


/' or Cv and 4 » respectively, the 





bulent mass transfer. 
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Grashof number for mass transfer has the form 



where is the specific weight of the gas mixture at the solid 
wall and 7 * is the specific weight outside the boundary layer. 
The same deductions used for forced convection now lead to the 
following expression for the mass-transfer coefficient: 

^ ^ = fiGr^, Sc) (294) 

The function / is again the same as for the corresponding heat- 
transfer problem. If on the same surface, heat and mass transfer 
occur simultaneously, it is not possible to calculate the mass- 
t ransfcr coefficient from the solution of the corresponding problem 
with heat transfer alone as long as D 9 ^ 


Example. Along a horizontal water surface an air stream with a 
velocity it* = 10 fps is flowing. The amount of water evaporated per 
hour per square foot from the water surface is to be calculated. The 
temperature of the water on the surface is 59 F, the air temperature is 
68 F, and the partial pressure of the water vapor in it is 

= 0.1130 lb/in.2 


corresponding to a relative humidity r = 33.3 per cent. The water 
surface in the wind direction has a length of a: = 4 in. 

The Reynolds number for the air flow is 




UsX 

V 


10 X (»l2) 
16.8 X 10“^ 


= 19,830 


with V = 16.8 X 10~® ftVsec from the Appendix. The flow therefore is 
laminar and the average heat-transfer coefficient is given by Eqs. (140) 
and (141), Nux « 0.662 y/JUx. The mass-transfer coefficient is 
determined by the analogous equation hux/D « 0.662 v/D \/Rex 
The diffusion coefl&cient is D = 1.023 ftVhr (see Appendix). Therefore 


V 

D 


16.8 X 10~« X 3600 0.605 

1.023 “ 1.023 


0.691. This gives 


^ « 0.662 \/0Ml \/l9;8^ « 78.4 


‘ E. Schmidt, loe, cit 
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hu = 78.4 X 1.023 X 

If it is desired to use the Lewis relation the heat-transfer coefficient 
must first be determined, with Pr = 0.710 for air, 

Nu = 0.662 VlO^ X a70.710 = 83.3 

and h = NuWx) = 83.3 X 0.0148 X = 3.7 Btu/(hr)(ft2)(F). 
For air at 68 F and 14.22 Ib/in.^ the specific heat per unit volume is 
= 0.0175 Btu/(ft3)(F). Therefore Hd = 3.7/0.0175 = 211 ft/hr. This 
value is too small by 14 per cent because the assumption a/D = 1 under 
which the I^ewis relation holds true is not quite fulfilled here. For 
approximate calculations on evaporation of water in air, however, the 
Lewis relation is very useful. 

The partial pressure of the water vapor over the water surface is the 
saturation pressure at the water-surface temperature, 

= 0.2473 lb/in.2 

Therefore the amount of water evaporated per square foot per hour is 
[Eq. (284)1 

^ (P- - P«) = 85.9^ - 519 (0-2473 - 0.1130)144 

= 0.104 lb/(hr)(ft2) 

47. The evaporation of water into air 

When evaporation of water into 
air or condensation of water from 
moist air takes place on a surface, 
the Lewis relation can be used for 
approximate calculations, since the 
ratio of thermal diffusivity to the 
diffusion coefficient has the value 
0.835 at 68 F, which is not greatly 
different from the value 1. In Sec. 
43, processes with moist air were 
,, noe TV X studied with the enthalpy-epecific- 

humidity of air with a dry- and humidity diagram. Therefore, it IS 
a wet-bulb thermometer. useful to transform Eq. (284) into a 

relationship which contains the specific humidities instead of the 
partial pressures. According to Sec. 42 

St — Ml'El 

MaVa 







0.09 



^ 0 *F 50 eo 70 eO*F 90 too no teO^F.tSO t^ t50 teCTF i70 
Enthaipy- specific humntity diagram 
total prassura p • 14.096 ttt/tP^ 
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For small partial pressures of the water vapor it may be written 

_ P v 

^ Ma p 

The range of states represented in the accompanying enthalpy- 
specific-humidity diagram (see Fig. ^4) comprises only states with 
a vapor pressure smaller than 2.2 Ib/in.^ Within this range 
the above relation gives an error of less than 6 per cent. If we 
assume this to be tolerable we may write Eq. (284) in the form 

hi) V Ma f . 

~ R,TM, 

The gas constant of the water vapor may be expressed by th«> 
universal gas constant (R and the molecular weight Mv of the 
water vapor = (R/Mv- This gives 





(Ss - S^) 


— /i/>'yo(s« Sio) 


where ya is the specific weight of the dry air. The product hDya 
is called the evaporation coefficient and is denoted by cr. The 
dimension of the evaporation coefficient is pounds per hour per 
square foot. The above equation assumes the simple form 

Wvw = o'(s, — Sw) (295) 


The Lewis relation for the evaporation coefficient becomes 


a = hx)7o = 


h7a _ ^ 

Cp Cp 


(296) 


The numerical value for the specific heat per pound of air can be 
inserted as 0.24 Btu/(lb)(F). Experiments by different scientists 
confirmed the above Lewis relation very well for turbulent flow,^ 
but for laminar flow the agreement is not so good (see the above 
example). 

Of special importance for evaporation processes is the tempera¬ 
ture which a moist body assumes in an air stream where it 
exchanges heat only by convection with the air stream. Such 
a body assumes a temperature which is lower than the air tem¬ 
perature since, for the evaporation, heat is used up which must be 


' E. Kirschbaum, Chem. Fabrik^ 14 , 171-181 (1941). 
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transferred from the air to the body. This temperature can be 
calculated by the Lewis relation and is called the wet-bulb tem¬ 
perature since it is assumed by a thermometer whose bulb is 
covered with a wet cloth. The mass flow Ww and the heat flow 
Qw per unit surface area are described by the equations 

Ww ~ O'CSg Sw^ 

Qtv ~ h(ta ttp) 

When the body gets the whole amount of heat necessary for the 
evaporation from the air by convection, with r as heat 

of evaporation per pound of water. 

Then 



By this equation, the direction of the line is fixed which connects 
in the enthalpy-specific-humidity diagram the point 0 (sw, tw) for 
the state of the air immediately over the surface, with point 1 
(s„ U) representing the state of the air at a great distance from the 
body. R. Mollier^ showed that the wet-bulb temperature is 
found in the diagram by finding the isotherm in the super¬ 
saturated region whose prolongation hits point 1.^ 

The moisture content of air is conveniently measured by the 
psychrometric method, A psychrometer consists of an ordinary 
or dry-bulb thermometer, and a wet-bulb thermometer whose bulb 
is covered with a moist cloth. The air whose moisture is to be 
measured must be blown with sufficient velocity over the ther¬ 
mometers so that the heat exchange by radiation with the sur¬ 
roundings can be neglected as compared with the heat exchange 
by convection. By looking up the point in the enthalpy-specific- 
humidity diagram where the dry-bulb isotherm and the pro¬ 
longed wet-bulb isotherm intersect, the state point of the air and 
its humidity are fixed. 

Example. A measurement in air at 14.7 Ib/in.^ with a psychrometer 
gave a dry-bulb temperature of 68 F, and a wet-bulb temperature of 
50 F. The specific humidity of the air is to be determined. 

iR. Mollier, ‘‘Stodola-Festschrift,*' Leipzig, 1929; F. Bosnjakovlc, 
*'Technische Thermodynamik,'' Vol. 2, p. 43, Dresden, 1937; E. Kirsch- 
baum, Chem. Fahrik, 14 , 171-181 (1941). 

* This method is not quite correct, but it agrees very well with experiments. 
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In the enthalpy-specific-humidity diagram the isotherm 50 F in the 
supersaturated region must be prolonged until it intersects the isotherm 
68 F. The point of intersection gives the state of the moist air. Its 
specific humidity can be read from the ordinate scale as s = 0.0037 Ih 
of water per pound of dry air. If the enthalpy-specific-humidity dia¬ 
gram contains lines of constant relative humidity, this value for the 
investigated air can be read immediately. Otherwise it is necessary to 
calculate the partial pressure of the water vapor of the investigated air 
and the partial pressure of water vapor of saturated air at 68 F from the 
specific humidities with Eq. (249) or to take the values from steam tables 
or the accompanying s-i diagram. The ratio of the two partial pressures 
is the relative humidity r = 0.245. 
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APPENDIX 


By 

ROBERT M. DRAKE, Jr. 

The Appendix is intended primarily to support the text and 
not to fulfill the requirements of a handbook; thus the accent is 
on brevity and simplicity. The reader or researcher desiring 
more detailed or additional material should consult any of the 
excellent and extensive publications listed here. 

Table 15 gives the property values of a number of liquids at 
saturation pressures. Excluding the region in the neighborhood 
of the critical state, the variation with pressure of the property 
values listed is small, so that the values in the tables can be 
universally used. The viscosity is shown as the kinematic vis¬ 
cosity V. This is done because in the use of the dynamic viscos¬ 
ity M there is always a possibility for confusion, as in the literature 
these values are given side by side in both the gravitational sys¬ 
tem and in the absolute system. This confusion does not exist 
in the use of the kinematic viscosity since the dimensions contain 
neither force nor mass. 

Table 16 presents the property values of important gases at 
atmospheric pressure. Excluding again the region of the critical 
state, the property values for other pressures can be obtained from 
those given in the following way. The specific weight can 
be determined using the ideal-gas equation y = p/RT. From 
this, it follows that at any temperature the specific weight is 
7 = 7o(p/po), where po = 14.22 lb/in.* and 70 is the value of the 
specific weight as listed in the tables for the temperature in ques¬ 
tion. Further, the specific heat Cp is practically independent of 
pressure for gases for a fairly wide range. This independence of 
pressure is true also for the thermal conductivity fc, the dynamic 
viscosity and thus the Prandtl modulus Pr. The kinematic 
viscosity v and the thermal diffusivity a are inversely propor¬ 
tional to the specific weight and therefore, for a certain tempera¬ 
ture, they are inversely proportional to the pressure. In this 
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way, property values for other pressures can be found from the 
ones listed in the tables. 

The dependency of the property values on pressure and tem¬ 
perature in the neighborhood of the critical state is shown in the 
Figs. 136 to 143 for water. A similar dependence for other 
materials and, therefore, the deviations from the values calculated 
as proposed above may be approximately determined from the 
fact that the percentage variation of any value in the region of 



temperature F 

Fig. 136. The specific weight of water vapor showing the dependency upon 
pressure and temperature. 


the critical state has the same order of magnitude for all materials 
at corresponding distances from the critical state (equal values 
of p/pc and r/r®, where pc and To represent the critical pressure 
and critical temperature respectively). 

Tables 13,15, and 16 are taken from the book “ Hauptwerte des 
Warmeaustauches,'^ by B. Koch (as yet unpublished), with the 
kind permission of the author. The values are converted herein 
from the metric to the English system of units. The values for 
air in the range 600 to 3000 F are prepared from ‘‘Gas Tables, 
by J. H. Keenan and J. Kaye, The thermal conductivities and 
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tetnp. 

temperature F 


Via. 137. The expansion coefficient /3 = (l/t))(di)/^T') of water and water vapor. 



32 200 400 600 er/ttca/ $00 


temperature F 

Fio. 138. The specific heat Cp of water and water vapor at constant pressure. 






(ft)(s9G) viscosity n iO""^ 
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32 iOO 200 300 400 500 600 600 iOOO 


fomporaturo F 

Fig. 139. The dynamic viscosity p of water and water vapor. 



ue ---- - * .— ■■ ---- ■ I- — I.,., 

500 600 700 600 900 

tsmpwratvrs F 

Fia. 140. The dynamic viscosity p of water vapor. 
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t§mp0rotur0 F 

Fia. 141. The thermal conductivity k of water and water vapor in superheated 
and saturated state. 



Fio. 142. The thermal conductivity k waiter vapor showing the dependence 
upon pressure and temperature. {Thp ExptrimerUal Poinia from Timrat and 
VargafHk*) 



Table 13. Property Values 

l^roperties at 68 1 I;, thermal conductivity, Btu/^iirXftXF) 
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the values derived therefrom in this range are extrapolated values 
and are therefore subject to some uncertainty. It is believed, 
however, that it is preferable to present the data here in extra¬ 
polated form, even though it is not too accurate, than to leave 
the extrapolation up to the reader. Figures 136 to 138 are pre¬ 
pared from ‘‘Steam Tables,^’ and Figs. 139 and 140 are from 
measurements by K. Sigwart [Forschung. Ing. Wes. 7, 215-230 



52 200 400 600 800 1000 

t€mp9rotur9 F 

Fio. 143, The Prandtl number of water and water vapor. 

(1936)] with some changes in the superheated region to bring the 
values into agreement with other measurements. Figures 141 
and 142 are from W. Fritz and B. Koch, “ WOrme- und Kdlte-^ 
technik;^ 42 , 113-117 (1940). 

With respect to Figs. 136 to 140, the designation atm, indicat¬ 
ing atmospheres pressure, is the value generally occurring in the 
metric system and is equivalent to 14.22 Ib/in.* in the English 
system of units. 
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Table 14. Charactebistics for Some Nonmktals 


Material 

t 

F 

Ib/ft* 

Cp 

Btu 

k 

Btu 

a 

hr 

(IbXF) 

(hr)(ft)(F) 

Aerogel, silica. 

248 

8.5 


0.013 


Asbestos. 

-328 

29.3 


0.043 


Asbestos. 

32 

29.3 


0.090 


Asbestos. 

32 

36.0 


0.087 


Asbestos. 

212 

36.0 


0.111 


Asbestos. 

392 

36.0 


0.120 


Asbestos. 

752 

36.0 


0.129 


Asbestos. 

-328 

43.5 


0.090 


Asbestos. 

32 

43.5 


0.135 


Brick, dry. 

68 

110-113 

0.20 

0.22-0.30 

0.011-0.013 

Bakelite. 

68 

79.5 

0.38 

0.134 

0.0044 

Cvardboard, corrugated 




0.037 


Clay. 

68 

91.0 

0.21 

0.739 

0.039 

Concrete. 

68 

119-144 

0.21 

0.47-0.81 

0.019-0.027 

Coal, anthracite. 

68l 

75-94 

0.30 

0.15 

0.005-0.006 

Coal, powdered. 

86l 

46 

0.31 

0.067 

0.005 

Cotton. 

68 

5 

0.31 

0.034 

0.075 

Cork, board. 

86 

10 


0.025 


Cork, expanded scrap. 

68 

2.8-7.4 

0.45 

0.021 

0.006-0.017 

Cork, ground. 

86 

9.4 


0.025 


Diatomaceous earth.. 

100 

20.0 


0.036 


Diatomaceous earth.. 

1600 

20.0 


0.082 


Earth, coarse gravelly. 

68 

128 

0.44 

0.30 

0.0054 

Felt, wool. 

86 

20.6 


0.03 


Fiber, insulating board 

70 

14.8 


0.028 


Fiber, red. 

68 

80.5 


0.27 


Glass plate. 

68 

169 

0.2 

0.44 

0.013 

Glass, borosilicate.... 

86 

139 


0.63 


Glass, wool. 

68 

12.5 

0.16 

0.023 

1 0.011 

Granite. 




1.0-2.3 


Ice. 

32 

57 

0.46 

1.28 

0.048 

Marble. 

68 

150-169 

0.193 

1.6 

0.054 

Rubber, hard. 

32 

74.8 


0.087 


Sandstone. 

68 

135-144 

0.17 

0.94-1.2 

0.041-0.049 

Silk. 

68 

3.6 

0.33 

0.021 

0.017 

Wood, oak radial. 

68 

38-50 

0.67 

0.10-0.12 

0.0043-0.0047 

Wood, fir (20% mois¬ 






ture) radial. 

68 

26.0-26.3 

0.65 

0.08 

0.0048 






















































APPENDIX 


271 


Table 15. Property Values 
Fluids in saturated state 



Cp 


k 

a 



7 

lb/ft8 

Btii 

ftVsec 

Btu 

tin 

Pt 

1 

(lb)(F) 

(hr)(ft)(F) 

hr 


R 


Water (H 2 O) 


32 

62.57 

1.0074 

1.925 X 10-» 

0.319 

5.07 X 10-* 

13.6 

68 

62.46 

0.9988 

1.083 

0.345 

5.54 

7.02 

104 

62.00 

0.9980 

0.708 

0.363 

5.86 

4.34 

140 

61.52 

0.9994 

0.514 

0.376 

6.02 

3.02 

176 

60.81 

1.0023 

0.392 

0.386 

6.34 

2.22 

212 

59.97 

1.0070 

0.316 

0.393 

6.51 

1.74 

248 

59.01 

1.015 

0.266 

0.396 

6.62 

1.446 

284 

57.95 

1.023 

0.230 

0.395 

6.68 

1.241 

320 

56.79 

1.037 

0.204 

0.393 

6.70 

1.099 

356 

55.50 

1.055 

0.186 

0.390 

6.68 

1.004 

392 

54.11 

1.076 

0.172 

0.384 

6.61 

0.937 

428 

52.59 

1.101 

0.161 

0.377 

6.51 

0.891 

464 

50.92 

1.136 

0.154 

0.367 

6.35 

0.871 

500 

49.06 

1. 182 

0.148 

0.353 

6.11 

0.874 

537 

46.98 

1.244 

0.145 

0.335 

5.74 

0.910 

572 

44.59 

1.368 

0.145 

0.312 

5.13 

1.019 


Ammonia (NHs) 


-58 

43.93 

1.066 

0.468 X 10“6 

0.316 

6.75 X 10-» 

2.60 

-40 

43.18 

1.067 

0.437 

0.316 

6.88 

2.28 

-22 

42.41 

1.069 

0.417 

0.317 

6.98 

2.16 

-4 

41.62 

1.077 

0.410 i 

0.316 

7.05 

2.09 

14 

40.80 

1.090 

0.407 

0.314 

7.07 

2.07 

32 

39.96 

1.107 

0.402 

0.312 

7.06 

2.06 

50 

39.09 

1 126 

0.396 

0.307 

6.98 

2.04 

68 

38.19 

1.146 

0.386 

0.301 

6.88 

2.02 

86 

37.23 

1.168 

0.376 

0.293 

6.76 

2.01 

104 

36.27 

1.194 

0.366 

0.285 

6.59 

2.00 

122 

35.23 

1.222 

0.365 

0.276 

6.41 

1.99 


Carbon dioxide (CO 2 ) 


-68 

72.19 

0.44 

0.128 X 10-s 

0.0494 

1.568 X 10~» 

2.96 

-40 

69.78 

0.45 

0.127 

0.0684 

1.864 

2.46 

-22 

67.22 

0.47 

0.126 

0.0645 

2.043 

2.22 

-4 

64.46 

0.49 

0.124 

0.0666 

2.110 

2.12 

14 

61.39 

0.62 

0.122 

0.0636 

1.989 

2.20 

32 

67.87 

0.69 

0.117 

0.0604 

1.774 

2.38 

60 

63.69 

0.75 

0.109 

0.0661 

1.398 

2.80 

68 

48.23 

1.2 

0.098 

0.0604 

0.860 

4.10 

86 

37.32 

8.7 

0.086 

0.0406 

0.108 

28.7 
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Table 15. Pbopbrtt Values.— (Continued) 






a 


fi 

7 

ib/ft» 




ft* 

Pr 

1 

(lb)(F) 

(hr)(ft)(F) 

hr 


R 


Sulfur dioxide (80s) 


-68 

97.44 

0.3247 

0.621 X 10-» 

0.140 

4.42 X 10-* 

4.24 

-40 

96.94 

0.3260 

0.456 

0.136 

4.38 

3.74 

-22 

94.43 

0.3252 

0.399 

0.133 

4.33 

3.31 

-4 

92.93 

0.3264 

0.349 

0.130 

4.29 

2.93 

14 

91.37 

0.3266 

0.310 

0.126 

4.25 

2.62 

32 

89.80 

0.3267 

0.277 

0.122 

4.19 

2.38 

60 

88.18 

0.3259 

0.260 

0.118 

4.13 

2.18 

68 

86.66 

0.3261 

0.226 

0.116 

4.07 

2.00 

86 

84.86 

0.3263 

0.204 

0.111 

4.01 

1.83 

104 

82.98 

0.3266 

0.186 

0.107 

3.96 

1.70 

122 

81.10 

0.3268 

0.174 

0.102 

3.87 

1.61 


Methylchloride (CHsCl) 


-68 

66.71 

0.3626 

0.344 X 10-« 

0.124 

6.38 X 10“» 

2.31 

-40 

64.61 

0.3541 

0.342 

0.121 

6.30 

2.32 

-22 

63.46 

0.3564 

0.338 

0.117 

5.18 

2.36 

-4 

62.39 

0.3693 

0.333 

0.113 

6.04 

2.38 

14 

61.27 

0.3629 

0.329 

0.108 

4.87 

2.43 

32 

60.08 

0.3673 

0.326 

0.103 

4.70 

2.49 

60 

68.83 

0.3726 

0.320 

0.099 

4.62 

2.66 

68 

67.64 

0.3788 

0.316 

0.094 

4.31 

2.63 

86 

66.38 

0.3860 

0.310 

0.089 

4.10 

2.72 

104 

66.13 

0.3942 

0.303 

0.083 

3.86 

2.83 

122 

53.76 

0.4034 

0.296 

0.077 

3.67 

2.97 


Dichlorodifluorometh»ne (Freon) (CClsFs) 


-68 

96.66 

0.2090 

0.334 X 10“» 

0.039 

1.94 X 10-« 

6.2 

-40 

94.81 

0.2113 

0.300 

0.040 

1.99 

6.4 

-22 

92.99 

0.2139 

0.272 

0.040 

2.04 

4.8 

-4 

91.18 

0.2167 

0.263 

0.041 

2.09 

4.4 

14 

89.24 

0.2198 

0.238 

0.042 

2.13 

4.0 

82 

87.24 

0.2232 

0.230 

0.042 

2.16 

3.8 

50 

85.17 

0.2268 

0.219 

0.042 

2.17 

3.6 

68 

83.04 

0.2307 

0.213 

0.042 

2.17 

3.5 

86 

80.86 

0.2349 

0.209 

0.041 

2.17 

3.5 

104 

78.48 

0.2398 

0.206 

0.040 

2.15 

3.5 

122 

76.91 

0.2440 

0.204 

0.039 

2.11 

8.5 
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Table 15. Propekty Values.— (Continued) 





k 

a 



7 

lb/ft» 


ftVsec 

Btu 


Pr 

1 


(hr)(ft)(F) 

hr 


R 


Eutectic calcium chloride solution (20.9 % CaCh) 


-58 

82.39 

0.623 

39.13 X 10-‘ 

0.232 

4.52 X 10-» 

312 

-40 

82.09 

0.6295 

26.88 

0.240 

4.65 

208 

-22 

81.79 

0.6356 

18.49 

0.248 

4.78 

139 

-4 

81.50 

0.642 

11.88 

0.257 

4.91 

87.1 

14 

81.20 

0.648 

7.49 

0.265 

5.04 

53.6 

32 

80.91 

0.654 

4.73 

0.273 

5.16 

33.0 

50 

80.62 

0.660 

3.61 

0.280 

5.28 

24.6 

68 

80.32 

0.666 

2.93 

0.288 

5.40 

19.6 

86 

80.03 

0.672 

2.44 

0.295 

5.50 

16.0 

104 

79.73 

0.678 

2.07 

0.302 

5.60 

13.3 

122 

79.44 

0.685 

1.78 

0.309 

5.69 

11.3 


Glycerin [CaHt(OH)al 


32 

79.66 

0.540 1 

0.0895 

0.163 

3.81 X 10-« 

84.7 X 10« 


50 

79.29 

0.554 

0.0323 

0.164 

3.74 

31.0 


68 

78.91 

0.570 

0.0127 

0.165 

3.67 

12.5 

0.28 X 10 • 

86 

78.54 

0.584 

0.0054 

0.165 

3.60 

5.38 


104 

78.16 

0.600 

0.0024 

0.165 

3.54 

2.45 


122 

77.72 

0.617 

0.0016 

0.166 

3.46 

1.63 



Ethylene glycol [C2H4(OHs)] 


32 

70.59 

0.548 

61.92 X 10-6 

0.140 

3.62 X 10-» 

615 


68 

69.71 

0.569 

20.64 

0.144 

3.64 

204 

0.36 X 10 » 

104 

68.76 

0.59^ 

9.35 

0.148 

3.64 

93 


140 

67.90 

0.612 

5,11 

0.150 

3.61 

51 ! 


178 

67.27 

0.633 

3.21 

0.151 

3.57 

32.4 


212 

66.08 

0.655 

2.18 

0.152 

3.52 

22.4 



Engine oil (unused) 


32 

56.13 

0.429 

0.0461 

0.085 

3.53 X 10-» 

47100 


68 

55.45 

0.449 

0.0097 

0.084 

3.38 

10400 

0.39 X 10-« 

104 

54.69 

0.469 

0.0026 

0.083 

3.28 

2870 


140 

53.94 

0.489 

0.903 X 10~« 

0.081 

3.10 

1050 


176 

58.10 

0.509 

0.404 

0.080 

2.98 

490 


212 

52.44 

0.530 

0.219 

0.079 

2.86 

276 


248 

51.75 

0.551 

0.133 

0.078 

2.76 

175 


284 

51.00 

0.572 

0.086 

0,077 

2.66 

116 


320 

50.31 

0.593 

0.060 

0,076 

2.57 

84 


Mercury (Hg) 

32 

850.78 

0.0335 

0.133 X 10r-» 

4.74 

166.6 X 10-* 

0.0288 


68 

847.71 

0.0333 

0.128 

5.02 

178.5 

0.0249 

7 

o 

X 

o 

122 

843.14 

0.0331 

0.112 

5.48 

194.6 

0*0207 


212 

835.57 

0.0328 

0.0999 

6.07 

221.5 

0.0162 


302 

828.06 

0.0326 

0.0918 

6.64 

246.2 

0.0134 


302 


0.0375 

0.0863 

7.13 

267.7 

0.0116 


482 

813.16 

0.0324 


7.55 

287.0 

■KXnUi! 
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Table 16. Property Values 
Oases at a pressure, p = 14.22 lb/in.* 





k 



Btu 

V 

ft*/sec 

Btu 

a 

ft*/hr 

(lb)(F) 

(hr)(ft)(F) 


Air 


-328* 


0.245 

2.88 X 10-6 

0.0040 

0.128 

0.81 

-238 

0.1743 

0.247 

3.35 

0.0068 

0.159 

0.76 

-148 

0.1237 

0.244 

6.42 

0.0095 

0.314 

0.74 

-58 

0.0959 

0.241 



0.507 

0.721 

32 

0.0783 

0.240 

14.77 


0.747 

0.712 

122 

0.0662 


19.89 

0.0162 


0.701 

212 

0.0573 

0.241 

25.59 


1.34 

0.690 

392 

0.0452 

0.245 

38.59 



0.678 

572 

0.0373 

0.249 

53.21 


2.88 

0.668 

752 

0.0318 

0.255 

69.66 


3.80 

0.661 

932 

0.0276 

0.261 

87.51 

0.0345 

4.80 

0.658 

1112 

0.0245 

0.266 

107.2 



0.655 

1292 

0.0220 

0.271 

127.7 

0.0419 

7.03 

0.655 

1472 

0.0199 

0.276 

149.4 


8.22 

0.655 

1652 

0.0182 

0.279 

173.1 


9.51 

0.655 

1832 

0.0168 

0.283 

196.7 



0.655 

2012 

0.0156 

0.285 

222.5 


12.2 

0.655 

2192 

0.0145 

0.288 

249.4 

0.0573 

13.7 

0.655 

2372 

0.0136 

0.291 

277.4 


15.3 

0.655 

2552 

0.0128 

0.293 

305.3 

0.0637 

16.8 

0.655 

2732 

0.0121 

0.295 

334.3 


18.4 

0.655 

2912 

0.0114 

0.296 

365.5 



0.655 


Ammonia (NHb) 


-68t 

0.0239 


2.04 X 10“^ 

0.0099 

0.796 

0.93 

32 

0.0479 

0.520 

1.31 

0.0127 

0.524 

0.90 

122 

0.0392 

0.520 

1.89 

0.0151 

0.744 

0.91 

212 

0.0338 

0.534 

2.56 

0.0171 

0.950 

0.97 

302 

0.0298 

vrnm 

3.31 

0.0188 

1.14 

1.05 

392 

0.0266 


4.17 

0.0201 

1.32 

1.13 


* At saturation pressure p 6.09 Ib/in.* 
t At saturation pressure p » 5.93 lb/in.> 
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Table 16. Property Values. — (Continued) 


t 

F 


7 


Cp 

Btu 

(lb)(F) 


V 

ft*/8ec 


k 

Btu 


(hr)(ft)(F) 


OL 

ftVhr 


Pr 


Carbon dioxide (CO 2 ) 


-58 

0.1476 

0.185 

5 .15 X 10-^ 

0.0064 

0.228 

0.81 

32 

0.1197 

0.196 

7.75 

0.0083 

0.354 

0.79 

122 

0.1009 

0.208 

10.86 

0.0103 

0.490 

0.79 

212 

0.0873 

0.219 

14.30 

0.0123 

0.645 

0.80 

302 

0.0768 

0.229 

18.17 

0.0143 

0.815 

0.80 

392 

0.0687 

0.239 

22.36 

0.0163 

0.997 

0.81 

1 


Hydrogen (Ha) 


-328 

0.0204 

2.56 

1.11 X 10-^ 

0.030 

0.571 

0.70 

-148 

0.0086 

3.14 

4.78 

0.067 

2.49 

0.69 

32 

0.00544 

3.41 

10.3 

0.101 

5.48 

0.67 

212 

0.00399 

3.45 

17.42 

0.132 

9.65 

0.65 

392 

0.00314 

3.47 

25.80 

0.159 

14.62 

0.64 

572 

0.00260 

3.48 

35.91 

0.181 

19.03 

0.63 


Steam (H 2 O) 


212 

0.0362 

0.510 

2.38 X 10-* 

0.0140 

0.759 

1.12 

392 

0.0283 

0.46 

3.96 

0.0189 

1.467 

0.978 

572 

0.0233 

0.48 

5.82 

0.0246 

2.209 

0.948 

752 

, 0.0198 

0.49 

7.80 

0.0318 

3.289 

0.876 

932 

0.0172 

0.52 

10.48 

0.0434 

4.859 

0.777 





276 INTRODUCTION TO THE TRANSFER OF HEAT AND MASS 


Table 17. Coefficients of Diffusion (D) 

Water (H 2 O) in air: D (in ftVhr) = 0.892(2?o/p)(7’/!ro)^**^ 
Ammonia (NHs) in air: D (in ft*/hr) = 0.763(po/p)(T/J'o)^ *^ 
(po « 14.22 Ib/in.2, To = 460 R) 


Classifica¬ 

tion 

Diffusing 

material 

Medium 
of diffu¬ 
sion 

Tem¬ 
pera¬ 
ture, F 

Diffusion 

coefficient 

D 1 

Schmidt 

number 

Solids. 

Cu 

A1 

864 

9.1 X 10-»ftVday 



Hg 

Pb 

351 

2.1 X 10-»ftVday 





387 

5.4 X 10-»ftVday 


Liquids. .. 

HCl 

II 2 O 

32 

0.000024 ft Vsec 

0.81 


NHa 

H 2 O 

39.2 

0.000013 ftVsee 

1.5 

Gases (at 






29.9 in. 






Hg).... 

NH, 

Air 

32 

0.000233 ft Vsec 

0.634 


CO 2 

IIs 

64.4 

0.000651 ft Vsec 

0.158 


Hg 

N, 

66.2 

0.035 ft Vsec 

0.00424 


O 2 

N, 

53.6 

0.000218 ft Vsec 

0.681 


H 2 O 

Air 

60.8 

0.000303 ft Vsec 

0.488 


H 2 

0, 

57.2 

0.000834 ft Vsec 

0.182 


H 2 

Nj 

54.5 

0.000794 ftVscc 

0.187 


CeHe 

Air 

32 

0.0000807 ft Vsec 

1.83 


CeHe 

CO 2 

32 

0.0000567 ft Vsec 

1.37 


C(,Ho 

Hj 

32 

0.000316 ft Vsec 

3.26 


Ethyl alcohol 

Air 

32 

0.000109 ft Vsec 

1.36 
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Table 18. Emissivities 6n of the Radiation in the Direction of the 
Normal to the Surface and e of the Total Hemispherical 
Radiation for Various Materials for the Temperature t 
From measurements of E. Schmidt and E. Eckert 
In the case of metals, the emissivities rise with rising temperature, but in 
the case of nonmetallic substances (metal oxides, organic substances) this 
rule is sometimes not correct. In the instances where the exact measure¬ 
ments are not given, take for bright metal surfaces an average ratio 
e/en — 1.2, and for other substances with smooth surfaces e/cn = 0.95 and 
in the case of rough surfaces use «/€„ = 0.98. 


Surface 

t,v 


6 

Gold, polished. 

266 

0.018 


Gold, polished. 

752 

0.022 


Silver . 

68 

0.020 


Chopper, polished. 

68 

0.030 


Copper, lightly oxidized. 

68 

0.037 


Copper, scTaped. 

68 { 

0.070 


Copper, black oxidized. 

68 

0.78 


Copper, oxidized. 

268 

0.76 

0.725 

Aluminum, bright rolled. 

338 

0.039 

0.049 

Ahiminnm, bright rolled. 

932 

0.050 

Aluminum paint. 

212 

0.20-0.40 


Silnrnin, cast^ polished. 

302 

0.186 


Nickel bright matte. 

212 

0.041 

0.046 

Nickel, polished. 

212 

0.045 

0.053 

Manganin, bright rolled. 

245 

0.048 

0.057 

ChromCj polished. 

302 

0.058 

0.071 

Tron, bright etched. 

302 

0.128 

0.158 

TroUj bright abrazed. 

68 

0.24 

Iron, red rusted. 

68 

0.61 


Iron, hot rolled. 

68 

0.77 


Iron, hot rolled. 

266 

0.60 


Iron, hot cast. 

212 

0.80 


Iron, heavily rusted. 

68 

0.85 


Iron, heat-resistant oxidized. 

176 

0.613 


Iron, heat-resistant oxidized. 

392 

0.639 


Zinc, gray oxidized. 

68 

0.23-0.28 


Lead, gray oxidized. 

68 

0.28 


Bismuth, bright. 

176 

0.340 

0.366 

Corundum, emery rough. 

176 

0.855 

0.84 

Clay, fired. 

158 

0.91 

0.86 

Lacquer, white. 

212 

0.925 

Red lead. 

212 

0.93 


Enamel, lacquer. 

68 

0.85-0.95 


Lacquer, black matte. 

176 

0.970 


Hakelite lacquer. 

176 

0.935 


Brick mortar, plaster. 

68 

0.93 


Porcelain. 

68 

0.92-0.94 


Glass. 

194 

0.940 

0.876 

Ice, smooth, water. 

32 

0.966 

0.918 

Ice, rough crystals. 

32 

0.985 

Waterglass. 

68 

0.96 


Paper. 

203 

0.92 

0.89 

Wood, beech. 

158 

0.935 

0.91 

Tar paper. 

68 

0.93 
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Franz, A., 154 
Free convection, 59 
Free molecular flow, 192 
Friction coefficient, laminar, plate, 
72 

tube, turbulent, 81 
Frictionless flow, 61 
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I 
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Parallel flow, 9 
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51 

Pfriem, H., 47, 60 
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profiles, turbulent, 113 
Ten Bosch, 28, 112, 116, 140 
Thermal boundary layer, 86 
Thermal conductivity, 3 
Thermal diffusivity, ^ 

Thermal radiation, 193 
Thermal resistance, 5 
Thermodiffusion, 238 
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Turbulent flow, 63 
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U 
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